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The grammians of equations (2) and (3) are the solutions of 
the Lyapunov equations of (4) and (5) respectively: 
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It has been shown that similarty transformation can be 
found such that the system (1) is internally balanced, that is, 
the matrices cW  and oW are equal and diagonal: 

 
),...,,( 21 noc diagWW σσσ=Σ==  (6) 

where 1+≥ ii σσ , i=1,2,...,n-1 are the grammians singular 
values and are invariant under similarty transformation. 
Based on the order of magnitude of singular values, this 
balanced system and grammian can be partitioned as below: 
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 And it can be shown that if 1+>> ii σσ , the subsystem 

),,( 1111 CBA is a good reduced order approximation of the 
main full order system ),,( CBA .  technique is called Balance 
Truncation (BT). 

III. NEW CONTROLLER REDUCTION APPROACH 
In this section, the new controllability and observability 

frequency based grammians from the input/output energy 
distribution viewpoint will be proposed. These grammianns 
will be used in next step for controller reduction. Consider the 
closed loop system of figure 1. 
Where in this figure, the transfer function of the plant, G(z) 

has a state space realization as equation (1). K(z) is a high 
order stable controllable and observable controller with state 
space realization as (8). 
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Where cn
c Rx ∈ is a state vector, q

c Ru ∈  represents the 
input vector of the controller, and p

c Ry ∈  is the output of 
the controller with matrices Ac, Bc, and Cc in the appropriate 
dimensions. The order of the plant is n and the order of 
controller is nc 

For the closed loop system of fig. 1, consider the following 
equations: 
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This can be simplified to result the relation between 

controller states and system input as: 
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where the dependence on ωje  has been dropped for 
simplicity. 

By forming the following energy related quantity due to 
input R as in [5] and using Parsaval theorem we have: 
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By considering the input as white noise, the frequency 

domain closed loop controllability gammian of controller Wcc 
is defined as: 
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A similar interpretation for the output of the closed loop 

system can hold. This time the output energy of the system 
due to controller state will be considered. Because  

ccc XGCGYY ==  then using relation (10) to (12) and 
Parsaval theorem, we have: 
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Relation (14) was obtained by considering the states as white 
noise and eliminating the input of the closed loop system. The 
frequency domain closed loop observability gammian of 
controller Woc is defined as (15). 
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Fig. 1 The closed loop system 
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Because most systems work in a certain frequency domain it is 
desirable to tight the frequency domain. In this case, consider 
the input signal )( ωjer  which its energy density spectrum is 
unity in frequency range [ ]10 ,ωω  and zero elsewhere, i. e: 
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So the grammians in (13) and (15) for finite frequency range 
will be: 
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     The following lemma shows that by using a 

transformation on these grammians the eingenvalues of the 
grammians will be invariant so these closed loop grammians 
can be used for controller reduction: 

Lemma 3.1. For a discrete linear time-invariant controller  
),,( ccc CBA the following properties hold: 

A. If a coordinate transformation such as )(ˆ)( kxTkx = is 
considered, the transformed closed loop 
controllability and observability grammians of the 
controller can be calculated as: 

TWTWTWTW cococccc
**1 ~,~ == −−  

B. Under the selected transformation T, the singular 
values of product cocc WW ,  hat is, 

)( ooccii WWλσ =  are invariant. 

C. There exists a special transformation T  such that the 
closed loop controllability and observability 
grammians of controller can be diagnolized and equal 

 
Proof. The result follows using direct substitutions.     □ 
                                                                          

Based on lemma 3.1, the singular values of the closed loop 
system are invariant so one can find a similarty transformation 
which can balance the controllability and observability 
grammians of the closed loop system (17),(18). This 
transformation can be calculated by the procedure presented in 
[1]. After using this transformation, these grammians which 
are diagnolized and equal can be represented in the new 
coordinate can be as 

f∑ , where 
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Partitioning the balanced controller and Grammian gives 

that  
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where 11cA  and 

1f∑  are r×r (r<nc) matrices. The system 

),,( 1111 ccc CBA  is the reduced-order controller. 
The following steps described an algorithm for the proposed 
controller reduction method: 

A. Calculate closed loop controllability and 
observability grammians ccW and coW in the given 
frequency range. They can be obtained by (17), (18). 

B. Find a similarity transformation T that makes the 
controller balanced, that is, 

fcocc WW Σ== . 

C. Partition the transformed controller as (19) based on 
the grammians singular values. The subsystem 

),,( 1111 ccc CBA  is the reduced controller 
Now we show the stability of the reduced order controller. 

Consider equation (17) where the finite frequency domain can 
be considered with a window )( ωieW  where 
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So we have
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where 1)( −+= GKIW  
Using Parsaval theorem, the equation (21) in discrete time 
domain can be written as:
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where * denotes convolution and iWWW *2 =  and 

2* WBz k= . By forming the Lyapunov equation for 
controller we have: 
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If the original controller is stable, in infinite time the states 
of the controller converge to zero, so we have: 
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Table 1 The error of the closed loop system 

 
Fig. 2 Original controller and controller of degree 2 (--) and 

1 (-.) 

By the same procedure for the observability grammian, we 
have: 
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So the controllability and observability grammians are 
negative semidefinite and based on [6] we can say that the 
reduced order controller is stable. 

IV. EXAMPLE 
In [2] a plant is considered as: 
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We design a controller for this plant as: 
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We reduce this controller by the new method in frequency 

range of 
⎥⎦
⎤

⎢⎣
⎡

4
,0 π  and Moore method. The result of the error 

between the reduced order controller and the full order 
controller 

∞
− )()( zKzK r are summarized in Table 1. 

Moore method does not consider the loop. So the results show 
that this method cannot be so much accurate. 

Figure 2 shows the magnitude of the reduced order controller 
of degree 2 and 1 with the new method and original controller. 
It is obvious that the reduced order controller has the 
performance similar to original controller in the defined 
frequency range. 
 
 
 
 

 
 

V. CONCLUSION 
In this paper a new frequency based controller reduction 

method for discrete linear time invariant system was proposed. 
The method is based on new frequency-domain controllability 
and observability grammians. The stability of the reduced 
order controller was discussed and the simulation results show 
the effectiveness of this method. 
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