
 

 

  
Abstract— In this paper, development of a Galerkin finite 

volume three-dimensional seepage solver on mesh of tetrahedral is 
described. The numerical analyzer is utilized for solving the seepage 
in porous media and uplift under gravity dams with upstream cut off 
wall. The results of numerical solver in terms of uplift pressure in 
natural foundation of a gravity dam with upstream cut off wall are 
compared with analytical solutions obtained by application of 
conformal mapping technique for a constant unit ratio of foundation 
depth over half of dam base ( 1=bT ). The accuracy of the results 
computed uplift pressure for homogeneous and isotropic condition 
present acceptable agreements with the analytical solutions for 
various ratios of cut off wall depth over half of dam base (s/b). 
Having assessed the accuracy of the model, it is applied to evaluate 
the quality of the results of the common empirical relations for uplift 
pressure estimation. In order to present the ability of the verified 
model to cop with real world problems, it is applied to solve seepage 
through a natural porous foundation of a gravity dam with three 
incline layers with different coefficients of permeability.  
 

Keywords— Galerkin Finite Volume Method, Seepage and 
Uplift, Multilayer Dam Foundation 

I. INTRODUCTION 
HE problem of seepage flow underneath of gravity 

dams can be formulated in terms of a non-linear partial 
differential equation. The equation describes a constant 
density fluid flow in a heterogeneous and isotropic porous 
media [1].  

Although empirical formulations are suggested for simple 
cases, due to the inherently complex boundary conditions and 
intricate physical geometries in any practical problem, an 
analytical solution is not possible for complicated dam 
foundations [2].  

Many researchers have worked on seepage problem 
analysis and solving its governing equations. These works 
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differ by the technique used to solve the problem. 
Jie et al. (2004) presented a finite difference method (FDM) 

based on boundary-fitted coordinate (BFC) transformation. 
The curvilinear grid system, with computational boundary 
being coincident with the physical boundary, is numerically 
obtained by solving the Poisson equation. Seepage analysis 
can then be done by FDM in a uniform transformed 
orthogonal coordinate system [3]. Serafim et al. (1985) 
proposed a finite difference method to study three-
dimensional seepage in anisotropic heterogeneous foundations 
especially for earth dams [4]. 

Kiousis (2002) presented a least-squares implementation of 
the finite-element method to evaluate stream functions in the 
solution of field problems. The method is programmatically 
similar to the solution of the Laplace equation, and is based on 
the development of a stream field that is orthogonal to an 
already calculated potential field [5]. Griffiths and Fenton 
(1997) brought together random field generation and finite 
element techniques to model steady seepage through a three-
dimensional soil domain in which the permeability is random 
distributed in space [6]. Griffiths and Fenton (1998) also 
combined random field theory and finite element techniques 
with Monte-Carlo simulations to study the statistics of exit 
gradient predictions as a function of soil permeability variance 
and spatial correlation [7]. Boufadel et al. (1999) investigated 
steady seepage from two-dimensional domains using a 
dimensionless formulation for variably saturated media [8]. 

Li et al. (2003) presented an Element-free method (EFM) 
for seepage analysis with a free surface based on the moving 
least square method which needs only the information at 
nodes. It avoids troublesome modifications of the mesh as in 
the finite element method [9]. 

Plizzari (1998) studied uplift pressure effects in cracked 
concrete gravity dams. A parametric study on the influence of 
uplift pressure on stress intensity factors and crack-
propagation angle is performed 10]. Dewey et al. (1994) 
reviewed and compared the procedures for including uplift 
pressures in the hand-calculation methods. They proposed 
three separate models for including uplift pressures in a finite 
element analysis [11]. 

This paper presents a Galerkin finite volume method for 
modeling water flow in a saturated homogeneous porous 
media with complex boundary systems. The solution domain 
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is discretized with tetrahedral cells and each Control Volume 
(CV) is constructed around the tetrahedral vertices. Using this 
strategy the partial differential of fluid volume conservation 
equations are discretized into a system of differential/algebraic 
equations. These equations are then resolved in time. These 
methods are suitable for intricate physical geometries and 
flow through three dimensional saturated porous media with 
constant volume. Simulation results for the case of 
homogeneous and isotropic porous media underneath of a 
gravity dam with upstream cut off is presented and compared 
with analytical solutions obtained by application of conformal 
mapping technique for a constant unit ratio of foundation 
depth over half of dam base ( 1=bT ). The accuracy of the 
results computed uplift pressure are assessed by comparison 
of computed results for various ratios of cut off wall depth 
over half of dam base length (s/b) with the analytical solutions 
obtained using conformal mapping technique by 
Pavlovsky,1956 [12]. 

Then, the verified model is applied to evaluate the quality 
of the results of the common empirical relations for uplift 
pressure estimation and their errors are investigated. 

Finally, the ability of the developed Galerkin finite volume 
solver to cop with real world heterogeneous problems is 
demonstrated by its application to solve seepage through a 
natural porous foundation of a gravity dam with three 
isotropic incline layers. In order to provide better 
understanding from the solution results color coded surfaces 
of the computed pressure head, velocity vectors and flow net 
are presented and the computed uplift pressure underneath of 
the dam is compared with the results of common empirical 
relations.  

II. MODELING ALGORITHM 

A. Mathematical Model 
The problem of seawater seepage is governed by a partial 

differential equation for the ground water flow that describes 
the head distribution in the heterogeneous zone of interest 
underneath of a gravity dam. The general form of flow 
equation for a confined saturated heterogeneous and 
anisotropic porous media can be written as [1]:  
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Where, h  is the reference hydraulic head referred to as the 
freshwater head, ik  is a component of the hydraulic 

conductivity tensor, sS  is the specific storage and t  is time. 
If head gradient flux in direction i (secondary variable) is 

defined as, 
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and hence, the equation takes the form: 
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The boundary conditions for this equation may be stated as 

follows [1]:  
- Dirichlet boundary condition:  

);,();,( tzxhtzxh dbb =   in  dB                                    (4) 
- Neumann boundary condition:  
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where in   is the outward unit vector normal to the 

boundary, ),( bb zx  is a spatial coordinate on the boundary, 

dh  and nV  are the Dirichlet functional value and Neumann 
flux, respectively. 

It should be noted that, for a homogeneous and isotropic 
porous media the following relations are valid.  
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While, for a homogeneous and anisotropic porous media 
the following relations are valid.  
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Furthermore, for a heterogeneous and anisotropic porous 
media the following relations are valid.  
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B. Numerical Model 
During the last twenty years there has been a strong focus 

upon the utilization of the Finite Volume methods for solving 
fluid flow and heat transfer problems or, as it is more 
generally known, problems in Computational Fluid Dynamics 
(CFD). This success is mostly due to the conservative nature 
of the scheme and the fact that the terms appearing in the 
resulting algebraic equations have a specific physical 
interpretation. In fact, the straightforward formulation and low 
computational cost compared with other methods have made 
Finite Volume Method the preferred choice for most CFD 
practitioners [13].  

Over the last ten years, several Finite Volume methods 
based on Unstructured Mesh (FVUM) have in many ways 
overcome the structured nature of the original CV method. In 
general, the FVUM methods can be categorized into two 
approaches, namely, vertex-centered or cell-centered. The 
classification of the approach is based on the relationship 
between the CV and the finite element like unstructured mesh. 
The approach described here is the vertex-centered, which 
uses linear shape function of tetrahedral elements as the 
interpolation function within the CVs formed by gathering all 
the elements sharing a nodal point. This approach is very 
similar to the Galerkin Finite Element Method with linear 
elements [14,15].   
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In a finite element mesh, the sub-regions are called 
elements, with the vertices of the elements being the nodal 
locations. For the vertex-centered approach only the basic 
three dimensional elements, tetrahedrons with four nodes are 
considered [16].  

Therefore, each node in the solution domain is associated 
with one CV. Consequently, each CV consists of some 
tetrahedral elements, as illustrated in Fig.1 . The CV can be 
assembled in a straightforward and efficient manner at the 
element level. The flow across each control surface must be 
determined by an integral.  

 
Fig.1: sub-domain Ω  associated with node n  

of the computational field 
 

The FVUM discretization process is initiated by utilizing 
the integrated form of the equation (1). By application of the 
Variational Method, after multiplying the residual of the 
above equation by the test function φ  and integrating over a 
sub-domain Ω , we have: 
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The terms containing spatial derivatives can be integrated 
by part over the sub-domain Ω and then equation (5) may be 
written as: 
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Using gauss divergence theorem the equation takes the 
form: 
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where Γ  is the boundary of domain Ω .  
Following the concept of weighted residual methods, by 

considering the test function equal to the weighting function, 
the dependent variable inside the domain Ω  can be 
approximated by application of a linear combination, such as 

∑ =
= nodesN

1k kkhh ϕ  [17].  

According to the Galerkin method, the weighting function 
φ  can be chosen equal to the interpolation function ϕ. In 

finite element methods this function is systematically 
computed for desired element type and called the shape 
function. For a tetrahedral type element (with four nodes), the 
linear shape functions, kϕ , take the value of unity at desired 
node n, and zero at other neighboring nodes k of each 
triangular element ( nk ≠ ) [17]. 

Extending the concept to a sub-domain to the CV formed 
by the elements meeting node n (Fig.1), the interpolation 
function nϕ  takes the value of unity at the center node n of 
CV Ω  and zero at other neighboring nodes m (at the 
boundary of the CV Γ ). Noteworthy that, this is an essential 
property of weight function, ϕ, which should satisfy 
homogeneous boundary condition on T at boundary of sub-
domain [12]. That is why the integration of the linear 
combination ∑ =

= nodesN

1k kkhh ϕ  (as approximation) over 

elements of sub-domain Ω  takes the value of nh  (the value of 
the dependent variable in central node n). By this property of 
the shape function ϕ  ( 0=nϕ  on boundary Γ of the sub-
domain Ω ), the boundary integral term in equation (9) takes 
zero value for a CV which the values of T assumed known at 
boundary nodes.  

After omitting zero term, the equation (9) takes the 
following form: 
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In order to drive the algebraic formulation, every single 
term of the above equation first is manipulated for each 
element then the integration over the CV is performed. The 
resulting formulation is valid for the central node of the CV. 

For the terms with no derivatives of the shape function ϕ , 
an exact integration formula is used as, 
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and b=c=d=0), where Λ  is the volume of the tetrahedral 
element [15]. This volume can be computed by the integration 
formula as,  
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where ix  and iδ  are the average direction i coordinates 
and projected area (normal to direction i) for every side face 
opposite to node k of the element. 

Therefore, the transient term ∫∂
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tetrahedral element Λ  (inside the sub-domain) can be written 
as: 
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Consequently, the transient term of equation (12) for the 
sub-domain Ω  (with central node n) takes the following 
form: 
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Now we try to discretize the terms containing spatial 

derivative, Ω∫Ω
dxF

i

d
i )( ∂

φ∂ in equation (10). Since the 

only unknown dependent variable is ∑=
4

k kkhh ϕ  and 

the shape functions, kϕ , are chosen linear piecewise in every 

tetrahedral element, the heat gradient flux ( d
iF  which is 

formed by first derivative) is constant over each element and 
can be taken out of the integration. On the other hand, the 
integration of the shape function spatial derivation over 
tetrahedral element can be converted to boundary integral 
using Gauss divergence theorem [18], and hence: 
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face element normal to the direction i. The discrete form of 
the line integral can be written as: 
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Ω  (containing N elements sharing its central node). Since the 
shape function ϕ  takes the value of unity only at central node 
of CV and is zero at the nodes located at the boundary of CV, 

3/1=ϕ  for the faces connected to the central node of CV 
and 0=ϕ  for the boundary faces of the CV. On the other 
hand the sum of the projected area (normal to direction i) of 
three side faces of every tetrahedral element equates to the 
projected area of the fourth side face; hence the term 
containing spatial derivatives in direction i of the equation 
(10), can be written as: 
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where mi ][δ  is the component of the boundary face m 

(opposite to the central node of the CV Ω ) perpendicular to 
direction i. Note that, d

iF  is computed at the center of 
tetrahedral element of the CV, which is associated with side 
m. The head gradient flux in direction i, 

i
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each tetrahedral element can be calculated using Gauss 
divergence theorem, 
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each element  inside the CV Ω. Therefore, we have, 
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where, iδ  is the component of kth face of a tetrahedral 

element (perpendicular to the direction i) and h is the average 
head of that face and Λ is the volume of the element. 

Noteworthy that for CVs at the boundary of the 
computational domain, central node n of the CV Ω  locates at 
its own boundary. For the boundary sides connected to the 
node n there are no neighboring elements to cancel the 
contribution. Hence, their contributions remain and they act as 
the boundary sides of the sub-domain. Therefore, there is no 
change to described procedure for computation of the spatial 

derivative terms Ω∫Ω
dxF

i

d
i )( ∂

ϕ∂ . 

Finally, using expressions (15) and (16) the equation (12) 
can be written for a CV Ω (with center node n) as: 
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The volume of CV Ω  can be computed by summation of 
the volume of the elements associated with node n.  
The resulted numerical model, which is similar to Non-
Overlapping Scheme of the Cell-Vertex FVUM, can explicitly 
be solved for every node n (the center of the sub-domain Ω  
which is formed by gathering elements sharing node n). The 
explicit solution of head at every node of the domain of 
interest can be modeled as, 
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C. Computational Steps 
Now we need to define a limit for the explicit time step, 

tδ . Considering thermal diffusivity as Cρκα=  with the 
unit ( sm2 ), the criterion for measuring the ability of a 
material for head change. Hence the rate of head change can 
be expressed as, ktn ≈ΔΩ / . Therefore, the appropriate size 
for local time stepping can be considered as, 

kt nΩ=Δ β        )1( ≤β                                                (20) 

β is considered as a proportionality constant coefficient, 
which its magnitude is less than unity. For the steady state 
problems this limit can be viewed as the limit of local 
computational step toward steady state.  

However, there are different sizes of CVs in unstructured 
meshes. This fact implies that the minimum magnitude of the 
above relation be considered. Hence, to maintain the stability 
of the explicit time stepping, the global minimum time step of 
the computational field should be considered. So, 

min)(
k

t nΩ
=Δ β  )1( ≤β                                             (21) 

Noteworthy that for the solution of steady state problems 
on suitable fine unstructured meshes, the use of local 
computational step instead of global minimum time step may 

INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

Issue 4, Volume 1, 2007 288












