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Abstract:-

Following Arnold techniques, in this paper we obtain a canonical reduced form for regular-
izable singular systems and we describe generic holomorphic families with respect feedback and
derivative feedback, that permit us, to analyze the neighborhood of a given system.
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1 Introduction

Let M be the smooth manifold of triples
of matrices (E, A, B) where E, A € M,(C),
B € M, xm(C), which represent singular time-
invariant linear systems in the form

Ei(t) = Az(t) + Bu(t) (1)

(that we call triple or system indistinctly).

These equations, arise in a natural way
when modelling different set-ups, for instance,
when modelling mechanical multibody sys-
tems and electrical circuits, largely studied by
different authors (Dai [3], Garcia-Planas [4],
P. Kunkel, V. Mehrmann [7], for example).

It is well known that a system Et = Ax +
Bu is called regular if and only if det(aF —
BA) # 0 for some (a,3) € C2. Remember
that the regularity of the system guarantees
the existence and uniqueness of classical solu-
tions.

For no regular systems one can ask for
whether the close loop system is uniquely solv-
able for all consistent initial solution, when
this is possible the system will be called regu-
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larizable by proportional and derivative feed-
back. That is to say, the system is regu-
larizable if and only if, there exist matrices
Fg,Fy € Mp,xn(C) such that the system
(E + BFg)t = (A4 BFa)x + Bu is regu-
lar. A special subset of regularizable systems
is the subset of standardizable systems. That
is to say, the set of systems (E, A, B) for which
there exist a derivative feedback Fg such that
FE + BFg is invertible, so after to apply the
derivative feedback Fg and premultiplying the
equation by (E 4+ BFg)~!, the system being
standard.

Notice that, the set Mp, consisting in all
regularizable systems is an open and dense set
in the space of all systems.

In order to obtain a simple description
of systems, we consider an equivalence rela-
tion in the space M of singular systems that
preserves regularizability character, consist-
ing in to apply one or more of the follow-
ing elementary transformations: basis change
in the space state, basis change in the input
space, proportional feedback, derivative feed-
back and premultiplication by an invertible
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matrix.

The central goal of this paper is to obtain a
canonical reduced form for regularizable sys-
tems under the equivalence relation defined.
The Arnold technique of constructing a local
canonical form, called versal deformation, of
a holomorphic family of square matrices un-
der conjugation (see [1]), can be generalized to
this case obtaining a local canonical form for
holomorphic families of regularizable holomor-
phic systems. Remember that a holomorphic
family (E(X), A(X), B(A) A= (A1,..., ) at
a point p = (0,...,0) are families of triples of
matrices whose entries are convergent in the
power series expansion of complex parameters
A, ..., Ak in a neighborhood of p. (The germ
of a family (E(X), A(A),B(X)) at p is called
a deformation of the triple (E(0), A(0), B(0)),
(see [1], [2]).

The results obtained in this paper are im-
portant for application in which one has ma-
trices that arise from physical measurements,
which means that their entries are known only
approximately.

2 Equivalence relation and

canonical forms

For every integers p,q, we will denote by
Mpx4(C) the space of p-rows and g-columns
complex matrices, and if p = ¢ we will write
only My(C), and by GI(n;C) the linear group
formed by the invertible matrices of M,(C).
In all the paper, M denotes the space of triples
of matrices (FE,A,B) with E;A € M,(C),
B € Myym(C) and Mg denotes the open and
dense space of regularizable systems.

In order to classify systems preserving reg-
ularizability character, we consider the follow-
ing equivalence relation.

Definition 1  The triples (E, A, B) and
(E',A',B") in M, are said to be equivalent if
and only if
(E',A",B") = (QEP+QBFE,QAP+QBFa,QBR)

for some Q,P € Gl(n;C), R € Gl(m;C),
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Fg,Fy € Myyxn(C). In a matriz form:

P 0 0
(B A B)=Q(E A B)|0 P 0
Fg Fi R

That is to say, the triples (E, A, B) and
(E',A',B") are equivalent if and only if
(E', A', B") can be obtained from (E, A, B) by
means of one or more of the following elemen-
tary transformations

i) Basis change in the space state,
Basis change in the inputs space,
Feedback,

Derivative feedback,

Premultiplication by an invertible ma-
trix.

It is immediate that the equivalence rela-
tion generalizes the feedback equivalence be-
tween standard linear systems.

Loiseau, Olcadiram and Malabre in [8]
consider the restricted pencil smE — 1A where
7 is the projection of state space over Im B,
and they prove that two triples are equivalent
if and only if the associated restricted pencils
are strictly equivalent, consequently a singular
system (E, A, B), can be reduced to

(()-(2)-( 9)

where (E], A]) is the Kronecker canonical re-
duced form of the pencil swtE + mA. Garcia-
Planas and Magret in [6] obtain the same re-
sult using polynomial matrices.

For regularizable systems we obtain a most
useful reduced form in the following manner.

Proposition 1 Let (E,A,B) be a
n-dimensional m-input regularizable  sys-
tem. Then, it can be reduced to

<(IT N) ) <A1 In,T) ) (%1)> where (A1, B1) is
a pair in its Kronecker canonical form, and N

18 a nilpotent matriz in its canonical reduced
form.

Proof. Let (E, A, B) be a regularizable
triple, making a proportional and derivative


















