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the results of the developed two dimensional solver is
acceptable for the super-critical flows in chute spillways
without vertical curvature [4]. Then, the model developed for
computation of self-aeration from water surface and
considering the air concentration distribution on the computed
flow variables [5].

The objective of this paper is modeling the effect of the
bottom aeration in the chute spillway considering the self
aeration effects. Computations of supercritical flow on steep
slope chute canals are performed considering the effects of
mean air concentration from self aeration from the water
surface and aerator in the chute bottom. Hence, the reduction
in global stresses and increasing of the flow depth bulking due
to the free surface aeration and bottom aerator are
simultaneously considered with solving the flow equations at
each computational step. The computed results have been
compared with self-aeration observation on the AVIMORE
chute spillway (Cain 1987) and reported measurements for a
physical model with bottom aerator (Kramer 2004).

When water particles move perpendicular to the main flow
direction, they must have an adequate kinetic energy to
overcome the restraining surface tension to be ejected out of
the flow. Volkart (1980) described the general method with
droplets being projected above the water surface and than
falling back, thereby entraining air bubbles into the flow. A
flow is considered fully turbulent if boundary layer thickness
along the chute is equal to the flow depth. In high velocity
flows on spillways, the turbulent boundary layer reaches the
flow surface at the “point of inception”, initiating air
entrainment into the flow stream. Observations have shown
that there is a developing flow region after the inception point
of air entrainment. For some distance in the developing
region, there is a region of partially aerated flow, until the air
bubbles penetrate to their maximum depth in the water and the
flow becomes fully aerated. After the developing region, there
is a fully developed aerated flow region where uniform
conditions have been obtained [1].
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Fig.1 Region of developing flow
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The typical behavior of the average air concentration is
shown Figure 2, it was classified in: (1) Inflow air

concentrationéo, (2) Air detrainment re,gionC_ZgQdet

between C_IO, and (3) Minimum air concentration C_Zgolmin, 4)

Air entrainment regionégolembetweenc and (5)

90,min
Uniform air concentrationC,, , . Figure 6.1 shows an aerator

and the downstream flow region. The air is entrained from: (1)
The bottom cavity due to the jet deflection, (2) The free
surface in the centre region by turbulence effects [1, 2].

The region between the lower jet nappe and the chute
bottom directly downstream of the aerator is called the air
cavity, with an air concentration C = 100 %. The free surface
air entrainment direct at the aerator must be considered with
special attention. The pressure field changes from a
reasonable hydrostatic profile phyd upstream of the aerator
to negative pressure p<0 in the cavity immediately
downstream of the deflector before it impinges with a high
bottom pressure p>phyd at the point of inception. This highly
non-hydrostatic pressure field causes turbulence which leads
to an air entrainment from both, the cavity and the free
surface, direct at the aerator. This behavior is qualitatively
shown in Figure 3. The air entrainment in this region is highly
developing and therefore not considered for the present data
analysis [1].

0.4

X

B0u

200

0 X. 100

Fig.2 Typical average air concentration development Cgo asa
function of non-dimensional
distance X g5, [1]

=

5 free surface
H_\?\“ aeration
-._“.-K

-

aerator

£sg

cavity

recirculation
zone point of

impact



INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

Fig.3 Region of developing flow (Kramer, 2004) [1]

I1l. MATHEMATICAL MODEL

A. Flow Equations

The water phase mathematical equations are shallow water
equations modified for a coordinate system with an axis
normal and two axes(x' and y) parallel to the bed surface.

an', ahu) o) _
a o oy

0 (1-a)

|

a(hu’)  auh'w’) ahu’) [, gh'/cosa

L

ot ox’ oy  ox' 2
= gh'Sina —gh’S (1-Db)
o(h'v) . d(u'h'v) . d(vh'v) +i{h' gh /cosw}
ot ox' oy oy 2
=-gh'S,, (1-c¢)
In which:
nZu’A/u’? +v?
S g R R
(2)
n2va/u’? +v?
Sfy = hr4/3

In these equations X' is the axis tangential to the chute slope
and y is the same as the y axis in the global coordinate system;
u' and v are the velocity components in X' and y directions,
respectively; h' is the flow depth perpendicular to the chute

bed surface and g is gravity acceleration; & is the chute
angle; S and Sfyare the bed surface friction slopes in x'

and y directions, respectively and n is Manning’s friction
coefficient [3].
B. Self Aeration Relations

Wilhelm’s et al. (2005) gave a relationship for defining
mean air concentration [6]:

Ce _ 600 - efo.omx*/vI ) ?)

Where 66 is the mean air concentration, X is the distance
from inception point along the chute slope, Yi is the flow
depth at the point of inception, and C_ as follows:
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C, =0.626(1— e °®%*199) 1+ 0.23

11<0<75 4)
Where @ is the chute angle.

Air concentration profiles C(y),
expressed by [7]:

by Chanson (1995)

C=1-tanh?(K'- )

5
D’ ®)

, Y
Where; y' = —
90
To define K' and D', the following relationships have been
fit to experimental data:

D'=3.5722C} - 2.3456C? +1.15799C, —0.0166
(R? =0.999)

(6)

K =0.7766C_ %" (R* =0.9978) @)

The relations used for defining the inception point
distance from the crest along the chute are as follows.
Wood et al (1983) derived [8]:

% _ 13.6(Sina)°'°796 (F,, )0.713
(8)
Where; F, = O

VJOIKSina

Fernando et al (2002) derived:

[ JF

Where; F = (1.46443k "™ (sin ) ***")
Where L, is the inception point distance from the crest
K

roughness, q,, is specific water discharge and ¢ is the chute

q
0.05642k ™ (sin o) **

Lbl -

©9)

along the chute are as follows, is equivalent sand

S

angle.

The relations used for defining the mixture flow depth at
the point of inception are as follows.

Wood et al (1983) derived [8]:
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d 0.223
bl — : e (F*)0.643 (10)
Ks (Sina)™

Where dblis depth at the point of inception
and F, = O

JoK3sina

C. Bottom Aerator Relations

Kramer (2004) gave a relationship for defining mean air
concentration for aerator flow [1, 9]:

1) Air detrainment region 690,det ;

Co e = 0.0085(Sinar —1) X 9, +C, (11)
2) Minimum air concentration C90 min -

_ Fo+Fs

Coomin =0.015 —— (12)

' 2

3) Air entrainment region Egoyem :

(_:QO,ent = C_:90u tanh(0.004 X g, ) (13)
4) Uniform air concentration 690,u :

c, =1 (Sing)*®
9u — 5 a) (14)

Where F, is inflow Froude number F~ is the Froude

len

number at the inception point, Xg,, = X/hy, where x is

distance of aerator and h90 is uniform mixture flow depth and
« is the chute angle.

The reduction coefficient is defined by the following
relation proposed by Wood et al (1991):

f =-2.144C*% +0.335C +0.99 (15)

IV. NUMERICAL SOLUTION & FLOW EQUATION

In the numerical model, the shallow water equations have
been modified for a coordinate system with an axis normal
and two axes(x' and y) parallel to the bed surface. The depth
and velocity values are depth-averaged values computed on a
triangular unstructured mesh using the finite volume method.
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The equations have been converted to discrete form using cell
centre method. The experimental relations have been added to
the model to compute the inception point distance from the
crest, the flow depth in this section and the depth-averaged air
concentration in each joint. Then the velocity and air
concentration distributions in flow depth have been obtained
using experimental relations. Can write the formed vector in
before stage the shallow water equations:

x + & + &* =S (16)
ot ox oy
A. Finite Volume Formulation

Application of the Green’ theorem in equation (17) and the
integrated equation form is:

_[ Q —+— °E aF dxdy = Idedy (18)
ot 6X ay
N

Q" =Q" —EZ(EAX — I?Ay)k + SAt (19)
Qg

Where () is the area of the control volume, Qn+1 is the

value of Q" to be computed after At and N in the cell centre

method solves the governing equations for the centre of each
triangular cell as a control volume. Therefore in equation (19)
N is the number of boundary sides of the triangular cell and
the flow parameters are solved at centre of the cell. Therefore,
the computed parameters should be transferred to the nodal
points of the cell sides [4].

Fig.4 control volume cell centre

B. Boundary Conditions

Free slip impermeable condition is considered along side
wall boundaries by enforcing zero normal velocity
components (at nodal points of the wall edges).

The flow type in the outflow boundary is free from
imposing flow parameters and upstream velocity and depth is
imposed at inflow boundary. Therefore, inflow boundary
conditions are imposed manually, by imposing following flow
parameters:

2

—12.07™ | h
S

For Aviemor test: U, =0.2m

For physical model test:
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3
Fr=8: =05  F, :LS:s: h,=0.074m
S gh,
Suy =T = U, =6.796"
h S

0
In present work, in order to compute the average air
concentration distribution using the depth average water flow
parameters, modeling strategy is used: Simultaneous
computation of the free surface aeration flow and bottom
aerator parameters (air concentration) and solving the flow
equation. In this strategy the effect of aeration (i.e. reduction
in global stresses and depth bulking) on flow parameters are
considered at each computational step of numerical solution.

V. SELF AERATION RESULTS

Air concentration and velocity compared with data
observation in stations 503 of Aviemore spillway, with
distances of 15 m from the crest of the spillway (Fig.5).

Head Water Level

'Equation of Parabola

y=-x"%111.4

Coordinates(x.y.
A (-6.706 , -5.944)
B (8.463 , -4.574)
C (14.859 , -10.970)
D (40.726 , -36.837)

Test Stations

Fig.5 Aviemore spillway and measuring stations

A. Flow Solver Results

Figure 6 shows the triangular unstructured mesh utilized for
finite volume solution of flow parameter of Aviemore
spillway chute. This mesh includes 377 nodes, 642 triangular
and 1018 edges.
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Fig.6: Mesh for Aviemore spillway chute
Figures 7 and 8 show color coded maps of depth and depth
averaged velocity vectors on aerated flow in the Aviemore
chute spillway.
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Fig.8 Velocity color coded map for Aviemore spillway chute flow | 0.445% | 0.25% |

D. Mean Aerated Flow Velocity

Figure 10 shows the field measurement of the velocity
profile in flow depth in station 503 [7]. Here the mean
velocity is computed by integrating on the velocity profile at
that station.

B. Inception Point of Aeration

The errors on the computing the location of the inception
point and the flow depth in that section are tabulated in the
following tables.

starting point of super critical flow mean

h
Table.1 Errors on computed inception point distance from the Vv _ ljvdh
h
0

Fernando et al (2002) Wood et al (1983)

0.3

Value(m) Errors | Value(m) Errors 025 | [~Data Observation;st503

14.78 5.57% 11.37 18.79%

0.2 A

g 0.15
Table.2 Errors of computed depth at inception point ”

Bauer (1954) Wood et al (1983) 017
Value(m

)
0.136 10.53% | 0.142 6.58% 0 s 10 15 20 2
V(m/s)

By comparison between the mean air concentration Fig. 10 Velocity - flow depth in station 503 [5]
computed by modeling, it can be concluded that the best .
relation for inception point distance and depth are those Table.4 Errors on computed average velocities
proposed by Fernando’s and Wood’s, respectively. Value(m/s) | Errors
17.79 0.8%

0.05 4

Value(m) Errors Errors

C. Mean Air Concentration

Figure 9 shows the field measurement of the air
concentration profile in flow depth in station 503 [7]. The
mean air concentration is computed by integrating on the air = )
concentration profile at that station. concentration Cgg i (Fig.11).

VI. BOTTOM AERATION RESULTS

Bottom aeration compared with the reported measurements
on a physical model [9] in point of minimum air

1 h
Coean = F.[cdh

08 | —e—Data Observation;St:503
0.6
€
>
0.4 -
0.2
0 4 ‘ ‘ ‘ Fig.11 Physical model including the measuring system for bottom
0 0.2 0.4 0.6 0.8 1 aerator [9]

C

Fig.9 Air concentration - flow depth in station 503 [7] A Flow Solver Results

Table.3 Errors on computed mean air concentration Figure 12 shows the triangular unstructured mesh utilized
| Value | Errors | for finite volume solution of flow parameter of physical
modeling spillway chute. This mesh includes 478 nodes, 742
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