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Il. MATHEMATICAL MODEL

The universal law governing any continuum undergoing
motion is given by general form of Cauchy’s equilibrium
equations:

pi=STo+b 1)

Where o is the stress tensor, b is the body force, p is the

material density and U is the acceleration.
For two dimensional problems, a=(u,,u,)" is the

T

displacement vector and a:(o-xx,o-yy,o-xy is tensor

vector. The operator ST for two-dimensional problems is
defined as,
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So, the matrix form of Cauchy equations for two-
dimensional problems is:
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For stress-strain relationship, the common Hook equation
can be used as,

o =De¢ 3)

Where D is the constitutive property matrix and for plane
strain problems is:
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Here, v is the Poison ratio and E is the Young modules
of elasticity. So the Cauchy’s equilibrium equations in two
Cartesian coordinate directions can be written as:
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Where for plane strain problems:
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I1l. NUMERICAL FORMULATION

In order to obtain the discrete form of the Cauchy’s
equation in i direction, the following form is used:
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In which the stresses are defined as:
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By application of the Variational Method, after multiplying
the residual of the above equation by the test function @ and
integrating over a sub-domainQ (Figure 1), in the absence of
body forces we have,

o%u, oo
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Where, i
as Ifi = ailf+aizj.
The terms containing spatial derivatives can be integrated

by part over the sub-domain Q and then equation 6 may be
written as,

direction  stress vector is  defined

Imp%sz[a}E]y—I(Eﬁa})dQ @)

Q

According to the Galerkin method, the weighting function
@ can be chosen equal to the interpolation function¢g. In

finite element methods this function is systematically
computed for desired element type and called the shape
function. For a triangular type element (with three nodes), the

linear shape functions, ¢, , takes the value of unity at desired
node n, and zero at other neighboring nodes k of each
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triangular element (Figure 2):
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Fig.1 Sub-domain with area {2,

k
Fig.2. A linear triangular element

Therefore, the summation of the term [a).lfi]y over the
boundary of the sub-domain Q3 is zero.

The right hand side (RHS) of the equation (7) can be
discretized as:

[(Fvg)i0~-13 (Fa) ®

Where AIk is normal vector of the side k opposite to the

node n and IEi is the i direction piece wise constant stress

vector at the centre of element associated with the boundary
side k (inside the sub-domain Q3 ~with N boundary sides)

For a sub-domain formed by linear triangular elements
sharing node n, the left hand side (LHS) of the equation (7)
can be written in discrete form as:

82

A finite difference approach is applied for discretizaton of
the time derivative of i direction displacement, U;. Hence, the

0 d?u,
3 dt?
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LHS of equation (7) can be written as,
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The final discrete form the equation (7) is obtained as,
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Considering direction i=1 as x an i=2 as y, the stresses 0,

o;, are computed as,
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Where A, is the area of triangular element (with m=3

sides) associate with boundary side k of the sub-domain
0, (Figure 3):

/

Fig.3: Triangular element with area A, within the sub-
domain @,

IV. COMPUTATIONAL STEPPING

The time step At, for each control volume can be
computed as:

L (13)

At, <—
c

n

Where ¢ is wave velocity. According to the wave velocity,
gained by equation (14):

c= L (14)

p(L-v?)

Here, I, is the average radius of equivalent circle that

matches with the desired control volume (1, =Q, /P,). For
any control volume n this radius can be computed using area

Nedge Nedge

(r=Q,/ Z:(AI)k ) and perimeter (P, = Z:(AI)k ) of the
k=1 k=1

2D control volume.
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Due to the variations in sizes unstructured control volumes
calculations, the allowable time step for computation of
dynamic problems for the entire mesh is limited to the
minimum associated with the smallest control volume of the
domain. However, the large variation in grid size for the
unstructured mesh will slow down the computations.

In present work, the local time step of each control volume
is used for computation of static problems. In this technique to
accelerate the convergence to steady state conditions, the
computation of each control volume can advance using a
pseudo time step which is calculated for its own control
volume. The use of local time stepping greatly enhances the
convergence rate.

V. COMPUTATIONAL RESULTS

In this section, the computational results of stress and strain
analysis of a thick pipe under internal fluid pressure is
presented. The numerical solution is performed by application
of Galerkin finite volume method on an unstructured
triangular mesh. The analytical solution is used to verify the
results and satisfaction equality obtained. The model
specifications are illustrated in Table.1.

The perpendicular normal vectors are computed on the
nodes of the boundaries in order to impose the pressure load

properly.

Table.1 Specification of a thick pipe

Parameters Value
Young’s modulus, E 21 MPa
Density, o 7850 kg/m®
Poison ratio, v 0.25
Interior radius 0.5
Outer radius 0.6
Interior Pressure 12000 Pa

Fig.4 shows the schematic view of the thick steel pipe with
12 kPa interior fluid pressure and zero outer pressure.

Fig.4 Thick Steel Cylinder under Pressure

In present computation, it is assumed that the cylinder is
considerably long, and thus, the plain strain assumption is
valid. For such a conditions radius stresses and tangential
stresses from analytical solution are computed by (15), (16)
equations from [8]:
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o, =C - C—22 (15)
r
0,=C, + % (16)

Where r is the radius and C, , C, are two coefficients which
can be calculated by (17) and (18) equations:
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r " =n.r
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e =T
Here p;,I; are the interior pressure and interior radius

respectively and p,,r, are the outer pressure and outer
radius.

Fig.5 Unstructured Triangular Mesh
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Fig.6 Color coded maps of computed displacements









