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Abstract: Modelling of the brazed assembly taking account the presence of a brazed joint which is considered as a
singularity is proposed. The model is based on the eXtended Finite Element Method (X-FEM) coupled with the
matching asymptotic development method (DAR). We consider the behavior of the brazed assembly in two problems
separately: mechanical and transient thermal problems. The approach proposed by the DAR method is based on to
construct the enriched functions in the X-FEM framework. The fundamental formulation of our coupling is given and
illustrated in the 1D case of the brazed assembly. The accuracy of the results obtained by the coupling is evaluated by
comparison with the analytical solutions (in the mechanical problem) and with the solutions of the quadrupole method
and of the commercial FEM code (ABAQUS) (in the thermal problem).

Key-Words: eXtended Finite Element Method (X-FEM), matched asymptotic development method (DAR), brazed

assembly, brazed joint

1 Introduction

In the most recent years, brazing has been used as an
efficient and appropriate technique of assemblage,
especially in the sector of tooling such as the fabrication
of moulds [1]. In these applications, the brazed assembly
must withstand high thermomechanical solicitations. So
its thermomechanical behavior is a critical point that
requires extensive R&D efforts.

In the modelling of the behavior of brazed assemblies
taking account the presence of a brazed joint, we meet
the difficulties which are usually encountered because of
its singularity in the whole assembly. Previously, the
brazed joint is either ignored or modelled with an extra
fine mesh in the zone around brazed joint [2]. With the
latter measure, on the one hand, the mesh must conform
to the joint and on the other hand, the computational cost
can become enormous. In this situation, we propose the
coupling of the eXtended Finite Element Method (X-
FEM) and the matching asymptotic development method
(DAR) to overcome these difficulties.

The first method X-FEM is based on the idea that the
standard finite element approximation space is enriched
with specially tailored functions called enriched
functions to capture the singularity of a problem.
Concretely, within the X-FEM, the elements that
incorporate a section of a singularity can be attributed
the enriched interpolation functions. At the beginning,
the X-FEM has been used for the problems which
contain the discontinuities (cracks) with specific
enriched functions derived from the fracture mechanics
[3]. Then, this method has been applied to the problems
of implicit interface [4], holes or inclusions [5].
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The second method DAR provides us the approach of
solution of the singular problem at two scales:
macroscopic (or exterior solution) and microscopic (or
interior solution in the “boundary layer”) [6]. This
method has been firstly applied to the problem of fluid
mechanics. After, the DAR has been used in many
mechanical sectors, such as: composite materials [7],
assemblies of materials [8]...

At the first step, the coupling of two above methods is
considered in the modelling of the mechanical behavior
of the brazed assembly [9]. This tendency of coupling
gives us the promising signals. In the framework of the
X-FEM, the enriched functions are chosen to represent
as closely as possible the behavior of the singularity. In
other words, they should be based on the information
which is known a priori about the behavior of the
domain which contains the singularity. In our idea of the
coupling of DAR and X-FEM, this information is
exploited from the solutions of the DAR method.

In a second stage, we continue to apply the coupling of
X-FEM and DAR to treat the transient thermal behavior
of a brazed assemblage.

In this paper, the X-FEM formulation and its coupling
with the DAR method are detailed for the one
dimensional case of the brazed assembly. In order to
evaluate the feasibility and the accuracy of the coupling,
we compare the results with those obtained by the
analytical methods [10] and by the finite element
commercial code ABAQUS.
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2 Problem Formulation

The outline of this paragraph is as follows: in section
2.1, we consider the mechanical problem with the
subsections about the approach of DAR method, the
formulation of X-FEM and the construction of the
enriched functions of X-FEM by using the above
solutions of DAR. In section 2.2, let us pass into the
thermal problem. We present the formulation of the
finite element method (FEM) and then of X-FEM which
serve the transient thermal problem. The solutions of
DAR and the construction of the enriched functions of
X-FEM by coupling with the solution obtained by the
DAR in the transient thermal problem are also presented.
For the role of reference for the coupling of X-FEM and
DAR in the thermal problem, the quadrupole method is
mentioned.

2.1 Mechanical problem
2.1.1  Approach of DAR method

The DAR method is used to resolve the problem of
singularity. This singularity is characterized by a small
parameter &. For instance, in our model, we introduce
the ratio £ =e/L where e and L denote the thickness
of brazed joint and of sheet of base material respectively
as the small parameter.

There is a zone around the singularity where the solution
of problem is perturbed. We call it the boundary layer.
The DAR method allows us to find the solution of the
problem in the form of two asymptotic developments of
the small parameter £ (Fig. 1).

The first development, exterior, provides us the behavior
in the zone “far” from the singularity or valid for the
exterior domain:

f(x,&)=f,(X)+&f(x)+&2f,(X)+... )
In the above expression, f,(X) is the solution of the

unperturbed problem in which the domain doesn’t
contain the singularity. The part (& f,(X)+&2f,(x) +...)

called the perturbation stands for the correction taking
into account the singularity and called. When & — 0,
the perturbation vanishes and we return to the
unperturbed solution. In this situation, the small
parameter is a determining factor in physics to reduce
the considered mathematical model to a simpler model
whose solution is an approximation of the solution of the
initial model.

The second development, interior, is valid “near” the
singularity or inside the boundary layer.

f(x,e)=f,(X)+&f,(X)+82F,(X) +...

)
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Here we apply the stretch variable X = x/& to consider
the behavior in the vicinity of the singularity.

There is a intermediate zone where two developments
are matched by the matching condition: the interior
representation of the exterior representation is equal to
the exterior representation of the interior representation.

lim (Outer development) = lim (Inner development)

x—0 X—>+o0
Exterior domain

(Exterior developme

Intermediate zone T ¥ —

) . Boundary layer — Intgtior domain
(Matching condition)

Fig. 1 Two developments of DAR method

The brazed assembly is made of two sheets of base
materials 1 and 2 (two sub-domains Q' and Q32
respectively) which are assembled by the brazed joint
using the filler metal (sub-domain Q2). In our study, we
only consider the case 1D of this model which is shown
in Fig. 2.

ot Q2 O3
° [ ®
Base material 1 Filler ~ Base material 2
metal
! : —> X
X, 0 X

Fig. 2 Model 1D of the brazed assembly

Because of its small thickness, different mechanical and
thermal properties compared to those of the base
materials, the brazed joint is considered as a singularity.

The exterior field of displacement is given in Q'(-) and
Q°(+) respectively in the form of eq. (3):
uz (x) = ug (x) + &z () @3)
Where ul, ut denote the two first exterior terms of
DAR. U characterize the solution of the unperturbed

problem (without Q) while eul stand for the

perturbation taking into account the brazed joint.
The brazed joint is zoomed in when applying a change
of variable y=x/&. The zone of the brazed joint is

divided into two parts:
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{QE:-e/stso@—L/zsyso "

Q?:0<x<e/2<0<y<L/2
The interior expansion in these two parts is expressed in
the form:

VE(y) =V () + vy (¥) (5)

Where V°, v;g denote the two first interior terms of the

DAR for the two domains Q*(—) and Q7 (+) . The two

developments are matched with the following condition
at their respective limits:

I|mu = lim v® (6)

y—)+oo
Each term of the two developments is determined with
the simultaneous utilization of the matching condition
above and the classical equations of the model

(equilibrium equation, constitutive law, continuity
condition):
u0 _ Es(us _ue) X + El ESXeus

) CZ CZ
u° = E,(u,—u,) i E,x.u, — E;x.uq

: CZ C2
uf:£E3(u u)cl( X=x.)

2 E,C

ul =£E3(LI —u )Cl( )

T2 E,c.
with ¢, =2E E, -E,E;, -EE,; ¢, =E X, —E;X,
VO = E XU, — E; XU,

CZ
v = LE,(u,—u,) | 2E (E X.C,
o 2E,c, L P,
LE (u,-u,)| 2E X,C
;2: 1(5 e) 3y+(E2—E3)+ s -1
. 2E,c, L C,
where
E,, E; - Young's modulus of base materials
E, - Young's modulus of filler metal
X., X, - coordinates of two extremities of domain
U, U, - displacements of two extremities of domain

2.1.2 Formulation of X-FEM

In the modelling of the domain which contains a
singularity as the case of brazed assemblage by FEM, we
have to ensure the conformity of mesh with the joint.
Furthermore, the mesh around the joint must be refined.
These create the burdensome cost of calculation.
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Thanks to X-FEM, we can resolve these problems.
Within the X-FEM framework, an arbitrary mesh can be
applied. The field of solution of the domain that contains
brazed joint is decomposed into two parts: a standard of
finite element approximation (linear) and enriched part
to account for the specific singular behavior. We
introduce some particular functions called enriched
functions to capture the characteristic of the brazed joint.
These functions are embedded for the nodes of mesh
which are in the vicinity of joint. We call them the
enriched nodes.

The discretized approximation of the displacement field
is given by'

Nenr

u"(x) = ZN (X)u; +Z N, (0w, (X)b, ()

Ucia Uenr

where Nn is the total number of nodes, Nenr is the
number of enriched nodes, N, N, are the shape

functions, y, is the enriched function, u; is the nodal

displacement and b, is the additional degree of freedom.

In the formula (7), we distinguish two different parts:
is the classical part which presents the behavior of

ucla
domain without the joint, while u,,, is the enriched part

that is added to represent the behavior of the joint.
The weak form of boundary value problem consists:

[o):e()dQ=[bvdQ+ [ tvdr (8)

where o is the Cauchy’s stress, ¢ is the strain, b is the

body force per unit volume, G,t are the prescribed

displacement and the stress vector on the boundary of
domain

By substituting (7) in (8) and applying several changes,
we obtain the governing equation:

[K]{a}={f) (©)
where {q} is the vector of generalized nodal

displacements, {f} is the vector of exterior force, [K] is
the matrix of rigidity given by eq. (10).

Zj J[D][B]d®
(10)
=K, =zj E,VN,VN dQ

where [B] is the strain-displacement matrix or the

matrix of gradients, [D] is the Hooke’s tensor.

The element approximation of displacement field for
element (1J) is given by eq. (11) which can be
synthesized in the matrix form eq. (12)
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u™ (x) = Z N; (X)u; + Z N; (), (X)b;

i=1,J i=1,J

(Ul =[N o)

where [N](”) is the matrix of generalized shape

(11)

(12)

functions.

In our case, we distinguish two types of elements:
standard and enriched.

All elements lie in the enriched domain which is defined

by a critical radius d_are enriched. The center of this
enriched domain is determined in the middle of brazed

joint. The matrix [N](”) and the vector of generalized
nodal displacements {q}(”) of enriched element are
given by:

[N =[N, GO N GO, () NG (0 N (0w, (0)]
{q}(”) ={u, b u bJ}T (13)

The matrix [N](”) and the vector of generalized nodal

displacements {q}(”) of standard element are in the
habitual form:

(19)
[N]"=[N,(x) 0 N,(x) 0]

) T (14)
{a} " ={u 0 u, 0}

2.1.3 Construction of the enriched functions of X-
FEM by using the solutions of the DAR method

Soluwions of DAR |

Exterior enriched
functions of X-FEM

Enriched dommine

Brazed joint

Base materiall (£)
Filler metal E:

2 functions

YhFand y 7T

N
;
Enriched functions of
transition of X-FEM et
Interior enriched 2 functions
functions of X-FEM Wl and w

Fig. 3 Idea of coupling X-FEM and DAR

The determination of enriched functions in (7) plays the
most essential role within X-FEM. These functions have
to represent in the appropriate manner the behavior of
whole domain taking into account the presence of the
singularity. For this purpose, it is preferable that we
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know a priori the information about the behavior of the
domain which contains the singularity. In our work, we
are confident of using the solutions of DAR method to
acquire this information. The idea of coupling of X-FEM
and DAR is presented in Fig. 3.

The enriched domain contains all the enriched nodes
around the brazed joint (on the left and on the right). In
this domain, we distinguish three types of enriched

functions: the interior ones w5, o™ are valid inside

the joint; the exterior ones wt w19 are used outside

ext ' 7 ext
the element which contains the joint and the functions of
transition w/®t y19 are interpolated between the two

trans ! ¥ trans

precedent types.

Enr[cl]rd domain

v

I

Fig. 4 Relation between the solutions of DAR method
and the enriched functions of X-FEM

The exterior enriched functions are calculated from the
exterior solutions of DAR and they vanish outside the
enriched domain

{Wéi? X =Xg) =0
Yer (X =X)=e¢eul(x=Xx)
o (Xx=Xy)=0
{‘//erj(?ht(x =X,) = Ui (X =X,)

The interior enriched functions are determined by using
the interior terms of DAR

(15)

left
l//int = EV}E 16
right __ 1 ( )
Vine =&V

To link the exterior and interior functions, we introduce
the enriched function of transition

Wins (X=%) =Wt (X=X,)
l//tlreaf:]s (X = Xejl) = l//ilr?tﬁ (X = Xejl)
right right (17)
Wieans X =X,) =We (X=X,)
'//trrle?:st (x= Xejz) = ‘//i:tght (x= Xejz)

where X4, X, are two nodes of extremity of the enriched
domain, X, X, are two enriched nodes the closest to the

joint, Xy, X, are two ends of the brazed joint.
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2.2 Thermal problem

The formulation of FEM and then of X-FEM for the
transient thermal problem contains a few remarks which
are produced of the dependence of the temperature into
the time. So before attacking the application of the
coupling of X-FEM and DAR for this problem, we deal
its formulations of FEM and of X-FEM.

2.2.1 Formulation of FEM

T=T

1—‘1

2
O = Dimp

Fig. 5 Domain Q with the boundary conditions

Considering a habitual case of a body Q with the

boundary conditions in Tt and I'? as in Fig. 5, the
strong form of the transient thermal problem writes for
the temperature T (X,t) in the form of the equation set

(18):

or . == 3
pCE—dIV(ﬂVT) =@ dans Qx0,t[
T(x,00=T, VxeQ
T=T,, surI"x]o,t
—AVTn=g, surI?x]0,[

where p is the mass density, C is the heat specific

capacity, @ is the internal source and A is the thermal
conductivity.
The weak form of the problem (18) is given by:

Ipc%de+gj;lWV—\/dQ:dedQ—i PmpVdT (19)

(18)

To determine the temperature field solution of (19), we
partition the domain Q by a set of Ne sub-elements

Q.. These sub-elements are connected by Nn nodes.
The temperature is approached by the discretized form:

T(x 0= XN 0OT,0)

where N, are shape functions and T, are the nodal

temperatures of the nodes.

By substituting (20) in the weak form (19) and applying
a few combinations and eliminating the test functions, it
is classical to obtain the matrix form:

(20)
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(21)

(G +IKIT=(0)

where {T}is the vector of unknowns T,, [C] is the
matrix of capacity, [K] is the matrix of conductivity,

{Q} is the vector of charge.

The components of these matrix and vectors are
calculated as follows (the reader can refer to [11] for
more details about the FEM formulation):

[C]zij.ch[N][N]dQQCij =§:IchideQ

zif [B][D][B]dQ < K, ZI;NNVN dQ

—i[f@T[N]dQ— I coimpT[N]dF}

=Q = Nz{j oN,dQ- | qoimpNidr]
e=L | o, re,

To approach the solution of the system (21), we must
implement a scheme of temporal derivative. In literature,
there are several schemes which give us the
approximation in variation of the time. Here, we choose
the scheme of two steps time of Crank-Nicholson. The
equation (21) is translated into the relation of recurrence:

(B L)~ H-2p )y«

(22)
1 m 1 m+1
{T}™ can be calculated by assuming that {T}" is
known.

In the above expression, the step time At must satisfy

the condition (23) to ensure the stability of the resolution

method:

1 At 1

—<a <
(Ax)*

<— 23
5 > (23)
where a is the thermal diffusivity (a=A/pC), AX is
the distance between nodes for element near surface with
highest temperature gradient.

2.2.2 Formulation of X-FEM

From the expression of FEM in the previous section, we
extend to the formulation of the X-FEM for the thermal
problem. Let’s consider now the domain € which

contains a singularity, a brazed joint in our study.
Because the position of the joint is fixed in the domain,
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we accept that it is considered as a singularity within the
meaning "spatial” and "no temporal".

Instead of using a mesh which conforms to the brazed
joint as in FEM, thanks to X-FEM, we can apply an
arbitrary mesh that can overlap the singularity.
Moreover, we introduce the particular functions called
enriched functions to capture the characteristic of the
brazed joint. These functions are embedded to the nodes
of mesh which are in the vicinity of joint. We call them
the enriched nodes.

The discretized approximation of the temperature field is
then given by'

Nenr

T(xt)= Z N, ()T, (t) + Z N, Oy, ()b (t) (24

Tola Tenr
In the expression (24), the meaning of grandeurs is
identical to the eq. (7) except T, is the nodal
temperature.
By substituting (24) in weak form (19), we get the same
matrix form as (21) but with different matrix and vectors
as in the eq. (25):

e oK)= [e] @)

In eq. (25), X indeed represents a quantity which is
calculated within X-FEM to distinguish this magnitude
X in FEM. The formulation of quantities in the
equation (23) is given by:

mef]

K]=-2 [ [&]e][e]en
B z[N.: (Nwdo Njo (N, ]
()= [Iw [NJao- [on [N]df]

In the same way as FEM, to overcome the temporal
derivate in (25), we apply Crank-Nicholson’s scheme.

[[ZL K ]]{ }M‘[%-%[K*]}{T*}m

l %)M l ) M+l
+{Q} +51Q]

(26)
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The resolution of (25) becomes a recurrence equation of
{T*}m+l function of {T*}m as in eq. (26).

2.2.3 Coupling of X-FEM and DAR in the 1D
thermal problem

2.2.3.1 Approach of DAR method

Let’s consider the model of a brazed assembly in the
thermal problem (Fig. 6). Because the width of
assemblage is very greater than its thickness, we can
return to the 1D model of heat transfer problem.

Brazed joint

.

— T— - T
@ (i, a,)

Q' (4.a,)
Pl—“;' P] ) Ps

Fig. 6 One-dimensional thermal model
of brazed assemblage

By applying the DAR method as we did in the
mechanical problem, the temperature is determined at
two scales: exterior and interior. The role of temperature
field in the thermal problem is identical with that of the
displacement field in the mechanical problem.

The exterior temperature fields in Q'(-) and Q°*(+)
are given respectively by:

TA(X) =T2(X) + T2 (X) +... (27)
where the exterior terms are defined by:

T_O(X) — /13(Ts _Te) X + ﬂixsTe _ﬂﬁxeTs

4 C,
T+O (X) — ﬂi(T(s:_Te) X + ﬂlxsTeC_ﬂGXeTs
T'= L —%(T '2I')c (X=x,)
2 /12 4
T+1 L ﬂl(T -T )C3 (X X )
2" A

with C; =244, — A, ds = Ad, 5 €, = AX, = AX,
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The interior temperature fields are respectively given in
Q% and Q7 by:

TS(X) =7°(y) +eri(y) +... (28)
where the interior terms are defined by:
2.0 _ ﬂ'leTe — ﬂSXeTs
C4
» LA, -T,) {zzly XsCs
To, = + (A= A,)+ ==
o? 2,C, L LT e,
L La(T, -T ){2/13y X,C,
T, = S = + (A, = A)+ =
ol 21,C, L 2 C,

2.2.3.2 Construction of the enriched functions of X-
FEM by using the solutions of the DAR method

We apply the same strategy of mechanical problem to
construct the enriched functions of X-FEM from the
solutions of DAR.

Fig. 7 Determination of the enriched functions of X-
FEM for the thermal problem

The determination of these enriched functions from the
solutions of DAR method is based on the conditions
below:

{t//e'i{t (X=x4)=0
Ver (X=X)=eT (X =x)
e (X=X%4)=0
et (x=X,) =€eTHX=X,)

4 ilrftﬁ
4 |:tg "

= ETq

(29)
= £Th,
Wirans (X = %) =l (X = X))
l//tlrea{;s (X = Xejl) = l//ilr?tﬁ (X = Xejl)

(X=%,) =y i (x=X,)
(x= XejZ) = '/’irnltght(x = Xejz)

right

l//trans
Vi

right
rans

Issue 3, Volume 2, 2008

|
|

327

2.2.4  Quadrupole method
To validate the results we obtained, several methods
could have been used such as the conservative averaging
method [12] or the method based on the Papoulis Berg
method [13] but we used the quadrupole method.
In the thermal research, the quadrupole method
developed early on [14, 15] has been successfully used
to solve transient thermal problems such as for instance
heat transfer in cutting tools [16] or in stratified moulds
[17]. In this work, we exploit it to obtain the reference
for our coupling of X-FEM and DAR. By the way, we
recall some features of this method.
The formulation of quadrupole method provides us with
the relation between the input temperature-heat flux
vector at the front side and the output vector at the back
side through a transfer matrix M :
P Y P
d(x,,p)) \c d)\P(x,,p)
M

where pis the Laplace variable, a,b,c and d are the
components whose forms are interpreted below , € and

@ are temperature and heat flux respectively in the

Laplace’s space.
Fig. 8 below shows the representation of quadrupole
method.

(30)

K

Fig. 8 Representation of quadrupole method

A 5

Cy Dy

In our case, the brazed assembly contains three layers:
plate - joint - plate and the heat flux is orthogonal to the
layers. We consider the brazed assembly as the
association in cascade of three quadrupoles (Fig. 9).

?,

S

ol

Fig. 9 Association in cascade of three quadrupoles
Then the transfer matrix is the product of three matrices:

M =f[|\/|i
i=1

Each matrix M, is calculated by:

sinhu, /Alj

coshu,

(31)

_( coshu,
' A sinhu,
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where u, =kL, A, =4k, k =p/a

A, @, are respectively the thermal conductivity and

1

diffusivity of the i layer.

In eg. (30), two terms are normally determined from the
boundary conditions. Then we calculate the remaining
unknown. When these two vectors are known, it is easy
to deduce the vector of temperature and heat flux at any
point in the domain. We have several formulations
(Stehfest [18], Hoog [19],...) to return to temporal space
to get the functions that depend on time t from the
functions that depend on the Laplace variable p .

3 Problem Solution

3.1 Mechanical problem

Let us consider the 1D model of the brazed assembly as
depicted in the Fig. 2. Two base plates which are made
of steel are brazed together by the nickel - silver alloy as
the filler metal. The characteristics of the components of
this assemblage are given by:

Plate Joint
Thickness (m) 0.04995| 10
Young’s modulus (GPa) 200 74

Tab. 1 Used data for the mechanical problem

The boundary condition at the left extremity of domain
is embedded, while at the right, a displacement
U* =0.05mm is applied.
An analytical calculation and the solution of DAR are
chosen as reference for the result of the coupling of X-
FEM and DAR (Fig. 10).

Displacement (EifE2 = 2.7027)

0.05
—— Coupling XFEM-DAR
—=— Analytical model
0.041 DAR
£
g
% )

Fig. 10 Solution of displacement of the brazed assembly
and its zoom around the joint
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The solution of the coupling X-FEM and DAR is very
close to that of reference. Through the brazed joint, there
is a change of slope of displacement solution which is
captured by the enriched functions. The maximal relative
error between the coupling of X-FEM and DAR and the
analytical model estimates 2.24 x 10” %.

3.2 Thermal problem

We consider the model of brazed assembly as Fig. 6.
The conductivities and the diffusivities summarized in
the table 2 below:

Plate Joint
Thickness (m) 0.04995 | 10
Conductivity (W /m.°C)| 15 370
Diffusivity (m*/s) 3.98 x 10° | 1.061x 10

Tab. 2 Used data for the thermal problem

We assume that the initial temperature is equal to zero
for the whole domain:

T°=T,=0°C (32)
The boundary conditions are the Heaviside temperature
at the front side and the imposed temperature at the back

side:

0°C t=0
-T(x=x,)=

100°C t>0
-T(x=x)=0C t=0

Temperature - Transient regime (t = 02000, At = 5(s), t= 0.336)
120 . . . : | . | | .

—— TXFDA

1004 —0— TQuad _
\§R 1= 1000e)
o 7 \%ﬁ = 2000(:) ]

2

-50 -40 -30 =20 -10 u] 10 20 30 40 50
X (mm)

Fig. 11 Profiles of temperature at the time
t =50, 100, 200,500,1000, 2000s
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The temperature distribution is determined in the interval
of time t=[0,2000s] with the constant step time

At=5s. The mesh contains 15 nodes, so

AX=7.69 (mm).

The characteristic time of the problem is calculated by:

t = aA; _ 31A2t _ 3.98><25 0336 (33)
AX®  AX 7.69

This value satisfies the condition of stability (23).

The profiles of temperature at

t =50, 100, 200,500,1000,2000s for the whole

domain are presented in Fig. 11. ‘“TXFDA’ and ‘TQuad’
denote the temperatures which are calculated by the
coupling of X-FEM and DAR and the quadrupole
method respectively.

We have chosen several points (P;, P, and P3) whose
positions are indicated in Fig. 6 to represent the
evolution of temperature and of heat flux as function of
time.

In Fig. 12, we compare the evolution of the temperature
as a function of time at the point P, which are obtained
by two above methods and by the computational code
ABAQUS (‘TABA”).

Evolution of temperature at the point P,

T(C)

f TOuad

TABA 40 slem DC20D4"

f
s TXFDA ‘

ol L L L L 1 1
o 200 1000 1200 1400 1600 1800

t(s)

1 1 L
400 00 BOO 2000

Fig. 12 Evolution of temperature as a function of time at
the point P,

Fig. 13 presents the evolution of the function
temperature - time at three points P;, P, and Ps;. The
symbols ‘TXFDA _Pi’ and ‘TQuad_Pi’ denote the
evolutions of temperature at the point i(i=1,2,3)
which are obtained by the coupling of X-FEM and DAR
and the quadrupole method respectively.

Furthermore, we can see in this figure the error for each
couple of curves:

‘Err_Pi’ = ‘TXFDA_Pi’ - “TQuad_Pi’
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Evolution of temperature

T (°C) Error (°C)
80 7
70 1 TXFDA_P1
60 J — - — - -TQuad_P1
TXFDA_P2
50 —
e — - — - -TQuad_P2
40 e s = e ' +o TXFDA_P3
.
10 S — - — - -TQuad_P3
,/ Err_P1
20 4 ,-/ — — — -Erm_P2
7
0 | p Err_P3
/ ﬂ
o L2 : ‘ ‘ L7
0 500 t (s) 1000

Fig. 13 Evolution of temperature as a function of time at
several points and the error between the coupling of
X-FEM+DAR and the quadrupole method

In the figure 14, we can see the evolution of the function
heat flux density - time at these points (P1, P, and Py).
Identically with the temperature, the labels
‘FIUXFDA_Pi’ and ‘FluQuad_Pi’ denote the evolutions
of temperature at the point 1(i=1,2,3) which are

obtained by the coupling of X-FEM and DAR and the
quadrupole method respectively. And we have also the
error for each couple of curves:

‘Err_Pi’ = ‘FIuXFDA_Pi’ - ‘FluQuad_Pi’

Evolution of heat flux density

& (W/mm?) Error (W/mm?)
0,035 0,05

FIuXFDA_P1

0,025 1 °
1

— =FluQuad_P1

FIUXFDA_P2
FluQuad_P2

FluXFDA_P3

______ = = =FluQuad_P3

— — — Err_P1
— — — Err_P2

Err_P3

o
0,005 /

0 500 t(s) 1000 1500

Fig. 14 Evolution of heat flux density as a function of
time at several points and the error between the coupling
of X-FEM+DAR and the quadrupole method

In this example, we can see that the curves of
temperature obtained by the coupling of X-FEM and
DAR and by the quadrupole method are identical.
Although at several first steps of time, there is a small
gap, the results of two methods reach the coherence
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rapidly with the increase of time. However, the
evolutions of heat flux resolved by two methods show a
difference. This can be explained by the accumulation of
errors when the heat flux has been derived from the
temperature.

4 Conclusion

The coupling of X-FEM and DAR is developed to model
the behavior of brazed assembly. We apply it to resolve
the mechanical and then the transient thermal problems
of the one-dimensional model of brazed assembly. The
key idea consists in the inspiration of the solutions of the
DAR method in the construction of enriched functions in
X-FEM. This trend of coupling between two methods
has proved the feasibility and the accuracy.

At the first stage, through the mechanical problem, we
construct step by step the formulation of the coupling.
The displacement solution obtained by this coupling is
very coherent with the analytical solution and the
solution of the DAR method itself.

In the second stage, we apply the coupling of X-FEM
and DAR for the problem more complicated: the
transient thermal problem. And the strategy of coupling
always shows its reliability. The profiles of temperature
in the whole domain and the evolution of temperature
and heat flux density in functions of time at several
points of domain which obtained by this coupling are
very close to the results of the quadrupole method and of
ABAQUS model.

These results encourage us to go on performing a two-
dimensional formulation and obtaining finally thermo-
mechanical response of the brazed assembly thanks to
the coupling of extended finite element and matched
asymptotic development methods.
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