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A Lie Symmetry analysis of the Prieto-Langraica
model for bacteria activity on a surface of a
medical implant

J.M. Manale

Abstract— The traditional Lie symmetry analysis to equations
usually does not deliver. One common reason is the rarity of
symmetries. Where they do exist, the results are often unintegrable.
In this paper, we propose an infinitesimal parameter w to Lie’s
definition of point transformations, allowing for symmetries to exist
where none could. The analysis leads to expressions that can be
evaluated through basic limit and continuity principles. This we
apply to the model developed by Alicia Prieto-Langraica et. al., that
describes the interaction of blood cells and bacteria on a surface
of a medical implant.
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I. INTRODUCTION

HIS contribution hinges on the work of Alicia Prieto-

Langarica, Hristo V. Kojouharov, Liping Tang, and
Benito M. Chen-Charpentier: [1] and [2]. Theirs were on
models and interpretations on the five known hepatitis
viruses. that is, A, B, C, D, and E, or HAV, HBV, HCV, HDV
and HEV. The HDV can only propagate in the presence of
HBY, hence the need to study both. We seek solutions to the
modeling in particular to the system

ou 0’U 0
oV 0*v
E:Dw@—F(T_keU)Va 2

where U is the number of neutrophil cells, V' is the num-
ber of epidermidis cells. They depend on time ¢ and position
x. The quantities Vy and D are the advection and diffusion
coefficients, respectively, in the neutrophils equation, k is
the rate at which neutrophil cells call on other neutrophil
cells depending on the presence of epdidermidis while a is
the rate at which neutrophil cells call on other neutrophil
cells independently of the presence of epidermidis, D,, is
the diffusion coefficient in the epidermidis equation, 7 is
the growth rate of epidermidis, and k. is the rate at which
neutrophil cells kill epidermidis cells.
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The method we use is based on Sophus Lie’s symmetry
group theoretical methods first introduced through his now
famous article [3]. The pure Lie approach can run into
unforeseeable obstacles, such as the necessary symmetries
necessary for finding the solutions not possible to find, or
the analysis becoming too complicated to find them. Alter-
natively, the symmetries may exist, but leading to expression
not integrable, forcing the analyst to incorporate numerical
techniques, which does not seem right. We introduce here
what we call modified symmetries which allows to avoid all
the mentioned difficulties.

We intend solving the model using Lie’s symmetry group
theoretical methods, a technique first introduced by Marius
Sophus Lie (1842 — 1899). That is, a slightly modified
version thereof. The pure Lie approach tend to run into
difficulties. In most studies, the symmetry groups never
materials, thus rendering the whole exercise futile. Where
they exist other difficulties are encountered. For example,
the analyses lead to integrals that cannot be evaluated. Some
practitioners tend to avoid these situations by modifying the
models parameters. Unfortunately such acts have adverse
effects on applications. Literature is abound with evidence,
and this extends to different fields of applications. For a basic
idea on how the theory proceeds, and some of the current
developments, one is referred to Kallianpur and Karandikar
[4], Kwok [5], Hui [6], Longstaff [7], Platen [8], Naicker,
Andriopoulos and Leach [9], Pooe, Mahomed and Soh [10],
Sinkala, Leach and O’ Hara [11], Gazizov and Ibragimov
[12]. We believe we may have found a remedy. This we
discuss in the next section.

Section II is on the foundation of Lie’ symmetry group
theoretical approach to differential equations, including our
suggestions on modified symmetries as an improvement. The
first subsection, Subsection II-A, is on the contemporary
form of the theory. Our suggestions follow in the next
subsection, Subsection II-B. We then complete the section
by providing a formula that will make it easy the proposed
symmetries. This we do in Subsection II-C.

In Section III we apply Lie’s approach to the model. It is
basically to show that Lie’s theory when applied in its purest
form, frequently runs into difficulties.

In Section IV we discuss the application of the ideas
of this papers, the modified symmetries with variation of
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parameters, to the model equations. Basically an analysis.
This is extended to the solutions that arise from the analysis.

Section V is displays intrinsic details and manipulation of
our version of variation of parameters through the model. A
special case of a theorem introduced in Section IV is applied.
The plots are eventually realised.

II. THE THEORETICAL BASIS
Smart symmetries, or modified one-parameter local point
symmetries in this case, or simply modified symmetries for
short, is a new concept that we are introducing, and want
others to try. It is for this reason that we see a need for more
depth and details. We first present the traditional approach.

A. Traditional symmetries

By Traditional symmetries here we are referring to local
one-parameter point transformations, and not all symmetries
in general. A broader discussion would take a lot of space.
In here, we dwell on symmetries that apply to second order
ordinary differential equations.

To begin, we first define a group.

Definition 1: A group G is a set of elements with a law
of composition ¢ between elements satisfying the following
axioms:

() Closure. For {G1,G2} C G, we have ¢(G1,G2) € G.

(i) Associativity. For {G1,Ga,Ga} C G, we have
?(G1,9(G2,Gs)) = ¢(6(G1,G2), Gs) € G.

(iii) Identity. There exists Gog € G, such that ¢(Gy, G;) =
o(G;,Go) = @G, for every element G; in G. The
element Gy is called the identity element of G.

(iv) Inverse. There exists G, ' e @ for every G; € G,
such that ¢(G; %, Gi) = ¢(G;,G; ) = Gy € G. The
element G ' is called the inverse of G;.

That done, we next turn to group of transformations.

Definition 2: Let

X =1 (x;¢€) 3)
be a family of invertible transformations, of points x =
(z',---,2N) € D ¢ RY into points x = (z!,---,zV) €

R c RN, with the parameter ¢ € S C IR. These are
called one-parameter group of point transformations if the
following hold.

(i) For each € € S, we have the transformations being one-
to-one and onto D, meaning D is not different from R,
as ™V is not different from zV.

The set S is a group, say G, with ¢(¢,d) defining the
composition law.

(ii)

(iii) The case x = x corresponds to € = ¢p: The identity
element of G. That is,
Xle=ey = X. 4)
or,
Y (x;€) =x. 5)
€E=€Q
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(iv) If x = ¢ (x;¢) and X = ¢ (X;4), then
X = 1/1 (X; QS(Ea 6)) .

Theorem 1: Lie’s First Fundamental Theorem: There
exists a parametrization 7(€) such that the Lie group of
transformations is equivalent to the solution of an initial
value problem for a system of first-order ODEs given by

dz _
I £(z), (6)
with .
T
E L =X. (7)

1) Local one-parameter point transformation groups
: The transformation can be expanded using the Taylor-
Maclaurin series expansion with respect to the parameter.

That is,
B “\ o 2 \ Oe?
e=0 e=0
oG
+:X+€<a€ >+O(€2) (3)
e=0
Letting
oG
3 (X) = De ) &)
e=0
reduces the expansion to
x=x+e(x)+0 (). (10)
Definition 3: The expression
% = x+ € (x), (1

is called a local one-parameter point transformation.
The set GG is a group since the following properties hold
under binary operation +:

1) Closure. If X.,,X., € G and €;, €3 € IR, then

)_(51 + )_(52 = (61 + 62)§ (X) = )_(53 S G, (12)

and

€3 =€1+ €63 € R. (13)

2) Identity. If Xy = I € G such that for any ¢ € R
(14)

Xg+Xe = Xe = Xe+ Xy,

then X, is an identity in G.
3) Inverses. For X, € G, € € IR, there exists )‘(6_1 € G,
such that

x'rxo = xo+x7h ox! (15)

= X1,

and e=! = —e € D, where + is a binary composition
of transformations and it is understood that X, = X, — Xx.
Associativity follows from the closure property.
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2) The Lie operator : For the multivariate function ¢ =

P(xt, - 2N e€), the expression (11) can be rewritten in the
form
_ ox
X =+ e, (16)
or
or
—i ;i 0 i
't =1+¢€ o I A (17
ot
That is, _ _
' =(1+4¢€e-V)a", (18)
where & = (€1, ¢N). That is,
7t = (1+eX)a, (19)
with
al 0
_ i1 N
X=Y @ e (20)

i=1
This operator is the symmetry generator.

3) Prolongations formulas : The operator X is not
adequate generating symmetries for differential equations,
where it applies. This, however, can be remedied through
prolongations.

The case N = 2 has ! = z and 2% = y so that

— 4+ ( )3
gz Y Oy’

In determining the prolongations, it is convenient to use the
operator of total differentiation

X =¢(z.y) 1)

0 0
D=2 r Y n Y . 22
az+yay+yay,+ ; (22)
where p P2
’ Y " Y
== = — 23
Y=g 2’ (23)
The derivatives of the transformed point is then
dy
T — 24
V=g (24)
Since
T=x+e€ and §y=1y—+ en, (25)
then
_ dy + edn
=z 26
V' o + ede (26)
That is,
dy/d dn/d
y/ — y/ z + € n/ €z . (27)
dx/dx + ed€/dx
Now introducing the operator D:
YD) W D)D) e
1+eD(S) 1—€(D(¢))?
ISSN: 1998-4510
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Hence

g = YD) —y'DE) — eDEDm)

- (D) @)
That is,
¥ =y +eDm) —y' D)), (30)
or
¥ =y +e, 31)
with
¢ =D(n) -y D). (32)
It expands into
0 0 0 0
1 — s A A A 33
¢ ((%ﬂ/ ay)n y (ax +y ay)f, (33)
so that
¢ =t (ny — &)Y — %y, (34)
The first prolongation of X is then
0 0 0
X = — — = 35
€(x,y)ax + n(fmy)ay +¢ oy (35)
For the second prolongation, we have
7 1
Y +eD(C) 1" 2
Txene) Y + €¢7, (36)
with
¢*=D(¢") —y"D(9). (37)
This expands into
C2 = Mgz T (2773:3; - fmr)y/ + (nyy - 2§xy>y/2
Yoy + (ny — 260 — 3Y'&)y". (38)
The second prolongation of X is then
0 0 0
X = ¢ — — 1 2 . (3
5(“”’y)ax +77(x,y)8y +¢ oy +¢ oy (39)
4) Invariance :
Theorem 2:

A function F'(z,y) is an invariant of the group of trans-
formations if for each point (x,y) it is constant along the
trajectory determined by the totality of transformed points

(7, 9):

F(z,y) = F(z,y). (40)
This requires that
XF =0, 41)
leading to the characteristic system
d d
=z (42)
&
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Proof. Consider the Taylor series expansion of F'(x) with
respect to €:
oF

+e—

*E:O ol T @

e=0

This can be written in the form

o 0z OF 05 oF
F(‘T7y)_F($7y) EO+€<3€3f+6685> _0
%)
That is,
- OF  OF
or
F(z,9) = F(z,y) + §2+ 2 F+-. (46)
7y - 7y € 8.13 nay M
Hence -
F(z,9) = F(z,y) + eXF, (47)
with
0 0
X =¢6— — 4
£8x+n8y (48)
This means if XF = 0 we have
F(z,9) = F(z,y), (49)

which concludes the theorem.

B. Modified Symmetries

The modified one-parameter point symmetries and their
properties reduce to the regular one-parameter point sym-
metries when w — 0. This is an infinitesimal parameter that
we shall introduce and associate with them.

1) One-Parameter Point Transformations: We build our
discussion on smart symmetries from the following defini-
tion on . There could be could be some confusion because
at some instances they seem to resemble , at other cases the
one-parameter transformation view emerges. They also seem
to be wedged between the two.

Definition 4: Let

X = x(X;6;€) (50)

be a family of two-parameters {¢,d} C IR invertible transfor-
mations, of points X = (#!(z;d;¢),---, 7V (z;9;¢)) € RN
into points x = (&!,---,#Y) € RN. These we call Neo
one-parameter point transformations when subjected to the
conditions

X (X;dse)| =X, Sh
=0
and
X|s=0 = x. (52)
Furthermore,
X (X;de)| =X, (53)
6=0
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so that

X (X;95¢€) , (54)

6=0,e=0
forx = (z',---,zV) e RN and x = (2!, ,2V) e RN,
It should be obvious that these transformations are the
regular two-parameter point transformations when the pa-
rameter both parameter ¢ and ¢ assume zero values. That
is,

X (X; ¢ =X, (55)
e=0,6=0
or best expressed in the form
X (X;6;€) =X. (56)
e=0,6=0

They reduce to the one-parameter point transformations
when the parameter § is absent from the definition.

2) Modified local one-parameter group generators: In
IR?, we have x = (¢;%), while X = (Z,9) and X(§) =
(Z(8);9(0)), so that

(57)

IS]Le
Il
©-
—
IS
—~
>
=
<
—~
>,
S~—
™
=

and
J=1v(2(5),5(6),¢)

Expanding (57) and (58) about € = 0, in some neighbor-
hood of € = 0, gives

(58)

I = () + e% +0 (€%) (59)
e=0
That is,
¥ =1+ 567]{ 6£ +4 0°G
T “\ e 9edo
=0 §=0,e=0 §=0,e=0
(60)
This becomes
. oG OH
T =x+ 65 + (SE (61)
5=0,e=0 5§=0
Letting
oG
$= ae 62)
6=0,e=0
and
- OH
= S| (63)
5=0

gives the modified local one-parameter point transforma-
tion

T =12+ el+0E (64)
leading to the symmetry generator
N
> ;05\ O
X = RS . 65
> (s + 65) et (65)
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It reduces to the regular generator (20) when § = 0. In the
case where the ratio /e assumes a finite complex value, as
with § = dew with w € IR being the finite value, then the
operator is simply the complex symmetry generator,

Ozt

X:i{gi(xl 1 ..7xN;w)]
= (66)

otherwise it collapses into the regular symmetry generator.
3) Symmetry groups : An interesting property of symme-
tries A = {X,, Xo,---, X,,} is that they also form a group,
provided w — 0. That is, the satisfy the following group
properties:
1) Closure. If Xl,Xg € A, then

Xl OXQ = Xg € A.
2) Identity. If Xo =€ A

N+ iwe (x 0

X()OX,L' = Xz = X,’OX(), 1= 1,27...,77,
then X, is an identity in G.
3) Inverses. For X; € G, i=1,2, ...n, there exists

X! € G, such that

with

where o is a . follows from the .

4) Invariance:

Theorem 3:

A function F(X) is an invariant of the group of transfor-
mations if for each point X it is constant along the trajectory
determined by the totality of transformed points X:

F(x) = F(X). (67)
This requires that
GF =0, (68)
leading to the characteristic system
dzt N
et _dit 69)
&t 3
Proof. Consider the of F'(X) with respect to e:
. oF
&= e=0
This can be written in the form
ox N
F(x) = F(x) +e— - vF + - (@AY
o Oe
e=0
That is,
F(x)=F(x)| +e VF +- (72)
e=0 e=0
ISSN: 1998-4510
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For € = 0 then we get

F(x) = F(x)), (73)
thus proving the theorem.
5) Prolongations formulas : Since
F=x+e+066 and §=y+ en+ 07, (74)
then
—_ dy +edn + 5d7~z' (75)
dz + ed€ + 6d€
That is,
_, dy/dx + edn/dx + 6dij/dx 76)
 da/dx + ed¢/dx + 5dE/dx
Now introducing the operator D:
o _ Y +eD(n)+4Di a7
1+ eDE+6DE
Normalising the denominator:
L, (y’ +eD(n) +0D7 ) 1 —eDE — 6DE %)
Y=\ tveneropi J\1_epe —opné )
L _ Yy +eDm) —y'DE)] + D7) —y'D(E)]
1—e(D(£))* = 6*(D(¢ )) — 266(DE)(DE)
n —eD(£)D(n) — 8*D(€)D(7)
1—e(D(£))* = 8*(D(¢ )) — 2¢6(D€)(DE)
(79)

i =y +¢(ID(n) — y' D] +wID@) — ¥ DE)]) - (80)
That is,
J =y +eDn+wi) —yDE+wE)), (81
or
7=y +e', (82)
with ; }
¢! = D(n+wi) —y' D(€ + wé). (83)
It expands into
~ 0 1o}
¢t <Baz+y8y) (n + wi)
0
<8m+y8:>®+w® (84)

so that
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¢t = (n+wil)a+ [0+ wil)y — &y =y (E+wh)y- (85)
The first prolongation of X is then

- 0 o z 0
X = (e y) g T @)z +C g5 @)
For the second prolongation, we note that since
F=x+e 4066 and § =y + (', (87)
then
i _ y' + ED(CI) _, (88)
L+eD(&) +oD(E)
= ( y' +eD() ) (1 — eDE¢ — 5D§> )
1+eD()+oD(§) 1—eDE—6D¢
(v +en(C) (1 - eDg - oD¥)
= = —. (90)
1—€e(D(§))? — 8*(D(¢))* — 2¢6(DE)(DS)
g = <y” n eD(fl) (1 — Dt — 5D£) T
=y —e[DE) —y'DE+wd)]. O
with ~ ~ ~
¢*=D(¢") —y"D(§ +w8). (93)
This expands into
&= It wile + (20 +wiley — [§ + 08 ) ¥

o (In -+ iy — 206 + ey ) o

(I + witly = 206+ wdle = 3y'l¢ +wil, ) ¥

—y[€ + wElyy. (94)
The second prolongation of X is then
S 0 0 0 sy O
X2 = Y v 1 9 2 '
&, y) 5 +n(z,y) oy +¢ oy +¢ oy (95)

C. A Simple Formula for Generating Modified Symmetries

The theory that we have just discussed in the preceeding
section could be daunting to some. Fortunately, there is
a simple procedure that can get one started. Consider the
expression

bx + a, (96)

that one usually encounters when investigating differential

equations of the order two and above for symmetries. We

will now show that it can be presented in the form
bsin(iw[x + %])

. )

w

o7)
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for w — 0. We will show later in the paper how it leads
to the symmetries. In this section we concentrate on how it
comes about.

1) Euler’s ansatz: Leonhard Euler (1707-1783), investi-
gated differential equations of the form

a0y + boy + coy = 0, (98)
using the ansatz
y=e, (99)
for solutions. Here y = y(x), with constant coefficients
ap, by and co.
He concluded that
b ~ ~
e a0 (Ae™“" + Be“"), b > dagco,
y= A+ Bz, b% = 4agcy,
b
e 0% (A cos(@z) + Bsin(@z)), b2 < 4agco,
(100)
where 5
Vb5 —4
o= Y0 "I0% (101)

2&0

and A and B are constants.

That is, Euler determined three solution components: y;
for b3 > 4dagco, yo for b3 = dagcy and ys for the case
bg < 4apcy.

These work well in practise and still find applications
today, but they are mathematically unsound.

My belief is that he allow inconsistency to pass on based
on the success of the formulas. Unfortunately, this has an
enormous amount of work hinged on the error, and in some
cases subsequently leading to cul de sacs.

2) Continuity issues: It is hard to believe that the great
Euler did not notice the discontinuity in solutions. That is,

lim (y1 — y2) # 0. (102)
w—0
Also,

lim (33— 92) # 0. (103)

Maybe he may have thought this to be an inconsequential
little shortcoming, but in practise these cases are always
avoided consciously avoided because of the catastrophes that
have arisen around them in the past. The collapse of the
Tacoma narrows bridge is one example. Mathematically a
lot of good can result from solving equation (98) exactly,
such as what I am on about in this work.

3) An exact solution : To get an exact formula, first let

y =Pz
with 8 = B(z) and z = z(x), so that
§ =Bz + Bz,
and ) _
= pz+20%2+ Bz
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These transform (98) into
ao (B2 +282+ B2) + by (B2 + B2) + coBz = 0
That is,
aoBz + (2008 + boB) 2 + (aoff + bof + o) 2 :(1(()).4)

Choosing [ to satisfy 2a083 4 by = 0 simplifies equation
(104). That is,

b,
B = Cppe?*0
for some constant Cjg. Equation (104) assumes the form

aof + bof + Coﬁ
aof3

. b% — 4CL000
z = —— | %
4a3

But Z can be written as Zdz/dx. Therefore,

. dz b% — 4a0c0
Z— = — = | %
dz dag

b2 —4
zdz = ) SOCO zdz.
4ag

.2 2 2
Z bg — 4apco \ =

— = | ———) = + Co1,
2 ( a2 o oo
for some constant Cy;. That is,

P = -

That is,

or

That is,

b2 — dageo \ 22
. _ % —4aoco ) 2 o
N \/( 4a3 2 + Cor,
or
d
i = dx.
2_ anC
\/<b° ) 2+ 2
That is,
d b — 4
z o 0 apCo dx,

with A%, = 2Co1/4/— b —190% | Hence,

2Co1

bg —4(10 Cco
4ag

z =

b2 —4
X sin (W T+ 002> ,  (105)
4ag
for some constant Cys. That is,
—bo . 2C
y = 0006 20.8 $
b3—4a0C0
- 4(1(2J
. b% — 4(1000
X sin ————— 2+ Cp2|. (106)
daj
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Letting
_ b% — 4(1000
W=A\TT g2
dag
we have .
Yy = C'ooemz 26;}% sin ((D x + 002) R
or

2) cos (@ x)4cos (Co2) Bm(wi“_””)]
A reduction to the trivial case § = 0 requires that
sin(Cpz) = Coszsin(@) and cos(Cpa) = Cpg cos(@). That
is, C2, + C2, = 1. Hence,

y =
Choe o0 e 2C0 [Co%m(w) cos (@ @) + Coy cos (@) &2
or simply

y—00062“0 2Co1 [EmT

€l

Cos sin (@) cos (@ =
w
Coysin (0 x)

Cope?eo e 2Cn

’y =

+Choe ™ * 2Co; (107)
It is very vital to indicate that if the parameters w in the
denominator and sin (&) are absorbed into the coefficients
Co1 and Cys, then formula (107) would reduce to one of
Euler’s formulas. But the consequences would be fatal, as
formula (107) would not reduce to y = A 4+ Bx when by =
co = 0, that is, when w = 0.

4) The formula: The analysis of determining equations in
symmetry analysis always involve equations of the form

£ =br +a, (108)

similar to the second result in (100). The solution obtained
in Section II-C3 suggests it can be written in the form

- bsin(iw.[x + %])’

w

(109)

subject to w = 0. This formula provides an easier way of
generating modified symmetries.

III. A TRADITIONAL LIE APPROACH TO THE MODEL

We seek here a continuous group of transformations for
the two-dimensional equations (1) to (2) through a generator

0 1 0 5 0
ottt
For the system (1) to (2), U and V are considered as
differential variables on the space (¢,x). The coordinates
€', €2, n' and n? of the operator (110) are sought as functions
of t,z,U and V. The operator Y, is the prolongation of Y
and is

y = ¢ (110)

- 0 0
Y = Y+<116T]t+<216U +¢

9] d
19 2 O
Ca2 o, + (22 V..

2 a
Lav,

(111)
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where
(1 = D) —UDi(&") = UpDi(€?),  (112)
C?l = Dz(nl) - UtDz(gl) - U:EDGE(§2)7 (113)
(= Di(®) = ViDi(€) = VaDi(€%),  (114)
and (¢} = ¢}, -+,¢ = ¢! and likewise for (¥ = (7 and

so on) with the operators of total differentiation Dy, D, D,
and D, given by

P 9 P P
o Ty T Vg, T Ue g

9 0 0

" (115)

9 9 P 9
oz Uy T Usgg T Vs g

P P P
Vegy T Vargy, T Ve gy

+ e (116)

Dy

-
)
nm + +

_|_

This gives

& = nl +Umnb + Unnpy, + Uiy,
+ Vin + Vaeny, + Vien,
— U(& + Ul + Unél, + Utzglljm)
— Upl&l + Vi€l + Vil + Viati,)
— U (& +Utd + Utt/f?]t + Utwf?Jw)
Up (& + Vi€ + Vieky, + Vit
G = M+ Ueniy + Unenity, + Usanily,
+ Vil + Vet + Viant,
— U&y +U&h + Uxtlejt + Umféfx)
— Ut(fglc + sz\l/ + me,f\l/, + Vm&l/w)
— Un(& + Ul + Unilfy, + Unaty,)
Up (€2 + Vi€2 + Vb2 + Vi€,
<12 = 77? + Ut77(2] + Uttn?]t + Utwn%fz
+ Vi + Ve, + Vi,
- W(ftl + Uikl + Uttlejt + Utzfllj )
V(& + Vi&y + Vaeky, + Viuky,)
— Val(& + Ukt + Unkt, + Ureltr)
Vi(62 + Vi€y + V;stfv, + V;szfv )s

(117)

(118)

(119)

x

Subsequently, and in a similar manner, expressions for (3,
and (2, follow from

- thDx(fl) -
- VrtDa:(§1

Usa Do (€7),
) - meDI(SQ)

1
C22 =
2
G2

(120)
(121)

[

-}
8
—
N
N>
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That is,

G2 = Dalmy + Uanity + Usenity, + Usanit,
+ Vel + Vaent, + Vaan,
— Up(& + Upll + Unsl, + Unnlly)
= Ui(& + Valy + Varby, + Vaaby,)
— Up(€2 + Upl? 4 Upns?, + Upu2)
— Un(€2 + Vi€l + V€2 + Vi)
- Umt(ftl + Ut§(1] + Uttlejt + Utmf[ljz)
= Unt(& + Vi&y + Vuuly, + Viuly,)
= Unel &+ Us&H + Utt£(2jt + Utmg(zjm)
Usa (& + Vi&Y + V&t + Viuby,), (122)
4222 = D, [77925 + an?] + thn?]t + Uwzn?h
+ Ve + Ve, + Vaanid,
— Vil& + Ul + Unily, + Uaa€yy,)
— VA&l + Vil + Vil + Vi€l )
— V(€2 + Upd + Uned, + Uil
— V& 4 Valy + Varld, + Vil
- xt(§t1 + Uikl + Uttfll]t + Utzfllf )
Ve (&} 2 + Vi&y + Vaeky, + Vi)
= Vool &8 + Ukl + Unilt, + Urats,)
Via (67 + Vi&Y + Vit + Vialy,). (123)

It should be clear at this stage that the equations are
bound to continue getting bigger and more complicated as
the analysis continues. This is the nature of the pure Lie
approach. It is for this reason that we opt for modified
symmetries, starting in the next section.

IV. MODIFIED LIE SYMMETRIES
A Lie symmetry group analysis of the system, (1) and (2),
leads to very complicated equations. To simplify it, we first
combine the two

02 oV  oU 0
o 2(DU—%—D V)= E+E+8 (VoU)
—(kV +a)U — (r — kU)V, (124)
then split it into
0 0?
with w = DU + D,V , and
ov au 0
5 + — 5 6 (Vou) — (kv + a)u
—(r — keu)v = o, (126)

where U = w and V = v when w = Du + D_v satisfies
(125). This simply means we only know fewer values of
V and U. To get rest of the values, we use the following
theorem.
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Theorem 4: If ¢ = ¢(x) is defined on R and analytic on

D C R, and has common zeros {x1, X2, X3, - -} With $(x)
in D, then the differential equation
F(x, 6(x), (X)) =0, (127)

is compatible with

" ()" (x) — ™ (X)) (x) = 0.

The proof follows through Lipschitz’s boundedness con-
ditions and L'Hopital’s principle. But first we solve (125).

(128)

A. A Lie analysis of (125)
Equation (125) is the heat equation. It has several known
solutions whose exact form is known, like

1 2 T
w= e (01 n 02;) , (129)
and
w= &e—%. (130)

\/tTL

In order to generate point symmetries for equation (125),

with Du+ D,v = w, we first consider a change of variables

from ¢, z, and u to t*, z*, and v* involving an infinitesimal

parameter €. A Taylor’s series expansion in € near € = 0
yields

" o~ t+el(tz,w)
¢ & z+e(t,r,w) (131)
w* = w+e(t,z,w)
where .
Wemo = T(tz,w)
o= &tz w) (132)
e 1e=0 = C(ta z, w)

The tangent vector field (132) is associated with an operator

X = T +5—+< (133)

called a symmetry generator. This in turn leads to the
invariance condition

x (Waz — W) [{wy=w,} = 0, (134)

where X 2! is the second prolongation of X. It is obtained
from the formulas:

) 1) 8 M _o (2)_a
X2 X+ o +< o +<tt dun (135)
+ Ct:r: 8wm + CJ“Z ‘9“’117
where
o 99 4 4 [f— )y, — Ly, (136)
W _ +“’a + [f - %] Wy — %—fwt, (137)
2 9 >
t(t) = 8t2 Tw 8t2 * [2 atzT o aTgwx
11 28] v~
(138)
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2 2 2 5
Cag:) = % —i—w% + lQ% — %} Wy — ‘Z;;wt
+ [f o 207T] Waa — 2%th.¢,
’ v (139)
and
(2 _ 9? of af 8T
te T a0 T Wagg + [2% - 8t8:1:j| Wy
af _ 9% aT  o¢
+ [25 B 8t8w:| Wy — |:f_ ot %:| Wty
_ar
oz Wit — 5 Wax-
¢ ' (140)

It is to be understood here that the simplification (¢, z, w) =
wf(t,x) + g(t, z) is adopted from the calculations that led
to the old symmetries:

o= 3
Y = ot
5 = v+ 25,
2
Vi = at@ 25+ (52 wd, ¢ (14D
— 1é) 1%}
}/6 = U}%,
Yo = g(t, x)a‘zu

These are mentioned here to ease comparison with our own,
which are at the end of this section.
The invariance condition (134) then leads to the equation

2 2
8:1:2 +wazf + |:2 gzg] ww_%wt“r [f_Qal] wy —
26thx—%—w%—[f—%—f]wt+ wy = 0,

called determining equation, from Wthh follows the mono-
mials

Wty TIZO
Wt Tt—2§x20
w : frm_ftzo
1 gzx_gt:()

called the defining equations.

To begin solving these, we note that the first defining
equation T, = 0, suggests that 7" should not depend on
z. The implication is that we would end with less number
of symmetries if we continue this way.

That is, T depends on both ¢, and = near € = 0, but not
at ¢ = 0. Differentiating this defining equation with respect
to t, gives

Tyw = 0. (143)

This can then be used to simplify the second defining
equation. When the latter is differentiated with respect to
x, we get

Tot — 2820 = 0. (144)

Because the function 7' is analytic everywhere, Euler’s
mixed derivatives theorem holds, meaning 7,; = T},. This
then reduces (144) into

(145)
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which then integrates into

& =a+ xb, (146)

where a = a(t), and b = b(t). Without going into much
details, which can be found in [13] and [14], that might take
much of the space in this article, note that this equation can
be written in the form
¢ - a¢ cos(wz /i) + bsin(wx /)

B w/i ’
where ¢ = sin(w/7). It reduces to the former when w = 0.
This is where the transition to modified symmetries happen.

The second defining equation, 7} — 2£, = 0, then leads to

_ —2a¢ sin(wz /1) + 2b cos(wz /)
w

(147)

T + Ao,  (148)

where Ay is a constant. Thus 7" now appears to also depend
on z, but we know this is subject to w = 0. Substituting &,
and T from equations (147), and (148) into the third defining
equation, 2f, = 7z, — 7, leads to

ap w .
ijcos(wm/z)

2fe

— bgsm(wx/z)
i

¢ b ,
a2 2 149
awcos(wm/z) wsm(wx/z), (149)
Integrating this with respect to x gives
f = —(a+a) %sm(wx/z)
| B
n (b - b) seos(wa /i) + =1, (150)

where By is a constant. We now substitute this into the fourth
defining equation to establish the functions a, and b. First
we differentiate (150) once with respect to t:

fi = —<d+a(3))¢‘

§sm(wx/i)

. 1
+ (b—b(3)) icos(wm/i), (151)
then twice with respect to z:
fee = —(a+ad) g Zsin(wx /1)
. . w2
+ (b - b) ?cos(wx/i). (152)
The substitution leads to
(a+d)w?=id+a®, (153)
and . . ..
(b - b) W =b— b, (154)
To solve (153), we note it can be written in the form
ara” _ .2 (155)
a+a
That is, ,
a—+d=Coe”t. (156)
ISSN: 1998-4510
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Subsequently,
Co 1 Wt —t
a:§w2+1e + Cp + Che™". (157)
Similarly, solving equation (154) yields
D 1
b= "2 ———e"' + Dy + Dy, (158)
w? w*—1

for some constants Cy, C'y, Cy, Do, D1, and Ds.

B. Infinitesimals
The linearly independent solutions of the defining equa-
tions (142) lead to the infinitesimals

26 (mewzt) sin(wa /i)

—2¢ (C1t — Cre™") sin(wz /1)
Do @) cos(wa /i
2 Gy ntertd

+2 (D1t + Dae’) cos(wz/i) + Ao,

i¢
2

L0

T

(159)

Co 1
w—g oﬂ—&—lew%> cos(wx /1)

(C1 4 Coe™") cos(wa /i)
. (D 1 2

L (wngle“ t) sin(wzx /1)
i

+(Dy + Dae') sin(wafi)

€

_|_

. €

(160)

S

and

¢ew2t

2

w2t B,
_DOT cos(wz /i) + 20

—Cp

f

sin(wz /1)

(161)

C. The symmetries
According to (133), the infinitesimals: (159), (160), and
(161), lead to the generators

X1 cos(wzx /1)

—1) ot

ox

sin(wx /1)

+ w? —1)

5 cos(wx/i)wi,

o (162)

2pe’t
S wt(w?41)
et
+1)

ot

Xo sin(wx /1)

cos(wzx /1)

or

+
w3 (w?

¢ew2t

. L0
sm(wx/z)w%, (163)
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X3 = —2¢t Sin(wx/i)%
i L0
+;cos(wx/z)%, (164)
e
Xy, = 2t cos(wx/z)a
—|—;bln(wx/z)%, (165)
b . N
Xs = 2pe sm(wx/z)a
L a
+w e cos(wa:/z)am7 (166)
X = 2¢ cos(wx/i)a
gt a
+w e sm(wz/z)ax, (167)
0
X?—a, (168)
0
Xg_wa—w. (169)

The last defining equation leads to an infinite symmetry
generator.

X = g(t,a:)%. (170)
D. Construction of invariant solutions through the symmetry
X1

The symmetries X7, Xg, and X, are not different from
Y5,Ys, and Y., obtained by Bluman, and others, as such
unlikely to lead to anything not already known. We limit
our construction of invariant solutions to X;, and X5, as
they appear to be broader and more encompassing than
X3, Xy, X5, and Xg. What is certain is that X3, and Xy
are automatically addressed.

The characteristic equations that arise from the symmetry
Xll

wh(w? = 1)e~“"tdt i’ (w? - e tdy
2 cos(wx /1) sin(wa /1)
_ 2e=“"tdw (171
cos(wz/i)w’
lead to
wh(w? — 1)e~«"tdt iw?(w? — De"tda (172)
cos(wz /1) sin(wz /1) ’
and
wh(w? = 1)e~“"tdt _ 2e =+ tdw (173)
2 cos(wx /i) cos(wz/i)w’
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Equation (172) becomes

St — 9 (w/z).cos(wm‘/z)dx (174)
sin(wx /1)
so that
A = —w?t — 21In|sin(wz/7)|. (175)
Hence,
w2
n=ez"|sin(wz/i)| (176)
where 7 = exp(—\/2).
Equation (173) becomes
whw? — 1)dt B dﬂ 177)
4 Cow’
so that the invariant solution has the form
w = el @ DA (), (178)
This means
47, 2
-1
w = %ew“w%l»t/%
+e(w4(w271))t/4¢'577t. (179)
That is,
40,2
w = Y (w 1)€(w4(w271))t/4¢
4
2
+%ne<w4<“2*1>>t/4¢3. (180)
On the other hand,
wy = e WG, (181)
so that
Wyy = e(w4(w271))t/4é§ (7796)2
e WP IAG (182)
That is,
Won = e(w“(w?q))t/%
AN 2
x (ie“’;t (—w/i) C(’b(‘*’x/l))
w
_e(w4(w2—1))t/4(]'§
o . .
X <:|:62t (—w/i)? sm(wm/z)) . (183)
w
or
Wey = w26(w4(w2—1))t/4q'§ <6w2t _ 772)
Fw?ne@! @ =1)t/44 (184)

Substituting the expression for u; from equation (180),
and the one for w,, from equation (184) give

w2 (eoﬂt _ 772) +w277¢5
B whw? — 1)

w? .
0t 5. (185)
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In the limit w approaching zero, this equation reduces to

(1—n?)d+ gé —0. (186)

That is,
o _1 1
so that
n2J ( . 1 72 =
2 (n ¢>) dny = 7/ g5 (188)
/,71 dn 2 )0 72 —1
The integral on the left evaluates easily. Hence,
. - 1 2 ’f]
Ing=Fy+ - dn 189
n¢ 0+ 9 ‘/,71 A2 _ 1 1, ( )

where F is a constant. The other requires letting n; = 7,
and 775 = 1+ w then invoking L’hopital’s principle. That is,

B wdn d f"‘m ﬁ =
Ing = Fy + 24 dn (190)
dww
Evaluating dn/dw:
1111(]5 = F() +
ww . . . )
5 <§t\ sin(wz/1)| £ (x/1) cos(wx/z))
2o d (7Y

xest L Y (191)

dn J, 7% —1

The fundamental theorem of calculus ensures that the deriva-
tive removes the integral, simplifying the equation to

lngﬁ = Fg +
% (e%t | sin(wa/1)| + (/i) cos(wx/i))
@2y M

. 192
o (192)

xXe

A further simplification on the right gives
111(]5 = F 0+

% (ft\ sin(wa/d)| + (/4) cos(wx/i))
we St Lointee/i)
x T (193)

w
n2e~ Tt —e”

That is,
lné = ﬁb +
2
2 (Stlsin(wa/i)] + (/i) coswa/i))

2
e Tt (£a/i) cos(wx /i)
nze—%zt et

X

(194)
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so that
ln(ﬁ = FO +
< (24| sin(wz /i) + (/i) cos(wa/i))
|sin(wz/7)|? eFt — e %
xest (£ /i) cos(wx/1). (195)
That is,
IHQB FO +
o ( t| sin(wz/1)| + (m/z cos w:v/ )
(= cos(wz /i) eT et et
x5t (£ /i) cos(wz/1). (196)

The trigonometric, and hyperbolic identities ensure that there
are further simplifications in the denominator. Hence,

Ing = Fo +
o (§tlsin(ws/i)| + (x/i) cos(wz /7))

(— cos(wz/i))? eTt + 2 sin(‘*z’—:t)
2

xe =t (£x/i)cos(wx/i). (197)
Evaluating the limits:
2
1 Fo+ —. 198
né=F+ (198)
That is,
. a2
¢ = Fpe ™2, (199)
with Fy = exp(Fp). Hence,
N2 2
¢ = FO/ e 2t dn. (200)
m
The above expression then leads to
n
w = @ W?=1))t/4 [Fo/ ’ e_ﬁzdﬁ} . (201)
m

When Fy = —iA/w, and w
(201), we get

w = Ae@' (@ =Dt/ /w2 e%zdx.
z1

= 0 inside the integral in

(202)

This is a known solution, not really distinct from (129) and
(130). Other solutions follow through the second symmetry

Xo.
2] ) A first couple of solutions through Xs :

N2 22
w=F + Fo/ e 2= dp (203)
Uh!
and
12 22
w=F + FO/ e2@?=t%) d7. (204)

m
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2) A second couple of solutions through X5 :

22
w=F + Ae 22—

(205)
and
22
w = I + Ae2@?-t2) (206)
3) A third couple of solutions through X5 :
A 2%
w=F +—e 2>-) 207
1t (207)
and
A 2
w=F + —=e2@?-), 208
1t (208)
4) A fourth couple of solutions through X5 :
A =2
w=F| + We 2(x?—1t2) (209)
and
w=F + t3/2e2<w2*t2). (210)
V. THE SOLUTION TO (126)
Equation (124) subsequently gives to
0 Jv Ou 0
— D Dov]l=—+ —+ —W
g DUt Duvl =5 & 5 1 55 (Vou)
—(kv + a)u — (r — keu)v. (211)

A. The quasilinear partial differential equation

If w=w(t,x) is a solution of (124), then v = aw + Pu,
with « = 1/D,, and 8 = —D/D,,, reduces (214) into the
quasilinear partial differential equation

[;} (Du + Dy [aw + Su))
_ Olow+pu]  Ou 0

= 7815 + E + %(%u)
—(k[aw + Bu] + a)u

—(r — keu)[aw + Bul. (212)
That is,
Dut + Dwozwt + Dwﬂut
= aws + Bus + ur + Vouy
—kawu — kBu® — au — row
—[rB — keaw]u + ko Bu?. (213)

This simplifies to
(D+ D,p— B —1u; — Vouy,
= (ke — k)pu? — (kaw + a + 1B — keaw)u
—raw + (1 — D,,)aw. (214)

dt dx du
D+D.B—F-1 —Wo i .
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where ¢ = (k. —k)Bu? — (kaw+a+rf — keow)u—row+
(1 = D,,)aw, from which we get the invariants

x=(D+D,B—-p8—1)x+ Vo, (216)
and
u = Ag tan <C Lt\ + 1/1()()]) —0o, (217)
where
o = D+D.B—B—1, 218)
V/ —_ B2
C = #’ (219)
o — _kozw—l—a—l—rﬁ—lceaw7 (220)
ke — k

—raw + (1 — D,,)aw;
= 221
¢ " , (221)
A = ko—k, (222)
B = kaw+a+r8— keaw, (223)
C = —raw+ (1- D,)aw;. (224)

The only outstanding quantity to evaluate now is .
There is no established procedure that can be followed to
obtain it. In the past, mathematicians tended to use power
series expansion to estimate it, and this practise is still
common. Fortunately, there is an option here. There are two
accepted to solving the second invariant, the first through
the trigonometric function tan yielded (217). The second is
through partial fractions, and it gives

b
r1 — roe (Fe=F)(ri—r2)
u= . (225)

R
1 — eFe—R)(r1—r2)

That is,
1 _
W= —log <“ ”) : (226)
m U — 7o
where
1 (227)
m )
(ke — k)(T’l — ’I”Q)
-B-VB?—1
Ty = 5 C, (228)
—B++vB2—-4
Ty = + 5 C, (229)
ijkanraJrrﬂfkeaw (230)
ke — k
and
o —raw + (1 — D,,)aw; 231)

ke — k ’
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so that

log (4= )
m

t
u = Agtan | C N + — 0. (232)

This result is implicit. The explicit case follows from r; =

r9, and is
Ct
u = A\gtan ()\> — 0.

B. The solutions to (1) and (2)
A special case of Theorem 1, wherein m =1 and n =1

leads to the expression

(U —u)XX
(U —u)

(233)

U - u)xxx
= , 234
T —w), 234

where

t
u = Atan (C’ [)\ + w(x)}) — 0. (235)
The condition arising from the theorem that U — u is only
continuous at the points where the zeros exist, and coincides
with those of its second derivative, that is

U—u=U—u)y =0, (236)
leads to
U=u+ Acos(pux + ). (237)
The condition in (236) reduces it to
U =u=+ Asin(2uy), (238)
which yields the pair:
Uy = u— Asin(2uy), (239)
and
Us = u+ Asin(2uy), (240)

where A, and ¢ are constants at these zero points, but
generally are functions of ¢ and z. Trying to determine
these constants where they are not constants is an impossible
mathematical feat, because of the calculus. It is best then to
determine them at the zero points. For that we also need

Uy = w — \xgsin(ux + ¢), (241)
U = ug — Mixesin(pux + ¢), (242)
Ust = Uy — MExaXecos(px +¢),,  (243)
Uss Uze — A(pxz)” cOS(ux + @), (244)
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Fig. 1. Plot of the number of Neutrophil cells (U) against Time (¢) and
Position (x).

Vi = aw+ BU, (246)
Ve = oaw;+ U, (247)

From (234), the condition U —u = (U —u),, = 0 suggests
U = u at this point, or simply

Ul = u (249)
Similarly,

(U] = up — Muxe, (250)
U] = ta — MiXa, (251)
Uat] = s, (252)
Use] Ugpz, (253)
[Uszz] Uggz + A(.“Xac)sa (254)
[V] = aw+ U], (255)
Vil = oaw+ B[U, (256)
[Va] = ow, +BU], (257)
Viz] = awye + B[Ugal. (258)

100
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Fig. 2. Plot of the number of Epidermis cells (V) against Time (¢) and
Position ().

VI. CONCLUSIONS

The objective of the study was to solve a system of
second-order partial differential equations arising from the
Prieto-Langraica Model for bacteria activity on a surface of
a medical implant, using a slightly modified Lie symmetry
group theoretical method. This was done to avoid some
obstacles that one usually run into when following the
normal approach.

The model is a good one, but to fully appreciate the
benefits of the solutions we obtained, medically, we need
to take it a step further. A step that would allow us to
take advantage of the current technological advances and
enable the avoiding of tedious tasks like obtaining body
samples for monitoring the bacterial activity, which also
require visits to medical practitioners. Such a step could
require supplementing the existing model with another that
interprets it microscopically at a quantum mechanical level.

Remote monitoring, when made possible this way, will
not need to burden the patient with being conscious of it.

_(\/(htxft — ahz& — kvhg &,

+kevh; & — Dohxxx&t + hxx Vot
+aulix + kuvsx — hiix

+Dthxx&ix — haVoéix

—a?ué, — 2akuvé, + akeuvé, — k*uv?E,
+kkeuv?é, + ahi&, + kvhié, — kevhyé,
—aDthxx&: — Dtkvhxxés

+Dtkevhxx &, + hix Vo&a

—DohxxxVola + hxx Vi e

—Dthixéxx + aDth.{xx

+Dtkvh,Exx — Dtkevh,Exx
+DtDohxxx&xx + auVoéxx

+huvVobxx — hiVoéxx — ha Vi éxx
—auDoéxxx — kuvDoéxxx + Dohs&xxx
—DtDohxx&xxx + DohaVoéxxx))

/(V/(auDo&l
+kuvDo&3 — Dohy&3
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[10]

[11]

[12]

[13]

[14]

Volume 10, 2016

+DtDohxx&s — DohaVot?)) (259)
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