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Abstract—We consider a genetic disease called Thalassemia.
Thalassemia is a genetic blood disorder caused by abnormal
hemoglobin. Hemoglobin is a composite of proteins in red blood
cells that carries oxygen and is made of two proteins from four
alpha-globin genes and two beta-globin genes. Individuals with
thalassemia have defects in one or more of such genes. The
treatment of thalassemia requires a life-long blood transfusion
and removal of excessive iron in the blood stream from the
frequent blood transfusion. These life-long treatments demand
a strong personal commitment and a constant supply of blood
stock that leads to a high medical cost, which can be a burden
on a health care system in some countries like the United Arab
Emirates. To reduce thalassemia major population, various forms
of thalassemia control measures have been used and hence,
the substantial reduction of thalassemia major population has
been achieved. However, the prevalence of thalassemia carrier
population still remains high, which leads to a potential growth of
thalassemia major population through carrier-carrier marriages.

Thus, in this paper, we investigate a long term effectiveness of
thalassemia control measures. We develop a mathematical model
including three age groups and thalassemia control measures,
and analyze the stability of two types of equilibrium points that
reflect the eventual status of thalassemia prevention. Through the
stability analysis of the two types of equilibrium points, we reveal
that control measures are positively effective only in the short
term to reduce the prevalence of the disease but not enough to
eradicate thalassemia in the long term. We illustrate our stability
results via computer simulations by using the demographic data
of the United Arab Emirates.

Index Terms—Thalassemia management, mathematical mod-
eling, compartment model, stability analysis

I. INTRODUCTION

Thalassemia is a genetic disease in which the body makes
an abnormal form of hemoglobin. The disorder results in
excessive destruction of red blood cells, which leads to anemia.
In general, hemoglobin is the protein in red blood cells that
carries oxygen and is made of two proteins from four a-
globin genes and two [-globin genes. A defect in one or
more of such genes causes « or -thalassemia. Genetically, for
example, [-thalassemia major occurs when both of S-globin
genes are affected, otherwise, [-thalassemia carrier (minor)
will occur [1]-[6]. Most forms of thalassemia cause a chronic
and lifelong anemia that can begin in early childhood and often
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must be treated with frequent blood transfusions due to the
deformity of red blood cells for the patient’s entire life unless
he or she can receive 100% matched bone marrow transplant,
which is a low possibility. Thus, the blood consumption of
thalassemia treatment outranks that of any other treatments
requiring blood use.

Thalassemia has mostly occurred in Mediterranean area,
the Middle Eastern and North African region, Transcaucasia,
Central Asia, the Indian subcontinent, and Southeast Asia [7],
[8]. However, due to the migration of people from these
regions, thalassemia populations have become a public health
concern even in North America [7]. As a result, worldwide,
56,000 conceptions cause thalassemia; of these, approximately
30,000 are affected by [-thalassemia and 3,500 succumb
perinatally from the hydrops fetalis syndrome, a type of a-
thalassemia. It has also been estimated that, worldwide, 9
million thalassemia carrier women become pregnant annually
and 1.33 million pregnancies are at risk of a thalassemia major
condition [8], [9].

One of main causes is known to be a consanguineous
marriage practice, an inter-family marriage. In particular, the
Middle East and North Africa regions show a high preva-
lence of thalassemia major and carrier populations due to a
consanguineous marriage tradition [10]-[16]. In particular, the
government of the United Arab Emirates (UAE) has pursued
thalassemia control measures such as thalassemia screening
at various levels, genetic counseling service, public campaign
and so on to reduce thalassemia major population [17]-[20].
For example, in 2008, the UAE government launched a nation-
wide campaign to promote premarital screening and from 2010
most newborn babies are screened. Also, premarital screening
has been mandatory for all about-to-marry couples [21] since
2012 in order to screen possible diseases including genetic
diseases like thalassemia.

As a result, today, the number of affected births has been
almost halved or close to zero compared to the time before
the introduction of the prevention in the UAE. Although the
number of thalassemia major has been substantially reduced,
the thalassemia carrier population has steadily increased as
the whole population increased in the UAE [22]. The high
prevalence of thalassemia carrier population is still a public
health concern since there will be a 25% chance of having
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a thalassemia major child if a carrier-carrier marriage occurs.
The carrier-carrier marriage is a major contributor of a poten-
tial growth in thalassemia major population.

Thus, in this paper, we would like to qualitatively investi-
gate whether or not the current thalassemia control measures
such as newborn baby screening, premarital screening, and
education about thalassemia could achieve the eradication of
thalassemia in the long term in the UAE via mathematical
model at a population level. We study the stability of two types
of equilibrium points of the model that reflect the thalassemia
major and carrier population free status and thalassemia major
only free status. In fact, these equilibrium points are the
eventual goal of thalassemia control. We will construct a
compartment model that divide the whole population into
subpopulation groups including three age groups and tha-
lassemia control measures mentioned above, and analyzes the
stability of two types equilibrium points. Then, we illustrate
the stability results of two equilbirum points with the UAE
demographic data via computer simulations. The organization
of the paper is as follows. In Sec. II, we describe our
mathematical model, and explain variables and parameters. In
Sec. III we show the stability of the two types of equilibrium,
and in Sec. IV we present computer simulations of our model
with the UAE demographic data. Finally, discussion and future
work are presented in Sec. V.

II. MODEL FORMULATION

Since a genetic disease is inherited through marriage, we
divide the whole UAE population into male and female groups
(subpopulations) in our model. Also, to investigate the effect
of education about thalassemia, we also, divide the male and
female groups into educated and uneducated groups further.
Then, we classify the population in the UAE into

e Children population under the age 12: Normal children
G i and (thalassemia) carrier children G%

e Young adult population who are single and between 12
and 25 years old: Educated normal S£ and not educated
normal Sk; educated carrier CE and uneducated carrier
Ck groups

e Adult marriageable populations over the age 25 who are
single: Educated adult normal S£F. uneducated adult
normal S4; educated adult carrier C4F and not educated
adult carrier 'zt groups

e Married group: U

e Thalassemia major males and females: T, and T

for K = {M,F}, where M for male and F for female.
Here, normal population indicates individuals who inherit
no thalassemia genes from both of their parents. Carrier
population means individuals who carry a thalassemia gene
inherited from only one of their parents and hence can live
a normal life. Thalassemaia major population is a group of
individuals who carry thalassemia genes inherited from both
of their parents and show symptoms of thalassemia. With
the population groups (compartments), we will construct a
compartment model and the describe the dynamics between
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compartments by differential equations. For the model, we
assume the following:

Al. Thalassemia control measures are newborn baby screen-
ing, premarital screening and education about tha-
lassemia.

The newborn baby screening is given to almost every
newborn babies, the premarital screening is provided to
the adult marriageable groups who are above the age of
twenty, and the education about the thalassemia will be
conducted in some schools to children under the age of
20.

From the newborn baby screening, there may be con-
cerned parents about their carrier babies. These parents
may indirectly or directly inform the carrier status to their
babies, which can be considered as education about the
thalassemia as well.

People who receive the thalassemia control measure can
reconsider their marriage decision.

Thalassemia major class has a very low chance of mar-
riage due to prolonged treatments. Hence, the marriage
rate of the thalassemia major class is negligible.

Since carrier-carrier marriage can produce thalassemia
major population in their next generation, the marriage
reconsideration rates of carrier groups will be in focus.
Educated carrier single populations may have a higher
rate of marriage reconsideration comparing to uneducated
carrier single populations

Except for the thalassemia major class, all other groups
can marry with certain marriage rates.

The chances of marriages among single males and fe-
males are

A2.

A3.

A4.

AS.

A6.

AT.

AS8.

A9.

e normal male X normal female
e normal male x carrier female or
carrier male x normal female
e carrier male x carrier female
As we can notice, the marriage between carrier populations
will produce thalassemia major population. Thus, the control
of the spread of thalassemia will depend on how to manage the
carrier population and the reproduction of the carrier-carrier
marriages. In order to see the effect of thalassemia control
measures on a given population, we construct a mathematical
model at a population level as follows:

Children and thalassemia groups:

dG )

= = baU—Cnff! Y Gar—CndlaBY G v Gar—d§ G
dG

—th =bpU — (78§ Gr — (nEaBS Gr — yrGr — diGr
dG]\Cl_C ]Mﬂ]\/[G o GC_dGG
a NcagPs Gm — TmMG MY M

dG¢.

ditF = (EaBEGF — GG — dSGF

dT M oM ( k(1= )y (Gu + G§)) )

dt Gnr s G Ym (G + GSp) +vr(Gr + GF) M
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—drTy
Single marriageable female:
_rnF c
dﬂ — Cﬁ;ﬂgGF< K an(;)’YF (Gr +GF) e > Ty Normal and carrier groups with/without education
o (Gt Gug) +r G+ Gr) /0 asg A (S8 + P + S + i)
W:OLSSFfoéFSF NA
—drTF —dpSA
FOF
dSpE (SpF + O + S+ Cip)
Single young adult male: d: = agSE —apSp M MNA = =
Normal and carrier groups with/without education —dpS ﬁE
ds
d;u = (1 —e)ymGrr — o Spr — dprSur dog _ WECr — apC (SAF 4 CAP 4 g4 1 o)
dt NA
Ciy +o4F)
ds¥ CA(MiM —dnCA
M — eqni Gy — ol SE, — durSt i T
acp® F ~E ap (Si” + CiP + 53y + Ciy)
dStM = (1—p)ymGS; — ECy — ¥ Crr — dyCr at asCr —arCr NA
A AE
- ae (Cir + Chi”) AE
dCE +VF04FCF NA — dFCF
TM = pyuGS) + ECy — oM CE — dy CF,

Single marriageable male:
Normal and carrier groups with/without education

dfﬂ? = agsM—aMsﬁ (SgE + Cé;:‘ S? + C?)
B 15ty sip BB CE 4 5+ CF)
1O o0y~ oy OO SO
+uMaMcﬁ,% —dp O
I — oCF, - oo ST EOR 4 SR T O
+9MaMc;‘4EM — duChf”

NA

Single young adult female:
Normal and carrier groups with/without education

% =(1-e)yrGr — afSp — drSr

% = eypGr — ok SE —dpSE

% = (1 - p)yrG% — ECr — akCr — dpCr
% = pyrGE +ECr — afCF — dpCF
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Married Class:

au
dt

—dnShy

—dp S3F

= an(S3F + CiF + 53 +Cih)
(88 +Cp” + Sp + Cp)
NA

+ap(SAE + CAF + 54 + Cf)
(S3E + C4F + 53+ Cf)

X A
_ Cf+ CAP Cf+ CRE
,VMO”MC';C[E( FNA ) *l/MonCjé[( FNA )
A AE A AE
VpapCAE (Cu +Cu°) vpapCh (Ci +Cii)

NA NA

where

ap (CRF +Cf)

1
CZE(OZM(l_V}VI)CM NA

Caf + Cf
+an (1 — VM)CJIe[(FNiAF)

AE A
+ap(l - vp)CAP (Chs ":CM)
C{E + o4

is a proportion of marriages carrier-carrier marriage without
marriage reconsideration. The parameters are defined as fol-
lows:

P1.

P2.

P3.

153

by and b are the birth rates of boys and girls, respec-
tively;

dys and dp are the natural death rates of male and female,
and dr is thalassemia induced death rate;

vy and g are the proportions of children becoming
young adults;
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P4. nM. and nk are the proportion of being identified as
carrier babies from the newborn screening;

P5. BM and B are the newborn baby screening rates for
both male and female;

P6. oM and ol are the premarital screening rates of single
male and female;

P7. n¥ and nf are the rates of being diagnosed as tha-
lassemia major of male and female, respectively;

P8. ajs and ap are the marriage rates of male and female;

P9. vy and vy are the marriage reconsideration rates of
uneducated male and female carrier populations;

P10. ¢ is a proportion of educating marriageable single popu-
lations;

P11. p is a proportion of babies with concerned parents;

P12. vj; and vy are marriage reconsideration rates of educated
male and female carrier populations;

P13. d§; and d% are child mortality rates;

Pl4. x = min{e, &, p} represents a minimum proportion of

educated normal and carrier young adult populations.

dY
Note that all variables remain nonnegative, i.e. — > 0if Y =

0, where Y = {G]u, G’F7 Gg\j/[, Gg, TM, TF, SM, Sf/[, C]\/[,
Cir. Sirs Saf Cii, O Sk, S, Cr, CF, S, 57, C3,
Cjé‘E, U}. Also,

dN -

o < (bpr +bp)U —dN = N(t) <
where N = 3", p(Gk + SE + SAP 4+ C#F + S +
C#)+U, U is the maximum number of married couples over
a considered time span, and d is the minimum of all death
rates.

bm J':bFU,

III. STABILITY ANALYSIS

A. Preliminaries

Consider an autonomous system given by

&= f(x), (D

where z = (21, 7$n) € R"and f = (f17"' afn) Let
z* be an equilibrium point of the system in (1) such that

f(a*) = 0.
Definition An equilibrium z* is said to be stable if there
exists d(e) > 0 such that

[(t) — ™[] < eif lz(0)]| < é(e).

Moreover, x* is said to be asymptotically stable if x* is stable
and satisfies that

|x(t) — "] = 0 as t — co.

Definition A Jacobian J of f in (1) is given by

Ofr 9f1
Oxq oz,
_ af aof _ . . .
J—(aTl 8zn>_ P 2)
Ofm Ofm
Oz O0Tn
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composed of partial derivatives of f; with respect to z1,- - -z,
fori=1,---,nin f.

Proposition 1: [23] An equilibrium point x* is (asymptoti-
cally) stable if all the eigenvalues of J*, the evaluated Jacobian
at * in (2), have negative real parts. The equilibrium point is
unstable if at least one of the eigenvalues of J* has a positive
real part.

B. Stability results

In order to see the effectiveness of Thalassemia management

measures such as newborn screening, premarital screening

and education factor, we will study the stability of two ideal
situations that are represented by two equilibrium points,
namely,

(1) Type I: Thalassemia free equilibrium point, i.e., Thy =
Tr=0,G5, =G% =0,Cp =C4, =CE =04F =
0, and Cp = C# = CE = CAF = 0;

(i) Type II: Thalassemia major only free equilibirium point,
ie., Toy = T = 0 only and GY;, G%, Cur, CF, C4,,
C{E, Cp, Cf, CE, CAF are not necessarily zero

as time evolves in a long term. Type I equilibrium point
means a complete eradication of Thalassemia disease in-
cluding Thalassemia carriers from a given population under
the three types of Thalassemai managements. On the other
hand, Type II equilibrium point implies a situation that there
is no Thalassemia major population but Thalassemia carrier
population can exist under the three types of Thalassemia
managements.

To investigate if (i) and (ii) are achievable via newborn baby

screening, premarital screening and education factor, we will

calculate two jacobian matrices which are obtained by differ-
entiating each equation presented in Sec. II with twenty three
variables in order (GM, GF, GJ\C4, Gg, T]y[, TF, Sjw, SIJF/I, CM,

CE, S8, S4E O, CLAE Sk, SE Cr,CE S, SAF C4,

C#F U) and substituting the two equilibrium points in them.

Definition Type I equilibrium point is said to be Thalassemia
free equilibrium point given by

(G7\47G;“v0)07070757\4751\E4*70707511\44*7S]1\44E*7
* JE* * * *
anvsFaSF 50707‘9? 7S£E 70a0’U )7
where T3, = T5 = 0, G§," = G§," =0, C%, = O = 0,
Cii"=CA" =0and C{E" = CAP" =0

We linearize our mathematical model about Type I equilibrium
point, then obtain the following Jacobian matrix L € R?3%23
composed of 30 block matrices as follows:

Ly Lz Lis Lis Lis Lis
Loy Los Los Los Los Los
L= Lsi Ls» L3z Lza Lss Lz |, (3)
Lyy Lios Laz Las Lys Ly
| Ls1 Ls2 Lsz Lsa Lss Lse |
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where 0j,5; € RF*! is a zero matrix whose entries are all zero,
x _ QAE* A~ AE* A~ x  _ QAE* A~
Ny =587 +5p +5y +5u, Nip =5p" +5F .,

Ny = SHE + 87, and

—a; 0 0 0 0 0 ]
0 —-b1 O 0 0 0
C1 0 —Cg 0 0 0
L1y
0 dy 0 —dy O 0
0 0 0 0 —e O
| 0 0 0 0 0 —fi]
o a1 =y +dS§, by =y +d%, by = bp
e C1 = d%, Co = —VM, d1 = dg, dg = —YF
k *
o €] = (W) +dT
'VMGM + 'VFGF
kaG}} >
. = —————F—— | +dr,
h <7MG*M +vrG} ’
Ly = L3 = L1y = L15 = Og x4,
Lig = [bw bp 0 0 0 07 € RO
indicates a transpose of a matrix,
[(1—e)ym 0 0 0 0
EYM 0 0 0 0
Ly =
0 0 (I—=pyar 0 O
. 0 pPYM 0 00
[—g2 0 0 0
0 —hy O 0
Los = , Where
0 0 —i5 0
L 0 0 Jj2  —Js]

e gp=hy=js=0al +dy

. i2=<€~+ag/[+dM,j2=€~,

L23 — L24 — L25 — O4><4 aIld L26 = 04><1)

L31 = 04x6, L3g = O4x4, and Lzg = O4x1,
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where T
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[adf 0 0 0]
0 o 0 0
- 0 0 oM o 7
0 0 0 o]
—ky A A A
c -, C C
= , where
0 0 —mg O
| 0 0 0 —Mna2 |
ko = aM<]\]/;éF> - OZIWSJ@* <J]\\%;> +du
lo = aypy <NN‘ZZF) - OZMSJA\/IE* <Jj\\fé§) +dum

N*
m2:n2:QM<J\%‘F)+dM,
-B —-B —-B -B]
-D -D -D -D
= , where
0 0 0 0
| 0 0 0 0 |
« [ N% « (N3
A AM AE AM
B = oSy (N;f ) D= i (N:f )
(0 (1—¢e)yr O 0 0 0]
0 EVF 0 0 0 0
0 0 0 (I=p)hyr 0 0
10 0 0 PYF 0 0]
= Ly3 = Ly5 = O4x4 and Lye = O4x1,
[—0s 0 0 0 ]
0 —-p2 O 0
= , where
0 0 —¢ O
L 0 0 T2 —Tr3

oo=af +dp,pr=0af +dp, g =¢+ak +dp

ro =&, 13 =ak +dp,
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Ls1 = 05x¢ and L5z = 054,

[-E —-E —-E —F]

-G -G -G -G

Lss=1| 0 0 0 0 |, where

r 1 1 I
N « (N}
Ag),aanéE ( A§>

Ni

M) _ o, (Viallir) (N;:F2>
—ay| ———— | +t« ,
g Ni )M Ny AN

0

Lss=1 0 0 —us 0 [, where
0 0 0 —v
J J J J
. 32:aM<]\]fé£w>_ MS?*(]J\%&]?)—FCZF
.« th=ap (%;) FggE*(JJ\\fféz\g)erF
. F=apsi’ (zjvviﬂg) H = apSie’ (Zjvfiﬂg)
. UQ—UQ—QF(]\;?§4>+d

N NN
. J:aF( Ai\/[)—ap<AM AF)+O£
N3 N#2

T
Lsg=1[0 0 0 0 —1(dy+dp)] .

Definition Type II equilibrium point is said to be Thalassemia
major free only equilibrium point given by

Cc* C* E* A* AE* A*
( *MvG;’GMﬂGE*voﬂo’S&vc'&?CM7SM’SM 7CM?
* * * * * *
CHF S5, Sy ,Ch, CE S SAE™ C4  CAE" U™),

x ok c* ~C* * * A* ~A*
wl;xer?k TA{‘ = Ty =0, but Gy, .Gy, Cy, Cr, Ciy ,Cr
C{F", C4F” are not necessarily zero.
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As Type I equilibrium case, we linearize our mathematical
model about Type II equilibrium point, then obtain the fol-
lowing Jacobian matrix L € R23*23 composed of 30 block
matrices as follows:

[ Lin Liz Liz Ly Lis Lis
Loy Las Loy Loy Los Log
L= | Ly Lz Lszs Las Lss Lzs |, (4
Lyy Lip Lis Las Las Lug
| Ls1 Lsy Lss Lss Lss Lse |
where

() Opx; € R¥*! is a zero matrix whose entries are all zero,
Niyy = SEET + 887 + CAE™ + o4
Nip=SpE" 4 SA 4+ CAP™ y of,
Ny =Ny + Nips

Crue = aar(CR + CRPI{(1 - van) CRF" +
(1= va)Ciy 1

(i)
Cure = ap(Cy + CHEN{(L = vp)CAP +

(1_VF)O?*}7

C C
(i) 7, = Fym¢ + COnmEe

N3 ’
B A* = AE*
) 2, = AU Zvr)CE LU P ),
N3 §
aM(l — l/]u)(C? + CéE )
N
_ _ A = AE*
() 2,= 0 ove)Cr AU Pr)CE) |
N3 §
an(1—op)(Cp™ + CAET)
N
o 24— 2O 0 IO
Ny
ap(1—ve)(CF +Chy)
N
_ _ A* Ry AE*
(vil) Zs = an (1 —var)Ciy ‘:(1 vn)Cihyf )+
Ny
ap(1—op)(C" +Chy)
N ’
and
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e 000 0 0] o MG
- NiU*
0 -—-b 0 0 0 0 M BM o
. Dt = %#(Zl — ZQ) and
¢ 0 e 0 0 0 P ﬁFG*
! B ~ NcGPs
L= , where Dy = N*iU*F(Zl — Za),
0 d 0 —d 0 0 MGG ]
° Ct = W(Zl — ZQ) and
A
€1 0 0 0 —E€2 0 " F ﬁFG* B
G, = 7706*#(21 — Z),
NiU

i 0 0 0 0 —f

A A B, A
M (M M7 t t
ar = yu +d§; + B (nr t’?oa) - ) . .
/ /
by =yp +d% + s ;*775@)21 ) 4 4 Bt A
C C Dj C]
M MZ B t t
a = nCGgf - —d§}, Lis =1 ) } |, where
E.BEZ C C D; Cy
C2 =M, di = %*dg, dy = YF
C C D) C!
M MZ t t
e = sy gi 1’ i N
I Y 1] (TR AL c ¢
2= * * * * * T N
KWM(GM +G$f ) +7F(GF T Gg W Al — 5@4(77%4 +77gc)G1w 7 _7 d
EpEz o A= T (Z1 — Z3) an
f=Trls 1 NiU
* ’ . - BF nF +77F G* 5
f kﬂ)/F(l 7”%‘1)(G;‘+Gg )Zl +d A:ﬁ = S( TN*USG) F(Zl _Z3)a
2= * * * > - T A
(@ G+ (G = G0 « Bi = B (g’ *+ )G (Zy — Z3) and
7 N*U*
= L4 = Ogxa, A .
e 5 _ BEGE +nEo)Gr
- - By = (2, — Z3),
A A By Ay y A]}[ZU*
S ) o= eePs Gy g ana
A A B A ! NiU*
O — UgaﬁgG?(Z _z )
C C D, Cy L NAU* 1 3/
=1 _ ~ ~ _ | » where « D = M% — Z3) and
C C Dy Cy t NHU*
ﬁ/_ngGﬁgG?’(Z — Z3)
C C Dy C t NZU* 1 3)s
= T
cC C D Cy ] Lig = [az by c3 ds es f3] € RO*! where

B MM o indicates a transpose of a matrix, and
A Bs' (nr + nca)Gu a

NAU* nd
Ap B8 (ny' +née)GuZ:
i_ BE (nk + nEq)GrZy o ag = by — 2T (U*izG ML
NLU* 7 F(oF o o F v
* + GyZ
B_ﬁg/[(nqj‘w/[—kné/[G)GM(Z ~ 2,) and . bg:bF—ﬂS(’r]T 710;;) rZy
o NaU~ b M gM (yx Z(U )
= _ BE(T + )G . oy = Tcals GuZ
Bt - N*U* (Zl - Z2>7 (U*)2
A *
& () + née) Gy ; 4, — 16cPs GpZa
A = (Zy — Z3) and * U3 2
Nl ey
A~t _ 55(775 +77£G)G*F (Zl o ZQ) o €3 = MG;MZI7
NiU* ’ (U*)
o etz g mEBEG
NiU* (U*)2 )
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[(1—e)ym 0 0 00 0
Y 0 0 00 0
0 0 o 0 0 0]
i 0 0 PYM 0 0 0]

= , where

0 0 J2  —Jsj

g2 =ho=j3=aM +dy
i2:§+(¥g’/[+dM,j2:é:,
=0=Los=0= Los = 0454 and Lo = 041,

= 04x6, L34 = 04x4, and L3g = O4x1,

@ 0 0 0

0 0 oM o
0 0 0 o]
—ky FE E E
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Then, we need the following proposition known as Gersgorin
disc theorem before we present our main result.

Proposition 2: [24] [Chapter 6 Corollary 6.1.3] The eigen-
values of A = [m;j]nxn, an n by n matrix, are in the union
of n discs

J{zeC:lz—a;] < Cj(A)},

J=1

where C is the set of complex numbers, a;; are the diagonal
entries in A, {z € C: [z — ajj| < Cj(A)}, is a disc in C
centered at a;; with the radius C(A), and

C;(A) = Z|a1j|7 .7: 17 , N,
i#]
which is the absolute column sum without the the diagonal
entry in the 5 column.

Theorem 3: Type 1 equilibrium point, the thalassemia free
equilibrium point and Type II equilibrium point, the tha-
lassemia major free only equilibrium point are unstable.

Proof: From the jacobian matrices L and L we
can calculate C3(L) = 3, la;;| and C;(I:) =
ZZ_# |ai;|, j=1,---,n for both equilibrium points, respec-
tively. Then, we have

23

U{ZEC:\Z*CLJHSCJ/‘(L)L o)
Jj=1

and
23 _
U{ZGC:‘Z—&J‘ASCJ/'(L)L (6)
Jj=1
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where aj; and @j; are the diagonal entries in L and L,
respectively. Note that in (5) the discs for j = 2,5,---,16,
and j = 18,---,22, locate in the left half plane of C since
lajj| > C}(L). However, the rest of discs may cross the origin
and the right half plane of C. In particular, consider the 2377
disc in (5) given by

{ZGC: z(dMerFNSbMerF}a

2

where the disc centered at — with the radius
Cls(L) = by + bp. Note that the population of the UAE is
increasing. Hence, the birth rates by, and by must be greater
than the death rates d;; and dg. Thus, we conclude

dy +dp

2

Therefore, the 237¢ disc in (5) crosses the origin and the
right half plane of C, which means that some eigenvalues will
have positive real parts. Therefore, by Proposition 1 Type I
equilibrium point is unstable.

Then, for Type II equilibrium point, consider (6). In (6) the
discs for j = 2,5,---,10, and 5 = 15,--- , 18, locate in the
left half plane of C since |a;;| > C} (L). In particular, consider
the 237 disc in (6) given by

{ZE(C: z—(—dM;_dF>

where Ch3(L) is the radius of the 23" disc in (6) given by
Cia(L) = las| + [ba| + les| + [ds| + les| + | fs]

dy +dp

< by + bp.
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F F *Z M QM = Z
d37770c:55 Grln >0, e3 = nr Bs G 21 > 0, and
(-)? (U)?
7B Gz
fs = W > 0. Note that as, bs, c3, ds, e3, and

f3 are from I~/16 in the jacobian matrix L in (4). Thus, the

d d
237 disc in (6) is centered at _SMtap with the radius

Cls(L) > by + br. Since the UAE population is increasing,
the birth rates by, and br must be greater than the death rates
dys and dp. Hence, the 237 disc in (7) crosses the origin and
the right half plane of C, which means that some eigenvalues
will have positive real parts. Therefore, by Proposition 1 Type
II equilibrium point is unstable. This completes the proof. H

Remark In the result of Theorem 3 we observed the 237 disc
crosses through the origin from the left half plane to the right
half plane of C from the relation between the birth and death
rates of the whole population. Thus, Types I and II equilibrium
points are unstable regardless of the newborn baby screening,
premarital screening and education factor. Hence, Types I and
II equilibrium points that are our current goal in thalassemia
management will not be achievable with the control measures
considered above in the long term.

IV. THALASSEMIA DYNAMICS OF THE UAE

Through the analysis of the mathematical model, we verified
that Types I and II equilibrium points are both unstable under
thalassemia control measures such as newborn baby screening,
premarital screening and the education factor. In fact, Type
I equilibrium point, the thalassemia free equilibrium point
and Type II equilibrium point, the thalassemia major only
free equilibrium point, reflect the status of thalassemia in the
UAE, these days. However, according to our stability analysis,
although we may be able to push a given thalassemia status
in the UAE toward Type I or Type II equilibrium points by
the two screening methods and education factor, we will never
achieve thalassemia free or thalassemia major only free status
in the long term. The analysis result is coincident with the fact
that thalassemia can be resurgent any time due to the carrier-
carrier marriages that can produce thalassemia babies with a
25% chance. Thus, thalassemia prevention via two screening
methods and education can lower the occurrence rate but not
effective enough to achieve thalassemia free status as long as
carrier-carrier marriages are performed. We will show how the
carrier-carrier marriage affect the state of the thalassemia in
the UAE via simulations of our mathematical model with the
UAE demographic data. The necessary parameter values are
shown in Table I.

In particular, the newborn baby screening rate (33" and B£)
is chosen to be 95% since it has been increased close to 95%
since 1995 [27]. The thalassemia detection adjusting rates (77%4
and nf) and thalassemia carrier detection adjusting rates (72,
and ngc) are selected to reflect the proportion of thalassemia
major [17] and carrier populations in the UAE [6]. The rest
of parameter values are estimated from various references as
shown in Table I except a few. For example, since marriage
reconsideration rate, education rate or proportion of concerned
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LITERATURE BASED AND ESTIMATED PARAMETER VALUES

TABLE I

Parameter Male Female Ref
Birth ratest by = 0.0363 | bp = 0.0352 [25]
Child mortality ratest d$, =0.014 d% =0.008 [26]
Adult death ratest dps = 0.003 dr = 0.0019 [25]
Thalassemia induced
death ratef dr = 0.016 dr = 0.016 [11
Proportion of young adultsf | vp; = 0.0363 | vp = 0.0352 [21]
Newborn baby
screening rate ,Bg/[ =BE =95% [6]
Thalassemia detection
adjusting rates n =0.025 nk =0.015 (6]
Thalassemia carrier
detection adjusting rates nng =40.21 ngG = 39.6 [18]
Marriage ratest ajr = 0.014 apr = 0.008 [25]
Premarital
screening ratesf agf = 0.0413 ag = 0.0335 [25]
Marriage reconsideration
rates (MRR) vy = 30% vr = 30%
MRR of educated
singles vy = 50% vp = 50%
Education rates of
marriageable singles e=E=Kr=20%
Proportion of
concerned parents p =30%

1The unit of the parameter values is per person.

parents has not been found, we assign values for simulation
purpose in our study.

With the initial data G, = 160,400, G% = 153,500,
G§; = 16,040, GE" = 15,350, T, = 120, T = 100,
S¢, = 100,000, S¥ = 20,000, C¢, = 85,000, C& =
14,000, S4 = 65,000, S£F° = 4,500, O3 = 1,500,
C{F" = 4,500, Sp. = 100,000, SE” = 20,000, C% =
20,000, CE" = 15,000, S£&° = 55,000, SAF" = 4,400,
C4” = 1,400, CAP® = 3,600, and U° = 15,000, we
vary newborn baby screening rates, premarital screening rates
and education rates in order to examine the effectiveness of
these control measures. In Figs. 1 and 2, as the newborn
baby screening rate increases more thalassemia populations
are detected.

Also, in Figs. 3 and 4, as the premarital screening rate
increases more marriageable carrier populations are screened.
Thus, the higher the screening rates of either the newborn baby
screening or the premarital screening are, the more thalassemia
or carrier populations are recognized. As for the effectiveness
of the education factor, we notice that the growth of the
thalassemia population with the highest education rate is less
rapid than the rest in Figs. 5 and 6. We can conclude that
the two control measures are appropriate for thalassemia or
carrier population detection. However, the education factor
does not seem to be effective enough in reducing the tha-
lassemia population to a thalassemia free level although a
higher education rate tends to slow down the growth of the
thalassemia population.

Then, we vary the marriage reconsideration rates of carrier
populations from 0% to 100% with the given initial data.
Figs. 7 and 8 show that as the marriage reconsideration rates of
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carrier populations increase, the number of thalassemia major
population in both sexes decreases over time. However, this
cannot be sustained unless the marriage reconsideration rate
of carrier-carrier couples is 100%. Otherwise, the number of
thalassemia major cases will increase eventually.

Yo
4 — BY=pi=02 Tm
$ | — Bl=p-04
— =B.=0.6
3 IR
51 Kb
c @ = Bg=Ps=1
kel
g 8
=g
g%
0
o
T
[0
o
o
T
8 = T T T T
0 100 200 300 400
years

Fig. 1. Numerical simulation results of male thalassemia major population
(T'pr) with different level of newborn baby screening rates. 6{‘5,/1 and Bg
are the male and female newborn baby screening rates. Bgf = Bg = 0.1
means 10% of newborn babies in both sexes receive newborn baby screening,
whereas Bg/f = ,Bg = 1 means all of newborn babies in both sexes go through
newborn baby screening. The rest of parameter values are as in Table 1.
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Fig. 2. Numerical simulation results of female thalassemia major population
(T'r) with different level of newborn baby screening rates. Bé” and ,Bg are the
male and female newborn baby screening rates. ,Bg/[ = ﬁg = 0.1 means 10%
of newborn babies in both sexes receive newborn baby screening, whereas
Bgf = ,Bg = 1 means all of newborn babies in both sexes go through
newborn baby screening. The rest of parameter values are as in Table I.

V. DISCUSSION

Thalassemia is a genetic disease and hence inherited via
marriage to next generation. Since there is no cure for tha-
lassemia but a life-long management through regular blood
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Fig. 3. Numerical simulation results of marriageable carrier male population
(C4 and CJ@IE ) with different levels of premarital screening rates. ag/[ and
ayg are the male and female premarital screening rates. ag/[ = ag = 0.01
means 10 out of 1000 carrier populations in both sexes go through premarital
screening, whereas agd = ag = 0.1 means 100 out of 1000 carrier
populations in both sexes go through premarital screening. The rest of
parameter values are as in Table L.
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Fig. 4. Numerical simulation results of marriageable carrier female population
(C’Fl‘,,4 and C?E ) with different levels of premarital screening rates. a% and
ag are the male and female premarital screening rates. ag/f = ag = 0.01
means 10 out of 1000 carrier populations in both sexes go through premarital
screening, whereas ag/f = ag = 0.1 means 100 out of 1000 carrier
populations in both sexes go through premarital screening. The rest of
parameter values are as in Table I.

transfusion and iron overload monitoring, once a thalassemia
patient presents in a family, this will be a social, financial,
emotional and personal burden not only in the family but also
the society. In fact, UAE has a 50% consanguineous marriage
rate [14], [17]-[19] and hence has a substantial prevalence
of thalassemia carrier as well. Unfortunately, the rates has
been increasing. The high prevalence of a thalassemia carrier
population is a public health concern since there will be a
25% chance of having a thalassemia major child if a carrier-
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Fig. 5. Numerical simulation results of male thalassemia major population
(Tpr) with different levels of education rates. € and € are the education rates
of young adult normal and carrier singles in both sexes, respectively. e = 0.1
means 10% of normal young adults in both sexes receive education about
thalassemia, and € = 0.3 implies 30% of carrier young adults in both sexes
are educated about thalassemia. x is the minimum between e and €. Higher
number indicates more young adults being educated. The rest of parameter
values are as in Table I.
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Fig. 6. Numerical simulation results of female thalassemia major population
(T'r) with different levels of education rates. ¢ and € are the education rates
of young adult normal and carrier singles in both sexes, respectively. € = 0.1
means 10% of normal young adults in both sexes receive education about
thalassemia, and € = 0.3 implies 30% of carrier young adults in both sexes
are educated about thalassemia. « is the minimum between € and €. Higher
number indicates more young adults being educated. The rest of parameter
values are as in Table 1.
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Fig. 7. Numerical simulation results of male thalassemia major population
(Thr) with different levels of marriage reconsideration rates. vys and pf
are the marriage reconsideration rates of educated and uneducated carrier
male populations. vp;y = 0 (Zp; = 0) means all of uneducated (educated)
carrier males do not give up their marriage decision, whereas vy = 1
(Tar = 1) means all of uneducated (educated) carrier males do give up
their marriage decision due to screening and education. The education and
premarital screening rates are as in Table 1.
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Fig. 8. Numerical simulation results of female thalassemia major population
(Tr) with different levels of marriage reconsideration rates. vp and Up
are the marriage reconsideration rates of educated and uneducated carrier
female populations. v = 0 (Zp = 0) means all of uneducated (educated)
carrier females do not give up their marriage decision, whereas vp = 1
(Tr = 1) means all of uneducated (educated) carrier females do give up
their marriage decision due to screening and education. The education and
premarital screening rates are as in Table I.
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carrier marriage occurs, leading to a potential increase in the
thalassemia major population. Therefore, the prevention of
thalassemia has been one of the major public health interests
in the United Arab Emirates (UAE).

Thus, we developed a mathematical model for the tha-
lassemia dynamics under three control measures to investigate
whether the control measures can put an impact on eradication
of thalassemia in the UAE in the long term. Our model is a
compartment model that considered three different age groups
such as children, young-adults, and adults, and imposed three
thalassemia control measures such as newborn baby screen-
ing, premarital screening and education about thalassemia for
school children to see the effect on the reduction of the
marriage among carrier populations.

We showed in Theorem 3 that Types I and II equilib-
rium points, thalassemia free and thalassemia major only
free equailibrium points, are unstable under the three control
measures. In the public health sense, our result implies that
although we may be able to push a given thalassemia status
in the UAE toward Type I or Type II equilibrium point by
two screening methods and education factor, we will never
achieve thalassemia free or thalassemia major only free status
in the long term. Thus, thalassemia prevention via newborn
baby screening, premarital screening, and education can play
a role in thalassemia population reduction but not effective
enough to achieve thalassemia free status.

We illustrated the theoretical results via computer simula-
tions with the UAE demographic data. The effectiveness of two
screening measures and education was demonstrated in Figs. 1
to 6. These measures showed some degree of contribution in
detection of thalassemia or carrier populations, or reduction of
the growth rate of the thalassemia population. However, they
were not enough to achieve the thalassemia eradication in the
long term. In fact, As the marriage reconsideration rates of
carrier-carrier couples increased, thalassemia major population
substantially decreased. The impact of marriage reconsidera-
tion of carrier-carrier couples were shown in Figs. 7 and 8. The
simulation results implied that the eradication of thalassemia
will be achieved only when all carrier-carrier marriages are
dropped regardless of the use of thalassemia control measures.
However, this result does not mean that the education and
two screening methods are not effective at all. Since these
two prevention measures could send a warning on the risk of
carrier-carrier marriage, i.e. 25% chance of having thalassemia
major children, the influence of the three prevention measures
should be considered in the marriage decision of carrier-carrier
couples.

Although we focused on the thalassemia dynamics of the
UAE in this paper, our mathematical model can be easily
extended to other countries where thalassemia exists [7],
[8]. With given demographic data specific to a country of
interest, the similar way of stability analysis and computer
simulations is possible. Thus, for the avenues of future work,
we would like to build a bridge among multisectors including
mathematics, public health and education by the comparison
of the long-term impacts of different thalassemia control
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measures in various countries.
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