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Volterra Integral Equations in an HIV Model

Rujira Ouncharoen, Thongchai Dumrongpokaphan, Yongwimon Lenbury

Abstract—We investigate the effects of continuous delay in the
viral production in the dynamics of an HIV infection model. We
focus on the qualitative behavior of the solutions. This result can be
used to explain the complexity of continuous intracellular interaction
in the HIV infection process with delay. Numerical simulations are
carried out to confirm the main results.

Keywords—Delay, Integral equation, Asymptotic behavior, HIV,
Gamma Distribution.

N the last decade, Acquired Immunodeficiency Syndrome

(AIDS) has spread widely and become a serious problem in
public health around the world. Mathematical modeling and
model analysis of the pathogenesis of the HIV infection are
important for understanding possible mechanisms and
dynamical behaviors of the viral infection process, designing
treatment strategies, and guiding development efficient
antiviral drug therapies. Clearly, the time from viral infection
to viral production is not instantaneous, and it is estimated that
the first viral release occurs approximately 24 hours after the
initial infection. In vivo, on the order of 10" virions are
assembled and cleared everyday [1]-[4]. Former works [5]-
[16] have studied the HIV models incorporating the delay
between the occurrence of viral infection to the start of viral
production. Specifically, Nelson et al. [5] showed that the
delay affects the estimated value for the infected T-cell loss
rate when we assume that the drug is not completely effective.
Also, Grossman et al., [6] showed that including a delay in the
model for the death of infected cells leads to different
conclusions regarding residual transmission of infection.
Therefore, mathematical models for HIV infection that
incorporate these delays will provide qualitative insights and
lead to more accurate representations of the biological data.
Based on these earlierefforts, we formulate here a model
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which consists of a set of second type Volterra integral
equations that can account for the interaction among
replicating virus, CD4+ T-cell and the cytotoxic lymphocytes
(CTL). However, CTL play a critical role in antiviral defense
by eliminating or controlling the infected cells in vivo. It is
reasonable to also incorporate the number of CTLs into
mathematical models [16]-[18].

In [19]-[20], integro-differential equations (IDES) were
used to represent some key properties of the infection
dynamics. Investigation have been carried out on the effect of
treatments on the population dynamics.

In this work, we assume that the intracellular delay in the
viral production is a continuous random variable having a
Gamma probability distribution. We describe the dynamics of
the infection in the most natural situation, that is in the
absence of drugs and only the CTL plays a role in the
immunological process, using the fact that there is no
differentiation between infected and non-infected CD4+T-
cells when the number of CD4+T-cells is routinely counted in
a patient. We employ a delay to mathematically represent the
temporal lag between the initial viral infection and the first
release of new virions. Thus, greater understanding of HIV
viral infection dynamics may be attained.

We consider the following nonlinear mathematical model of
three Volterra integral equations.

T(t)=Toe % + [e )5, — 5,0 ()T ()lde

V(1) =Vee 5+ [ SN (0)[8,F (t= )T () —5:C()lde (1)

l
!

t
C(t)= J.e_‘yﬂ(t_r)&v (r)dz, te[0ts]
0

where, T(t),V(t), and C(t)represent the three populations

which are present in a volume unit of plasma at time t: which
are the population of CD4+ T lymphocytes, virus, and
Cytotoxic T lymphocytes, 6,>0 is the rate of virus

production, J5>0 is the infectious viral clearance rate, and
0 >0 is the rate of clearance of Lymphocytes. 6; >0 is the
constant rate of CD4+ T cell replacement, &, >0 is the rate of
infection, &3>0 is the rate of clearance by CD4+ T due to
CTL, 67>0 is the rate of CTL stimulation by virus, and
0g >0 is the rate of clearance of CTL.

The function F(t) represents a continuously distributed
intracellular delay. It takes into account the temporal lag
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between initial viral infection and the first release of new
virions. We assume that the delay is a continuous random
variable having a Gamma probability distribution, i.e. the
probability density function of the delay is in the form

¢ tn—l t

no (1) (n—1)tb"

eb  neN,beR"
Where n, and b are the parameters of the Gamma distribution
whose product represents the expected value, that is

()

E:Itf (t)dt=nb
0

The Distribution function is then

tnd ok
F(t)= f(r)dr=1-e bzktw 3)
0 k=0 ""

We suppose that the delay between infection and
production varies across the population with probability
distribution F(t) and corresponding density f(t). To obtain
the number of virus at time t that have been produced by
infected cells, we must consider the number of each
population provided in a particular time subinterval, say A, ;

repeat the process for all the subintervals of [0,t;]; add the
quantities obtained, and pass to the limit as A, goes to zero.

From a mathematical point of view, we want to show that the
solutions of the system (1) exist. Let

Y (t)=X(t)+ K[t (r))dr
0

where
Y =[Y0.YoYs ] X =[ X, X0, X5 ]

MATHEMATICAL PROPERTIES

K=[Ky,Kp, Ks]' eR3
are defined as follows

Yo =[Tove.cHl
oT
—e %),y ()Y (7)

K(t7,Y)=| e N, (0)[6,F (t= )Yy (7) - 563 (7]
e_58(t_7)57Y2 (T)

O\, =6t
X(t)=|—=,Vpe &,
(t) {53 0
and

and To>0, V>0, Cp>0 are T(0), V(0), C(0),
respectively.
Note that K(t,z,Y)is continuous with respect to the three

variables and satisfies a local Lipchitz condition with respect
to Y so that there is a unique solution in some small interval
[0,ty] which in turn can be continued to a larger one. We

assume that [0,t; | is in that interval.
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From a biological point of view, we want to show that the
solutions of system (1) are positive and bounded since
T,V, and C represent populations in a volume unit of plasma.

Note that in the absence of virus, the number of CD4+ T
cells should remain constant, because they are provided and
removed at a constant rate.

Therefore
T = i
0 55

Substituting this into the first equation of system (1), we

obtain
t t

T = Ste e [edr - [e B (T (00
3
0

o

t
T(t)=2Le ot O oot [ef%t -1}-je*53(tff)52v ()T (2)dr
43 93 5

and hence (1) becomes
t
T(t)= - [ 5o (7T ()dr
03 o

V (1) =Voe % + je‘ﬁs(“f)\/ (@)[54F (t-1)T (r) - 56C()]d7 (4)
t 0
ct)=[e oy (rydr
Thergfore, the system of the rates of change of T,V, and C
is
T'(t)=6 - &T (1) -5V ()T ()

tE[O,tf]

Vi(t)=-

t
SV () — 5V (HC(H) + j e SN (2)8,f (t-2)T (2)dr (5)
0
C'(t)=67V (t)-BC(1) -
We first state and prove a result on the positivity of the
solutions.

Theorem 1. Solutions T (t),V(t) and C(t) of (4) are always
positive for all t>0.

Ll
3
C(0)=0. From the fact that T(t),V(t), andC(t) are
continuous, there exists a ty >0 such that V (t)T(t)C(t)>0
for 0<t<ty. Assume that

V (to)T(t)C(to)=0.

By the third equation of system (4), C(ty)>0 so
that V (to)T (o) =0. By the continuity of T(t),V(t),C(t)
and their derivatives, the behavior of V (t)T (t) for t>1t can
be one of the following three cases.

Proof:  Notice that T(0)=—=>0,V(0)=Vy>0 and
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Case 1:
to <t< tl .
Since T'(ty)=61— 33T (to) , by the first equation of system

There exists a t;, t >to,such that V (t)T (t)<0 for

(5), and T(t0)<T(O):%, we then have that T'(tg)> 0.
3

Therefore, T(t)>0, when t is in a small interval which
starts from tg, sayty <t<t;.
V(t)<0 Let

Hence, for

t
0(t)= [ ¥ N @t (t-0)T (r)dr.
0
Then, g(t) is a continuous function and g (to) >0.

Note that V (t)>0 for 0<t<ty and V (t)<0 for ty<t<t.
We can then finda t, (to,t ) such that V'(t;)<0, C(t;)>0
and g(t;)>0 by the continuity of C(t) and g(t).

Hence, by the second equation of system (5),

V'(t) =65V (t2) =SV (t2)C(t2)+ 9(t2)>0,
which contradicts the assumption that V'(t;)<0. So, Case 1
is impossible.

tg<t<ty.

Case2: V(1)T(t)=0 for ty<t<t.

There exists a t, (to,t; ) such that V (t)=0 or T(t)=0 for
te(tp,t;) because of the continuity of V(t) and T(t). If
V(t)=0 then V'(t)=0, but for ty<t<t,, by the second

equation of system (5), we have
t

V'(t)= J.e_gs(t_r)\/ (2)0, f (t—7)T(z)dz

0
Iy
=Ie7§5(t7[)\/(r)54f(t—r)T(r)dr >0.
0
If T(t)=0,then T'(t)=0, butT'(t)=¢ >0for ty<t<ty.
So, Case 2 is impossible.

Case3: V(1)T(t)>0 for ty<t<ty.

V(t) and T(t) can not be negative since T'(ty)>0 and
T(t)>0. Therefore, V(t) and T(t) are both non-negative
for ty<t<t;. So, V(t)T(t)=0 only at t=ty. If T(ty)=0
then t; is the local minimum point of T (t). Thus, the
derivative of T(t) should be zero at t=ty. However,
T'(tg)>0 which is a contradiction. If V (tg)=0, similarly the
derivative of V(t) should be zero at t=ty. However,
V'(ty)=9(ty) >0. So, Case 3 is impossible.

Thus, the assumption that V (t)T (t)=0 is not correct.
Hence, T (t),V (t) and C(t) are always positive for t>0.
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Next, it is shown that the solutions are bounded under
suitable conditions.

Theorem 2. The solution T(t) is bounded for all t>0.

Furthermore, if d5+b™ >a3 then V (t) and C(t) are also
bounded for all t>0.

Proof: (i) By Theorem 1, V(t)T(t)>0 for all t and

therefore T (t)< ;i fort>0.
3

(i) Assume V (t) is unbounded. Then, there exists a
tosuch that V (ty) is large enough and V'(ty)>0.

Let us consider g (t) , as defined in the proof of Theorem 1.:
t
0(t)= [ ¥ N @t (t-0)T (r)ar.
0
First, we can show that
e (%5-)t g (t)<M.
for some constant M which does not depend on t . Since
e (B d (1) =g (e )t
(n-1!p"
and
—(§5+b’1—53)(t)tn—1 -0

lime
t—>o

as &5 +b71> 8y, e (%%t (1) is bounded, say
e (B () <M .
On comparing with T (t), we find
t
9(t)= [ M N (D)o f (t-r)T (¢)dr

0
t
<Oy [e oy (@ (s)ar < LUV
% 3 5203

Choose ty such that

V(ty) > _%1% M
0720305

and V'(ty)<0. Note that by Theorem 1, C(ty) >0, using the
second equation of (5). We therefore obtain

)
V(ty) < —6V (8) - SV ) ) +- 2% M
(to) <=6V (1) 6()()"’5253
6194 4194
—= M+—2M <0.
520305 0203
This contradicts the assumption that V'(ty)>0. Therefore,
V (t) is bounded.
(iii) Denote by K the upper bound of V (t) . Then
t
l

< —55

t
C(t)z e*5s(t—f)§7v (r)dr < KJ.e*tsg(tfr)&dT <%K .
8
0
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Hence, C(t) is bounded.

Our main interest in this section is on the emission of virus.
We study the behavior of T(t),V(t), and C(t) as t—>o to

provide necessary and sufficient conditions in order to achieve
A and limV (t)=0.
53 t—ow

ASYMPTOTIC PROPERTIES

the situation where lim T (t) =
t—ow

Observe that, by using the linear chain trick, our model can
be transformed into a system of n+3 ordinary differential
equations. For convenience, we let

t

t):j fib (t—r)54e_55(t_r)\/ (2)T (r)dz (6)
0

where f;, (z) is the probability density function given in (2),

and then, with the boundedness of T (t) and V (t), we have
that Ej, j=1...,n, are continuous and bounded functions for
all t>0. Then, system (5) can be transformed into

El’(t)z—(55+%jEl(t) + Sy (17 (1) ™)
E; (t):—(55+%jEj(t)+%Ej1(t), j=2,..n (8)
V'(t) ==V (t) - 56V (t)C(t) + E (1) 9)
T'(t)=61- 85T (t)- oV (1) T (1) (10)
C'(t) =V (t) - %C(1) (11)

1

E;(0)=0,j=1...n,C(0)=0,V(0)=V,, T (0)=<L

The functions E;, given in (6), are auxiliary functions

related to the probability density in (2) which does not
represent any specific biological component.

We need the following Lemmas [12] to prove our main
results.

Lemma 3. Let 7:R* — R be any function such that
i)7'(t) exists and is bounded for teR*

ii)| z(t)dt<oo.
l

Then, t'LrF.LT(t) =0.

Lemma 4. If 7:RT >R is a differentiable function and

lim infr(t)< Iim supr(t) then there exist two divergent
t—ow
sequences {

and{ },2 such that

llinwr(t )_ lim mfr() ( -):O,jZO
J|£nwr( §)=lim supz (t),(tf) =0, 20
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We can now state and prove our main results in the
following theorems.

Theorem 5. Let

S5 +b7t> ;.
If one of the functions T,V,C,E,...,E, converges as t— o
then also the remaining functions converge as t — .

Proof:  With no loss of generality assume
limC(t)=1->0 12
fimC(t)=1c @)

Observe that C(t) is bounded on [0,0) and C'(t) is

continuous and bounded on [0,:0), thus C(t) is Lipschitz

continuous and hence uniformly continuous. Therefore (12)
implies

Jim c(t)=0 (13)
and from

C'(t)=6V (1)~ C(),
we have

limv (t):%tlLrgC(t)z by 20 (14)

Since V (t) is bounded on [0,c0) and V'(t) is continuous and

bounded on [0,:0), V (t) is therefore Lipschitz continuous

and hence uniformly continuous. Thus, (14)

lim V’(t) =0 and from
t—>w

V()
one has
t||m En(t) =55IV +§6|\/|C = IEn >0
—0

implies

=65V (1) = SV (1)C (1) + En (1) ,

Assume, by contradiction, that T(t) does not converge as

t— o0, thatis
lim inf T (t )<tIergosupT (t)

t—ow

(15)

From (10)
T'(t)=61— 63T (t)— SV (1)T (1)
Applying Lemma 4,
J_Ii_r)r!OT(t])ztlergoinfT(t), T'(tj)=0,j=0
Then, we have

0:51—53jli_r)nooT(t )=, ,'i“wv( J)JILQOT( i)
That is,
: D gl
jli‘[}oT(tJ) 53+ 6, J_Ii_r)nooV(tj)
or
3 5
t'L”Jo'”fT( )= 53+§2 I|m me( ) TS+l

Similarly, by Lemma 4,

2

I|m supT( )= S ok
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and therefore,
lim supT (t)= lim inf T ()= —L -
t—>w PT (1) t—>w (1) O3+ SHly
which contradicts (15) and hence T (t) converges.

Theorem 6. Let
S5+bt>685
oy =34 I(5sb+1)",
and
Ry =05/ ,
then

R, > & limV (1) =0.
53 t—w

Proof:  (—) Consider

H(t) =V (t) + bz (16)

(5 b+ l)n+1—
so that
Y B oV (T (L)
H'(t)=—oV (t) - SV ()C(t) + (b 1)
<=6V (1) + @,V (DT (1)
<aonV ()(T (1) - Ry)
Recalling that
T(t)< %3 ,
we therefore have

H’(t)Sa)n((%—Rn)V(t)sO

(17)

(18)

We have that.
limH({)=14 >0
t—w

and since H(t) is uniformly continuous, we therefore have
limH'(t)=0 (19)
t—oo

Assume Ry >%. By integrating both sides of (18), we obtain
3

JH (x)dx<a)n( Rn)JV(x)dx

Then,
—wn(——Rn)jV(x)dx< wn(——Rn)jV(x)dx+H(t)
<H0)=V,.

The positivity of V(t) assures that V(t) satisfies the hypotheses
of Lemma 3 and therefore

limV(t)=0.

t—ow

Next assume that R, :% . Since
3

H'(t)<an(T({H)-Ry)V () <0

and
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lim H'(t) =0,
t—w

we then have
liminfV(t)=0
t—ow

or
I|m supT(t) a , and
%3
liminfC(t) = liminf Ej(t) =0, j=1,
t—o0 t—owo
This implies

liminfH(t)=0,
t—ox
However, H(t) converges at infinity so that we have
limH(t)=0.
t—w
Therefore,
limV (t)=0.
t—ow
(«) From the proof of Theorem 5, we have
limV (t)=0.
t—ow
Then,
limC(t)=limE;(t)=0,j=1..,n
t—>o t—>o0
and
limT(t)=2L, 21
t—>owo ( ) 53 ( )
Hence,
limH(t)=0
t—ow
and H(t) is a positive function vanishing at infinity. Thus,
there exists a t; such that
limtj =+o0,
|
and H'(tj)<0, i>0. Therefore,
T (ti) <Ry
By passing to the limit as i goes to infinity and by (21), we

therefore have R, 2i.
3

From the above, we can obtain our final results.

Theorem 7. Assume that
55 + b_l > 53 .

If R, _%3, then

limT(t)=2L

t—ow 53

limV(t)=0, limC()=0,

t—oo t—oo

and lim E;j(t)=0,j=1..,n
t—w

Moreover, if R, <% then V (t) cannot vanishas t— .
3

Theorem 8. Assume that
55 + bil > 53 s
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Rn<5—3,
and one of the functions V,T,C,E;,...,E, converges at
infinity. Then,

imT(t)=R,,

t—o0

limV(t) = 04(61 —93Ry) ,
t—>o0 5255 (55b + 1)]’1
lim C(t)z 5457(51_53Rn) ,
t—a 525558 (55b + 1)n
2
lim E;(t) = 9401~ 53Rn) | F607 | 9a(d1 ~3Rn) =10
t—>o0 52 (55b + 1)]’1 58 5255 (55b + l)n

Proof. By Theorem 5, functions V,T,C, E,..., E, converge
at infinity, and thus tIim H'(t)=0. By Theorem 7, we have
—

(17
tIim T(t) =R, . The rest can be derived from (7)-(11).
—>0

tIimV(t)>0 and therefore from we  obtain
—>0

IV. NUMERICAL RESULTS

In order to illustrate some of the effects of distributed delays,
we numerically solve the system of delay differential
equations using MATLAB.

In Figure 1, we show a computer simulation of the system
(5) with initial conditions T (0)=7.5188 V(0)=10 C(0)=0
and using the parameters & =1, 5, =0.005, 63=0.133, &,
=0.05 &5 =0.85 d=1, 67 =0.2, &g =1.22, b =0.01.
Therefore,

85 +b™*=100.88> 5, =0.133

and R, =17.5854>%=7.5188 as required in Theorem 7.

3
Hence,

. O

!L@T(t)_g_7.5188,

limV(t)=0,

t—o0
and

limC(t)=0.

t—>o

In Figure 2, we show a computer simulation of the system

(5) with initial conditions T(0)=1, V(0)=1.7,C(0)=0.02
and using the parameters &, =1, 6, =0.5, 63 =0.133, §; =
0.05, 85 =0.05, 65 =1, 67 =0.02, 55 =1.22,and b =0.01.
Therefore,

8, +b™*=100.5>5,=0.133
and

R, =1.385< i =7.5188
03

satisfying the conditions in Theorem 8. Hence,
limT(t)=1.385,
t—w

and
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limV () >0.
t—w

In Figure 3, we show a computer simulation of the system
(5) with initial conditions T(0)=1, V(0)=2,C(0)=0.02 and
using the parameters &; =1, 6, =0.5, 63 =0.01, &, = 0.05,
6 =005 & =1, & =002, & =122 and b = 0.01.
Therefore,

5 +b™*=100.5>5,=0.01
and

Rp =1.423<< i =1000
O3

satisfying the conditions in Theorem 8. We also have
tIim T(t)=1.423,
—>0

limV () >0.
t—w

1"/
| /
3
\UJ"
] 10 b1 S { 0 Hll il ki
b
|
iy
4-[
2',|
lIr| 1ih ] Sib f i &b 1] ]
[
IqI
f
!
il |
(-(3)“ ‘l

Figure 1. For & =1, 8, = 0.005, &5 = 0.133, &, = 0.05, & =
085 & =1, & = 02, & = 122, b = 001, with
T(0)=75188 V(0)=10, and  C(0)=0,  we

have

55 +b™=100.88 > 53 =0.133 and Rn:17.5854>%:7.5188 as
3

predicted in Theorem 7. Hence, IimT(t):%:?.SlBS,

tow 3
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limV(t)=0, and

t—o0

series of V (t), c) Time series of C(t).

limC(t)=0. a) Time series of T(t), b) Time
t—>wo

a.
1.3
T (t) 12
11}
IIJ/ i) 40 &0 S‘IJ 100
. -t v t \ L v
b.
0 2 40 60 80 100
t
0.026/
C.
0.024
(t
0022
002
0 20 40 f 60 80 100

Figure 2. For &, =1, 5, =05, J; = 0.133, &, = 0.05, & = 0.05,
S =1, 07 =0.02, & =1.22, b =0.01, with T(0)=1, V(0) =17,

and C(0)=0.02. Therefore, we have Js + b~1=1005> 65 =0.133

and R, =1.385<;i 7.5188, satisfying all conditions in Theorem

3
8. a) Time series of T(t), b) Time series of V(t), c) Time series of
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ca).

a. 1.5
14+ i
1.3 /
/
I, /
117 /
W
0 0 40 t 60 80 100
b' f
1.8+ \
n |\
1.6
1.4+
0 N 40 { i) 80 100
0.03 I'r\‘
C. j \
.
a |
00
ﬂ|'1 0 40 f 60 80 100

Figure 3: for &, =1, 5, =05, & =0.01, §,=0.05, 5 = 0.05, 5

1, 6 = 002, & = 122, b = 001 and T(0)=1,
V(0)=2,C(0)=0.02. Therefore o5 +b7t =100.5>05=0.01 and
R, =1.423 <<i:1000 satisfy conditions in Theorem 8. a) Time

3
series of T (t) , b) Time series of V (t) , c) Time series of C(t).
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Comparing Figures 2 and 3, we observe that the time series

for V (t) and C(t) in Figure 3, where R, :1.423<<%:1000,
3

tend to a noticeably higher steady state levels than those in
Figure 2.

V. CONCLUSION

We have proposed and analyzed an HIV infection model with
continuous time delay. We provide some conditions which
guarantee that the virus will vanish in the long run. The

condition & +b™1>&; is reasonable since for biological

interpretation, we may explain it as follows. It is natural to
assume that the average time of virus emission from a CD4+
T-cell is less than the average life time of a CD4+ T-cell.
Otherwise, the CD4+ T-cell will die before new virus particles
may be produced. The expectation of the life time of a CD4+
T-cell is 1/63 and the expectation time of virus emission is

nb. Hence nb<1/8; leads to b~ >nd;, which implies that

b~ > 55, since n>1. Numerical simulations have also been
presented to illustrate the results.

ACKNOWLEDGEMENT
This work was supported by Chiang Mai University.

REFERENCES
[1] P. Nelson, J. Mittler, and A. Perelson, “Effect of drug efficacy and the
eclipse phase of the viral life cycle on estimates of HIV-1 viral dynamic
parameters,” AIDS, vol. 26, 2001, pp. 405-412.
J. E. Mittler, M. Markowitz, D. D. Ho, and A. S. Perelson. “Improved
estimates for HIV-1 clearance rate and intracellular delay,” AIDS, vol.
13, 1999, pp. 1415-1417.
A. S. Perelson, P. Essunger, Y. Cao, M. Vesanen, A. Hurley, K. Saksela,
M. Makowitz, and D. D. Ho, “Decay characteristics of HIV-1-infected
compartments during combination therapy,” Nature, vol. 387, 1997, pp.
188-191.
B. Ramratnam, S, Bonhoeffer, J. Binley, A. Hurley, L. Zhang, J. E.
Mittler, M. Markowitz, J. P. Moore, A. S. Perelson, and D. D. Ho,
“Rapid production and clearance of HIV-1 and Hepatitis C virus
assessed by large volume plasma aphaeresis,” The Lancet, vol. 354,
1999, pp. 1782-1785.
P. W. Nelson, J. Murray, and A. S. Perelson, “A model of HIV-1
Pathogenesis that includes an intracellular delay,” Mathematical
Biosciences, vol. 163, 2000, pp. 201-215.
Z. Grossman, M. Feinberg, V. Kuznetsov, D. Dimitrov, and W. Paul,
“HIV infection: how effective is drug combination treatment ?,”
Immunology Today, vol. 19, 1998, pp. 528-532.
R. V. Culshaw, S. Ruan, and G. Webb, “A mathematical model of cell-
to-cell spread of HIV-1 that includes a time delay,” Journal of
Mathematical Biology, vol. 46, 2003, pp. 425-444.
J. Guardiola, G. 1zzo, and A. Vecchio, “Simulating the effect of vaccine-
induced immune responses on HIV infection,” Human Immunology, vol.
64, 2003, pp. 810-851.
J. E. Mittler, B. Sulzer, A. U. Neumann, and A. S. Perelson, “Influence
of delayed virion production on viral dynamics in HIV-1 infected
patients,” Mathematical Biosciences, vol. 152, 1998, pp. 143-163.

[2

(31

[4]

[5]

(6]

[71

(8]

(]

Issue 4, Volume 7, 2013

183

[10] G. S. K. Wolkowicz and H. Xia, “Global asymptotic behavior of
chemostat model with discrete delay,” SIAM Journal of Applied
Mathematics, vol. 57, 1997, pp. 1019-1043.

G. S. K. Wolkowicz and H. Xia, “Competition in the chemostat: a
distributed delay model and its global asymptotic behavior,” SIAM
Journal Applied Mathematics, vol. 57, 1997, pp. 1281-1131.

J. Guardiola and A. Vecchio, A distributed delay model of viral
dynamics, 1.A.C. “Mauro Picone” C.N.R. (www.na.iac.cnr.it), Napoli,
Tech.Tep, 2003.

T. Dumrongpokaphan, Y. Lenbury, R. Ouncharoen, and Y. Xu, “An
intracellular delay-differential equation model of the HIV infection and
immune control,” Journal of Mathematical Modelling of Natural
Phenomena, vol. 1, 2007, pp. 75-99.

R. Ouncharoen, T. Dumrongpokaphan, and Y. Lenbury, “Distributed
delay in an HIV model,” Recent Advances in Finite Differences and
Applied & Computational Mathematics, WSEAS Press, 2013, pp. 106-
111.

S. Azzam and J. N. Kane, “Fundamental mathematics of the delay
differential equations in the HIV-1 virus model,” MBW. Available:
http://mathbio.colorado.edu.

Y. Wang, D. Huang, S. Zhang, and H. Liu, “Dynamical behavior of a
HIV infection model for the delayed immune response,” WSEAS
Transactions on Mathematics, vol.10, 2011, pp. 398-407.

R. Ouncharoen, S. Intawichai, T. Dumrongpokaphan, and Y. Lenbury,
“Limit cycles and continuous filtering in HIV model with time delay,”
Recent Advances in Automatic Control, Modelling and Simulation,
WSEAS Press, 2013, pp. 20-25.

Y. Pei, Y. Liu, and C. Li “Dynamic study of mathematical models on
antibiotics and immunologic adjuvant against Toxoplasmosis,” WSEAS
Transactions on Mathematics, vol. 11, 2012, pp. 1018-1027.

X. Wang, J. Cao, and J. Z. Huang, “Analysis of variance of integro-
differential equations with application to population dynamics of cotton
aphids,” Journal of Agricultural, Biological, and Environmental
Statistics, Springer-Verlag, 2013.

P. Chocholat’y “Integro-differential equations with time-varying delay,”
Programs and Algorithms of Numerical Matematics, vol. 16, 2013, pp.
51-56.

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[29]

[20]





