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An Efficient Method for Representing the
Lightning Base Current in the Frequency-
Domain by means of Orthogonal Polynomials

Dario Assante and Clemente Cesarano

Abstract— An efficient procedure to express the lightning base
current in the frequency domain is presented. The method is based on
a decomposition of the time-domain lightning base current
expression in a part that can be analytically transformed and in
another part that is efficiently approximated by a series of orthogonal
polynomial. The method allows to easily compute the coefficients of
the series so to have a semi-analytical expression of the lightning
base current in the frequency domain. The presented procedure is fast
and general, since it can be used with different kinds of current
waveshapes.

Keywords—L.ightning Base Current, Heidler model, Legendre
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I. INTRODUCTION

HE efficient modeling of the lightning current is essential

for the analysis of all the effects due to the lighting
phenomenon, such us the lightning electromagnetic field
propagation or the effects induced on power lines and on
electric and electronic devices. All these aspects are strongly
related to the current distribution along the lightning channel.

The lightning channel modeling has been widely discussed
in literature [1] and several models have been proposed.
Nowadays, the most accredited one is the so-called
engineering model, defined by the expression:
i(z,tFi(0,t-z/v) P(z) , 1)
where the current along the channel is represented as the
lightning base current i(0,t), propagating along the channel at
a return stroke velocity v (~ 2¢/3) and attenuating along the
channel according to an height-dependent attenuation function
P(z) [2]. The model is shown in Fig. 1.

The attenuation function has been widely discussed in
literature as well, and several models have been proposed and
validated with measurements showing strengths and
weaknesses [3], however the discussion is still open. More
recently, an alternative procedure has been discussed in
literature, the idea is to find an efficient representation of the
attenuation function by means of an inverse identification
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starting from the measured electromagnetic field [4-6].

i(z,1)

LIGHTNING CHANNEL

Ground plane

Fig. 1 Lightning model.

In this paper we focus our attention on the lightning base
current i(0,t). This parameter, being the current at the hit
point, has been measured by using both natural [7] and
artificial lightning [8] at the hit points, enabling the
acquisition of a good amount of experimental data. This has
led to the definition of accurate models able to describe the
lightning base current. The first model proposed in literature
has been the so called double-exponential model, and for a
first lightning stroke is:
i) =1, —e™), )

being where I is the maximum value and o and B are two
time constants. In case of subsequent lightning, a more
complex expression considering two couples of double
exponentials is preferred:

i(1) =l —e ™)+ 156 —e™), ®3)

Nowadays the most used model, being an evolution of (2),
is the one proposed by Heidler [9] according to the expression
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where |y is the amplitude of the channel base current, 7; and 1,
are respectively the front and decay time constants, n is an
integer number between 2 and 10, and n is the amplitude
correction factor, given by

— e*(H/Tz)(”Tz N .

n (5)
The expression (4) is used for first lightning strokes, while
for subsequent lightning strokes it is preferable to use
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The parameters appearing in (4) and (6) can be chosen in
order to properly fit the specific lightning base current
waveshape.

This model allows to represent very well a large class of
lighting base currents in time domain. However, it exhibits a
weakness in the frequency domain, since the Fourier
transform of the (4) can’t be expressed in terms of elementary
functions [10]. This limitation is unfair, since several
electromagnetic field problems can be formulated more easily
in the frequency domain [11]. Also, in the frequency domain it
is easier to take into account finite conductivity ground [12-
13] or even multilayered structures.

In order to still adopt the Heidler model of the lightning
base current in the frequency domain, usually the FFT is
adopted. However, this solution too has some disadvantages
as well. First of all, the lightning base current and the
attenuation function are the starting point for any further
calculation (electromagnetic fields, induced overvoltage, etc.)
[14-18]. The use of the FFT for the computation of the
lightning base current in the frequency domain produces a
numerical result, that indeed limits the possibility to develop
analytical calculations wherever it is possible. Then, the
lightning base current essentially has two dynamics very
different in time: an initial rising time of few ps and a
descending part of hundreds of ps. Since the FFT requires a
linear sampling of the signal, a very high number of samplings
is required to achieve a good numerical representation in the
frequency domain, with a consequent high numerical effort.

A possibility to overcome this problem is to adopt lightning
base current models different from (4), adopting
representations that can be elementary transformed; this
possibility have been discussed in literature [19-20], however
these models have not gained a good success and the Heidler
model is currently the most used and accepted one.

In this paper we show an alternative approach for
expressing the lightning base current in the frequency domain.
The proposed procedure allows to find a simple expression,
with minimal computational effort, using anyway the Heidler
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model. In addition, being a semi-analytical expression, it can
be efficiently used in further calculations.

The paper is divided in two parts: at first the procedure is
formalized in time and discussed with some numerical results,
that the problem is solved in the frequency domain too.

Il. REPRESENTATION OF THE LIGHTNING BASE CURRENT

A. Procedure for the representation in time domain

Let us consider again the lighting base current (4): it can be
decomposed in two terms:

Togm _lo 1
n

n1+(t/7,)

efl/tz —t/1,

i(t) =

e

(")

The Fourier transform of the first term is trivial and
expressed by a rational function, while the second term hasn’t
an analytical Fourier transform. Regarding the second term, it
is possible to observe that the function

1
1+(t/7,) ®
is equal to 1 for t = 0, quickly decreases and can be considered
almost zero for t > 2t; at most. Due to this properties, it is
possible to represent the function (8) in terms of orthogonal
polynomials [21-25], that can be efficiently applied for
solution of several classes of electromagnetic problems [26-
27]. Considering the behavior of the expressions (7) and (8), it
convenient to adopt the following representation

L _SaL,(tir)e, )

1+(t/T1) p=0

where Ly(x) is the Laguerre polynomial of order p [28-29].

By projecting the (9) on the basis functions of the series and
considering the orthogonality relation of the Laguerre
polynomials, it is trivial to find out that

L,(x)e™

+00
_ p
aP_I n
0

de.

(10)

This result is interesting because it is found that the
coefficients a, only depends by the parameter n and it is not
related to lightning current intensity or to the time constants.
Considering that, in the Heidler model, the parameter n is and
integer between 2 and 10, once the coefficients a, have been
computed once and stored, they can be used for representing
every kind of lightning.

In Table 1 the first 11 coefficients have been computed and
shown. In is found that for low values of n, the coefficients
quickly go to zero, while more coefficients are required to
achieve a good representation for higher values of n.
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TABLE 1. FIRST ELEVEN VALUES OF THE COEFFICIENTS a,

0 nt 2 3 4 5 6 7 8 9 10
0 0.8605 | 0.8293 | 0.8135 | 0.8049 | 0.7998 | 0.7966 | 0.7944 | 0.7929 | 0.7918
1 0.1878 | 0.3100 | 0.3602 | 0.3842 | 0.3973 | 0.4051 | 0.4101 | 0.4135 | 0.4160
2 0.0849 | 0.0972 | 0.1208 | 0.1379 | 0.1492 | 0.1568 | 0.1620 | 0.1657 | 0.1683
3 -0.0029 | -0.0043 | -0.0029 | 0.0012 | 0.0051 | 0.0084 | 0.0109 | 0.0129 | 0.0143
4 -0.0108 | -0.0445 | -0.0598 | -0.0669 | -0.0702 | -0.0717 | -0.0723 | -0.0727 | -0.0728
5 -0.0274 | -0.0568 | -0.0792 | -0.0929 | -0.1012 | -0.1064 | -0.1097 | -0.1120 | -0.1136
6 -0.0204 | -0.0542 | -0.0780 | -0.0942 | -0.1050 | -0.1123 | -0.1173 | -0.1208 | -0.1234
7 -0.0225 | -0.0458 | -0.0667 | -0.0822 | -0.0933 | -0.1011 | -0.1067 | -0.1107 | -0.1138
8 -0.0149 | -0.0352 | -0.0514 | -0.0641 | -0.0737 | -0.0809 | -0.0862 | -0.0902 | -0.0932
9 -0.0143 | -0.0250 | -0.0355 | -0.0444 | -0.0516 | -0.0572 | -0.0616 | -0.0649 | -0.0675
10 | -0.0086 | -0.0159 | -0.0210 | -0.0258 | -0.0301 | -0.0337 | -0.0366 | -0.0390 | -0.0409

In Fig. 1 we show the behavior of the coefficients a, for n
equal to 2, 6 and 10, in order to confirm the consideration of
the coefficients behavior as function of the order p.
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Fig. 1 Coefficients a,.

B. Numerical results in time domain

In order to show the efficiency of the representation
proposed in the previous paragraph, first of all we consider a
typical lightning first and subsequent return stroke [30]. The
adopted parameters are shown in Table 2.

TABLE 2. LIGHTNING CURRENT PARAMETERS FOR FIRST AND SUBSEQUENT
STROKES

los T Ty | o2 T | T2
(KA | ng| "1 (us | (KA [ ng| (us | (ps

) N ) )
First 28 2 1.8 95 - - - -
1071 2 | 025 | 25 6.5 21 21| 230

Subseq

We consider the lightning base current computed in interval
of 1 ms and we compare the analytical expressions (4) and (6)
with the ones obtained by means of the representation (9). In
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Fig. 2 and 3 we show the comparison, by using the first 11
coefficients as in Table 1.
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Fig. 2 First stroke lightning base current in time domain: comparison between
analytical expression (4) and approximation (p = 0-10).
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Fig. 3 Subsequent stroke lightning base current in time domain: comparison
between analytical expression (4) and approximation (p = 0-10).

Then, in order to better estimate the approximation as
function of the number of coefficients, we also define an error
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function, namely

|i(t)_ ip(t)|

errp%:—~100,

[i(t)]

where i(t) is the lightning base current as in (4) or (6) and iy(t)
is the lightning base current approximated with p terms of the
series (9). In Fig. 4 and 5 we show the error as function of p,
evaluated in an interval between 0 and 1 ms.

(11)

45

4

35 \
3

err_ %
p
[

0.5 \0\\
]

0 5 10 15 20
p

Fig. 4 First stroke lightning base current in time domain: error as function of
the number of coefficients.
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Fig. 5 Subsequent stroke lightning base current in time domain: error as
function of the number of coefficients.

From this numerical results we can conclude that the
proposed method is very efficient in order to approximate
lightning base current in real cases.

I11. LIGHTNING BASE CURRENT IN THE FREQUENCY-DOMAIN

Once the lightning base current has been decomposed as in
(7) and then the representation (9) is applied, an expression of
the lightning base current in the frequency domain can be
found in terms of elementary functions. Thanks to the useful
integral
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0

(12)

in case of first stroke it is possible to express the lightning
base current I(w) in the frequency domain as

I(w)=

zlﬂ M ia (Tn/le _1/2+j0)T11)p . (13)
L+ jot, T (v 1y, 12+ jor, )

In case of subsequent lightning stroke, according to (6) the
expression of the lightning base current I(®) in the frequency
domain will be the sum of two terms like (13).

Then, in Fig. 6 and 7 we show the lightning base current in
the frequency domain obtained implementing the (13),
computed with the first and subsequent stroke parameters
adopted in Table 2, comparing the result with the frequency
behavior obtained with the FFT. A very good agreement is
found by using just 10 coefficients of the series.
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Fig. 6 First stroke lightning base current in the frequency domain: comparison
between FFT and approximation (p = 0-10).
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Fig. 7 Subsequent stroke lightning base current in the frequency domain:
comparison between FFT and approximation (p = 0-10).

Finally, we also compute the error as function of the
number of coefficients, using the same definition of (11) with
the currents in the frequency domain instead of the time
domain. The error is computed on an interval between 0 and 1
MHz. The results are shown in Fig. 8 and 9.
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Fig. 8 First stroke lightning base current in the frequency domain: error as
function of the number of coefficients.
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Fig. 9 Subsequent stroke lightning base current in the frequency domain: error
as function of the number of coefficients.
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In both cases it is clear that a very good accuracy can be
achieved with a very small number of coefficients. This
confirms the efficiency of the proposed method.

IV. CONCLUSIONS

A simple procedure has been shown to represent the
lightning base current in the frequency domain, by using an
efficient representation in terms of Laguerre polynomials. The
method has been successfully tested on a typical Heidler base
current. However, it can be applied to any other current
models with similar performance results.

The proposed method is fast and allows to choose the
desired accuracy. Then, differently from the FFT, the method
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doesn't impose a relationship between the time and frequency
samplings. This is an advantage for the computational time.

Considering the results obtained with this method, it would
be interesting to investigate the performances obtained with
other kinds of orthogonal polynomial [31-33] and special
functions [34-35]. Then, another interesting perspective for a
future investigation on this topic is the use of the truncated
exponential polynomials [36-38], that can be successfully
adopted for the solution of several classes of numerical
methods.

REFERENCES

Rakov, V.A. and Uman, M.A., “Review and evaluation of lightning
return stroke models including some aspects of their application”, IEEE
Trans. Electromagn. Compat., vol. 40, no. 4, pp. 403-426, Nov. 1998.
Izadi, M., Ab Kadir, M.Z.A., Gomes, C., Cooray, V. and Schoene, J.,
“Evaluation of lightning current and velocity profiles along lightning
channel using measured magnetic flux density”, Progress in
Electromagnetics Research, Vol. 130, pp. 473-492, 2012.

Nucci, C.A, Diendorfer, G., Uman, M.A., Rachidi, F., lanoz, M. and
Mazzetti, C., “Lightning return stroke current models with specified
channel-base current: A review and comparison”, J. Geophys. Res., vol.
95, no. D12, 1990.

Andreotti, A., Assante, D., Falco, S. and Verolino, L., “An improved
procedure for the return stroke current identification”, IEEE Trans. on
Mag., vol. 41, no. 5, 1872-1875, 2005.

I1zadi, M., Ab Kadir, M.Z.A., Gomes, C. and Cooray, V., “Evaluation of
lightning return stroke current using measured electromagnetic fields”,
Progress In Electromagnetics Research, Vol. 130, 581-600, 2012.
Ceclan, A., Topa, V., Micu, D. and Andreotti, A., “Lightning-Inverse
Reconstruction by Remote Sensing and Numerical-Field Synthesis”,
IEEE Trans. on Mag., vol. 49, no. 5, p. 1657, 2013.

Pavanello, D., Rubinstein, M. and Rachidi., F., “On the Determination of
the Spatial-temporal Behavior of the Lightning Return Stroke Current by
Multiple Field Measurements”, Progress In Electromagnetics Research
Symposium, Beijing, 2007.

Fisher, R.J., Schnetzer, G.H., Thottappillil, R., Rakov, V.A., Uman,
M.A. and Goldberg, J.D. “Parameters of triggered-lightning flashes in
Florida and Alabama”, Journal of Geophysical Research: Atmospheres,
pp. 22887-22902, Vol. 98, issue D12, 1993.

Heidler, F., “Travelling current source model for LEMP calculations”, in
Proc. 6th Symposium Electromagn. Compat., pp. 5-7, Zurich, 1985.
Andreotti, A., Falco, S., and Verolino, L., “Some integrals involving
Heidler's lightning return stroke current expression”, Electrical
Engineering, vol. 87, pp. 121-128, 2005.

Andreotti, A., Assante, D, Rakov, V.A. and Verolino, L.,
“Electromagnetic coupling of lightning to power lines: transmission-line
approximation versus full-wave solution”, IEEE Trans. on Electromagn.
Compat., vol. 53, no. 2, pp. 421-428, 2011.

Andreotti, A., Assante, D. and Verolino, L., “Fast and accurate
evaluation of the underground lightning electromagnetic field”, in
International Symposium Electromagn. Compat. - EMC Europe, 2008.
Andreotti, A., Assante, D., Pierno, A., A. Rakov, V., Rizzo, R., “A
comparison between analytical solutions for lightning-induced voltage
calculation”, Elektronika ir Elektrotechnika, 20 (5), pp. 21-26, 2014.
Andreotti, A., Assante, D., Mottola, F., Verolino, L., “An exact closed-
form solution for lightning-induced overvoltages calculations”, IEEE
Transactions on Power Delivery, 24 (3), pp. 1328-1343, 2009.
Andreotti, A., Assante, D., Verolino, L., “Characteristic impedance of
periodically grounded lossless multiconductor transmission lines and
time-domain equivalent representation”, |EEE Transactions on
Electromagnetic Compatibility, 56 (1), pp. 221-230, 2014.

Rizzo, R., Andreotti, A., Assante, D., Pierno, A., “Characteristic
impedance of power lines with ground wires, Przeglad
Elektrotechniczny, 89 (5), pp. 11-14, 2013.

Andreotti, A., Assante, D., Rizzo, R., Pierno, A., “Characteristic
impedance of periodically grounded power lines”, Leonardo Electronic
Journal of Practices and Technologies, 12 (22), pp. 71-82, 2013.

(1]

[2]

(3]

[4]

(5]

[6]

(71

(8]

[]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]



INTERNATIONAL JOURNAL OF CIRCUITS, SYSTEMS AND SIGNAL PROCESSING

[18] Assante, D., Andreotti, A., Verolino, L., “Considerations on the
characteristic impedance of periodically grounded multiconductor
transmission lines”, IEEE International Symposium on Electromagnetic
Compatibility, 2013.

Yazhou, C., Shanghe, L., Xiaorong, W., & Feizhou, Z., “A new kind of
lightning channel-base current function”, in 3rd International
Symposium on Electromagnetic Compatibility, pp. 304-307, 2002.

Javor, V.; Rancic, P.D., “A Channel-Base Current Function for
Lightning Return-Stroke Modeling”, IEEE Trans. on Electromagn.
Compat., vol.53, no.1, pp.245 - 249, Feb. 2011

Dattoli, G., Lorenzutta, S., Ricci, P.E. and Cesarano, C., “On a Family of
Hybrid Polynomials”, Integral Transforms and Special Functions, vol.
15, pp. 485-490, 2004.

Cesarano, C., “Indentities and generating functions on Chebyshev
polynomials”, Georgian Math. J., vol. 19, pp. 427-440, 2012.

Dattoli, G., Sacchetti, D. and Cesarano, C., “A note on Chebyshev
polynomials”, Annali dell’Universita di Ferrara, Sez. VII — Sc. Mat.,
vol. XLVII, pp. 107-115, 2001.

Cesarano, C., Cennamo, G.M. and Placidi, L. “Humbert Polynomials
and Functions in Terms of Hermite Polynomials Towards Applications
to Wave Propagation”, WSEAS Transactions on Mathematics, vol. 13,
pp. 595-602, 2014.

Dattoli, G., Ricci, P.E. and Cesarano, C., “A note on Legendre
polynomials”, Intern. J. of Nonlinear Sciences and Numerical
Simulation, vol. 2, pp. 365-370, 2001.

Assante, D., Verolino, L., “Efficient evaluation of the longitudinal
coupling impedance of a plane strip”, Progress In Electromagnetics
Research M, 26, pp. 251-265, 2012.

Assante, D., Davino, D., Falco, S., Schettino, F., Verolino, L., “Coupling
impedance of a charge traveling in a drift tube”, IEEE Transactions on
Magnetics, 41 (5), pp. 1924-1927, 2005.

Dattoli, G., Srivastava, H.M. and Cesarano, C., “The Laguerre and
Legendre polynomials from an operational point of view”, Appl. Math.
& Comp., vol. 124, pp. 117-127, 2001.

Dattoli, G., Srivastava, H.M. and Cesarano, C., “On a new family of
Laguerre polynomials”, Accad. Sc. di Torino — Atti Sc. Fis., vol. 132, pp.
223-230, 2000.

Assante, D., Fornaro, C., “Voltage calculation in periodically grounded
multiconductor transmission lines, International Journal of Circuits,
Systems and Signal Processing, 8, pp. 54-60, 2014.

Dattoli, G., Lorenzutta, S., Cesarano, C., “Bernestein polynomials and
operational methods”, J. Comp. Anal. Appl., vol. 8 (4), pp. 369-377,
2006.

Dattoli, G., Ricci, P.E. and Cesarano, C., “The Bessel functions and the
Hermite polynomials from a unified point of view”, Applicable Analysis,
vol. 80, pp. 379-384, 2001.

Dattoli, G., Ricci, P. E. and Cesarano, C., “A note on multi-index
polynomials of Dickson type and their applications in quantum optics”,
J. Comput. Appl. Math., vol. 145, pp. 417-424, 2002.

Dattoli, G., Cesarano, C. and Sacchetti, D., “Miscellaneous results on the
generating functions of special functions”, Integral Transforms and
Special Functions, vol. 12, pp. 315-322, 2001.

Cesarano, C., Assante, D., “A note on generalized Bessel functions”,
International Journal of Mathematical Models and Methods in Applied
Sciences, 7 (6), pp. 625-629, 2013.

Dattoli, G., Cesarano, C. and Sacchetti, D., “A note on truncated
polynomials”, Appl. Math. and Comput., vol. 134 (2-3), pp. 595-605,
2003.

Dattoli, G., Cesarano, C., “On a new family of Hermite polynomials
associated to parabolic cylinder functions”, Applied Mathematics and
Computation, vol. 141, pp. 143-149, 2003.

Dattoli, G., Lorenzutta, S., Cesarano, C. and Ricci, P.E., “Second level
exponentials and families of Appell polynomials”, Integral Transforms
and Special Functions, vol. 13, pp. 521-527, 2002.

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Dario Assante received the Laurea degree (Hons.) and the Ph.D. degree in
electrical engineering from the University of Naples Federico |1, Naples, Italy,
in 2002 and 2005, respectively.

He is currently Assistant Professor of Electrical Engineering at the
International Telematic University Uninettuno. He is editor of technical
journals in the field of electrical engineering. His research interests are related
to the electromagnetic modeling, EMC, lightning effects on power lines,
modeling of high-speed interconnects, particle accelerators, and engineering

ISSN: 1998-4464

621

Volume 8, 2014

education. He is coauthor of more than 30 papers published in international
journals and conference proceedings.

Clemente Cesarano is assistant professor of Mathematical Analysis at
Faculty of Engineering- International Telematic University UNINETTUNO-
Rome, ITALY. He is coordinator of didactic planning of the Faculty and he
also is coordinator of research activities of the University. Clemente Cesarano
is Honorary Research Associates of the Australian Institute of High Energetic
Materials His research activity focuses on the area of Special Functions,
Numerical Analysis and Differential Equations.

He has work in many international institutions as ENEA (ltaly), Ulm
University (Germany), Complutense University (Spain) and University of
Rome La Sapienza (Italy). He has been visiting researcher at Research
Institute for Symbolic Computation (RISC), Johannes Kepler University of
Linz (Austrian). He is Editorial Board member of the Research Bulletin of the
Australian Institute of High Energetic Materials, the Global Journal of Pure
and Applied Mathematics (GJPAM), the Global Journal of Applied
Mathematics and Mathematical Sciences (GJ-AMMS), the Pacific-Asian
Journal of Mathematics, the International Journal of Mathematical Sciences
(IIMS), the Advances in Theoretical and Applied Mathematics (ATAM), the
International Journal of Mathematics and Computing Applications (IJMCA).
Clemente Cesarano has published two books and over than fifty papers on
international journals in the field of Special Functions, Orthogonal
Polynomials and Differential Equations.





