
 

 

  
Abstract—This paper describes the assessment of infrared 

detection technique by the Allan variance method. In particular, the 
results demonstrate how to determine the optimal averaging time in 
such experiments. The experimental technique is diode laser 
spectroscopy. Several molecules were studied including stable 
molecules (OCS, C3H4) and a short-lived free radical (CN). Three 
types of Allan variance are mathematically defined, and then their 
behavior is extensively tested on experimental data. Simultaneously, 
the integral formula for the direct conversion from the frequency to 
the time domain is used to get results for comparison. The stability 
analyses were determined by 2000 s measurements.  Results show the 
possibilities of the presented procedure that is going to be used for 
the evaluation of direct time domain laser frequency stability 
measurements. Results are focused on the area of influence of the 
reactivity on the optimal averaging time for the minimum detectable 
concentration is demonstrated where a question of the frequency 
stability is very important. 
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I. INTRODUCTION 
HE technique is universally applicable to smaller infrared 
active molecules and the same instrument can easily be 

converted from one species to another by changing the laser 
and calibration gases. The time resolution of TDLAS 
measurements can be traded off against sensitivity and this 
allows fast measurements with millisecond time resolution. In 
order to improve sensitivity various types of modulation 
spectroscopy have been employed in which the diode laser 
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wavelength is modulated while being scanned across an 
absorption line [1]. One of the key issues in the instrument 
detection ability is identification of the difference between 
sample data and instrument drift in time. Such identification is 
possible using numerical methods for instrument stability 
characterization. The information about dispersion of 
pollutants could be obtained by two basic approaches. The 
first one is the direct monitoring of pollutants concentration 
levels in the atmosphere. The second one is based on the 
results of numerical solutions of mathematical description of 
simulated processes. The noise plays a very important role in 
today’s laser based systems. A frequency-stabilized diode laser 
has become a fundamental tool in a variety of research fields 
such as optical communications, frequency standards and 
absorption spectrometry. Even if the noise is always included, 
it is possible to improve the noise performance and develop 
the system with a better quality. The detection limit is 
calculated on the basis of the variance of this mean. Stability 
tests based on the Allan variance method have become a 
standard procedure for the evaluation of the quality of an 
instrument. The stability of the diode-laser is analyzed in this 
paper in terms of the modified [2-5] and overlapping [5-8] 
Allan variance.   

II. PREVIOUS STUDIES 

Werle et. al in 1993 first utilized the concept of the Allan 
variance to analyze the stability of a FM TDLAS spectrometer 
with White cell. As a result of their study they obtained the 
detection limit for NO2 molecule of 34 pptv at 6 Hz detection 
bandwidth with the optimal averaging time of 60 s [1]. In 1996 
Werle continued his research with Jänker. They primarily 
identified that sensitivity improvement by signal averaging is 
limited by 1/f noise contributions from a turbulent gas flow. 
This conclusion has been supported by measured time series 
data from the differential pressure sensor for an air flow 1, 3, 
5, 7, and 10 liters/min through the White cell. The 
corresponding Allan plots show 1/f characteristics for 
integration times above 30 s, indicating that further averaging 
does not reduce the noise [9]. Freed et al. presented merits of 
Allan variance approach in an aircraft FM TDLAS system with 
Herriott cell [10].  Formaldehyde (CH2O) was used as the 
target gas. The measurements indicated the detection limit of 
18 pptv that is within a factor of two of that reported by Werle 
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et al. for integration time of about 87 s. At the same year 
Werle et al. [11] have found the detection limit of FM TDLAS 
with Herriott cell for CO2 molecule of 0.87 ppm obtained at an 
integration time of 0.1 s. Werle and Lechner [12] published 
the comparison of the FM TDLAS technique and the FM-Stark 
TDLAS modulation technique. FM spectra and FM-Stark 
spectra were obtained together with time series data from a 4.6 
ppm (25 mbar) CH2O calibration gas and corresponding Allan 
plots. For both measurement series the optical density was 
adjusted to 4.1 x 10-4 at 25 mbar and the detection bandwidth 
was 2 Hz. The optimal integration time 120 s for FM Stark 
spectrometer and 24 s for FM spectra were achieved with 35-
cm path. In 1999 Werle and Popov [13] presented 
measurements of CH2O and CH4 with a selected antimonite 
laser device. From first experiments they determined a 
detection limit for HCHO of 120 pptv with a 40 s integration 
time, corresponding to 5 x 10-6 at Δf = 5 Hz, and for CH4 was 
obtained 2 ppb with a 20 s integration time, corresponding to 
2.7 x 10-4 at Δf = 1 Hz. Werle et al. [14] used FM-Stark 
TDLAS with 35 cm single pass cell to detect the concentration 
about 0.6 ppm for H2

17O measurements at the optimal 
integration time of 60 s. Further improvements for the aircraft 
applications are being discussed.  Combined use of a multipass 
cell and modulation to suppress the background signals was 
applied by [15]. The target molecule was CH2O with 
concentration 361 ppb. The authors used rapid background 
subtraction in which an external electric field was turned off 
on alternate scans. Such double modulation experiment show 
drift free, white noise limited characteristics up to the 
integration times of more than 1000 s.  

III. EXPERIMENTS 
The diode-laser absorption spectroscopy is frequently used 

for monitoring of very small concentration levels [11, 16-17] 
of different species – stable, unstable including radicals. The 
description of the diode laser spectrometer employed was 
presented in [18-20]. The diode laser (Laser Components 
GmbH) was placed in a laser head cooled by the He cryostat. 
The laser was temperature and current controlled using Laser 
Photonics units, model L5731, at a temperature of 30 - 70 K. 
A lens focuses laser beam into a (Czerny-Turner) 
monochromator to separate single laser modes from the 
spectrum. The radiation leaving the monochromator was 
directed either into a reference cell, a Ge etalon (0.04 cm-1) or 
into an absorption cell loaded with the gas being studied. The 
absorption spectrum was recorded with a photoconductor InSb 
detector operated at the liquid nitrogen temperature. The signal 
from the detector was fed into a lock-in amplifier. Diode-laser 
spectrometer was tested by means of the modified and 
overlapping Allan variance of stable molecule OCS and 
unstable molecule of CN radical.  

IV. ANALYSES 
The Allan variance is the most common time domain 

measure of frequency stability. It is a measure of the fractional 
frequency fluctuations, and it has the advantage of being 

convergent for most types of diode-laser noise. There are 
several versions of the Allan variance that provide better 
statistical confidence, can distinguish between white and 
flicker phase noise, and can describe time stability. In the 
present paper we have tested simple non-overlapped, 
overlapping and modified Allan variance. The original non-
overlapped Allan, (two-sample) variance, is the standard time 
domain measure of frequency stability. The calculation of the 
expected value for the time average of non-overlapped simple 
Allan variance <σ2

A(k)>t is defined for a set of m-1 
independent measurements to obtain a more precise estimate 
for the detection limit. The assumption for this calculation is 
that data set is sorted according to the measurement time. 
Simplified calculation of subset average value for measured 
elements As(k) is given by: 
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Simplified calculation of Allan variance for measured 

elements of time series <σ2
A(k)>t is defined as:  
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A(k)>t is the time average of Allan variance [a.u.]; AS is 
the arithmetical mean of measured elements [a.u.]; k is a 
number of averages [-]; m is a number of subsets; N is a total 
number of elements [-]; t is the integration time [s]; s, l are the 
indexes (s = 1, …, m – 1 and l = 1, …, k).  

Stability calculations can utilize fully overlapping samples, 
whereby the calculation is performed by utilizing all possible 
combinations of the data set, as shown in the formulae below. 
The use of overlapping samples improves the confidence of 
the resulting stability estimate, but at the expense of greater 
computational time.  
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o(k)>t is the time average of overlapped Allan variance 
[a.u.], AS is the arithmetical mean of measured elements [a.u.], 
k is a number of averages [-], m, M are a number of subgroups, 
N is total number of elements [-], t is an integration time [s], s, 
l are the indexes (s = 1, …, m – 2 and l = 1, …, k).  

In the frequency domain the data is often affected by 
systematic effects such as frequency offset or frequency drift. 
Therefore, the frequency stability is more easily specified 
through the characterization in the time domain. 

The modified Allan variance, Mod σ²y(τ), is the time 
domain measure of frequency stability [2-5]. These variances 
based on square of 2nd differences of averaged phase 
deviation values. It is estimated from a set of M frequency 
measurements for averaging time τ = mτ0, where m is the 
averaging factor and τ0 is the basic measurement interval, by 
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the expression. 
 
   

 [ ]
2

1123

1
4

2 )()(
)23(2

1)(
















−

+−
= ∑∑∑

−+

=
+

−+

=

+−

=

mi

ik
sms

mj

ji

mM

j
A kAkA

mMm
kMod

τ
σ

    (4) 

 
Mod<σ2

A(k)>t is the time average of modified Allan 
variance [a.u.]; AS is the arithmetical mean of measured 
elements [a.u.]; i, j, k are the number of averages [-]; m is a 
number of subsets; N is a total number of elements [-]; t is the 
integration time [s]; s, l are the indexes (s = 1, …, m – 1 and l 
= 1, …, k). 

The modified Allan variance is the same as the normal Allan 
variance for m = 1. It includes an additional phase averaging 
operation, and has the advantage of being able to distinguish 
between white and flicker PM noise. The confidence interval 
of a modified Allan deviation determination is also dependent 
on the noise type, but is often estimated as ±σy(τ)/√N. Use the 
modified Allan deviation to distinguish between white and 
flicker PM noise. 

In the frequency domain the data is often affected by 
systematic effects such as frequency offset [21]. Therefore, the 
frequency stability is more easily specified through the 
characterization in the time domain. 

For the Allan variance, the transfer equation has the form: 
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The mathematical form of power spectral density estimate: 
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α is an integer that runs from -2 to 2, hα is the transfer 

function proportional to the power of α 
The frequency domain could be characterized by five noise 

categories: (1) white phase noise, (2) flicker phase noise, (3) 
white frequency noise, (4) flicker frequency noise and (5) 
random walk frequency noise [21]. This model adequately 
describes most of the observed noise processes. These five 
noise categories are grouped into three parts, thus the 
calculation can also be spread into the sum of these fractional 
calculations: 
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H(k)>t is the Allan variance [a.u.], cwhite-noise is a constant 
characterizes white noise [a.u.], c1/f is a constant characterizes 
flicker noise, ΣCdrift,αtα characterizes the type of the system 
drift [-], τ is the integration time. 

V. RESULT AND DISCUSSIONS 
The stability of a diode-laser spectrometer has been 

estimated by measuring the Allan variance with 10 sets of the 
2000 s measurements. The long-time scan data were obtained 
by measuring line peaks and background spectra. All 
computations so far were restricted to a time series of arbitrary 
data, i.e. an individual spectrometer channel i, but they ignored 
that a full instrument consists of thousands of spectrometer 
channels which are partially, but not completely independent. 
The Allan variance approach is used to characterize the full 
spectrometer by the computation of the Allan variance channel 
by channel. Fig. 1 shows examples of the line peak scan 
containing noise and a linear slope (red line) for the OCS 
molecule. Time series shown in Fig. 1 has been recorded at 
1901.9690 cm-1 for 2000 s. The background noise level 
significantly reduced by the frequency modulation technique 
was obtained by the measurement of non-sample region over 
2000 s free of studied molecules at the same experimental 
conditions that were in effect during measuring of the sample. 
After the background subtraction the resulting spectrum could 
be tested by the standard or Allan variance method. By using 
the (5) we are able to make the transformation of the time 
domain spectrum into the frequency domain and vice-versa. A 
closer look into a short interval of the time series resolved at 
for e.g. 100 s time interval shows (non-linear and linear) short-
term ‘trends’ due to turbulence in the inertial subset and 
therefore a similar behavior with respect to averaging can be 
expected as for the long-term drift already discussed. The 
time-domain characterization based on a two-sample variance 
using an σ/τ plot shown in Fig. 2 provides the same 
information as the spectral characteristics of turbulence in the 
frequency domain. The problem with the standard variance 
stems from its use of the deviations from the average, which is 
not stationary for the more divergence noise types.  
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Fig. 1 OCS concentration in ambient air recorded during 
measurement 

 
The following first stage σ/τ plot shows the significant 

reduction in variability, hence increased statistical confidence, 
obtained by using overlapping samples in the calculation of the 
Allan deviation. The problem of noise divergence can be 
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solved by instead using the first differences of the fractional 
frequency values (the second differences of the phase), as 
described for the Allan variance. Therefore, we will apply the 
overlapped Allan variance. In Fig. 2 are the non-overlapped 
and overlapped Allan variances plotted as a function of 
integration time. Stability of the tested diode-laser instrument 
could be discussed based on the Allan plot. First of all, the 
resulted plot is divided into two levels highlighted in Fig. 2 by 
dashed lines. 
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Fig. 2 Comparison of non-overlapping, overlapping and modified 
variances for OCS data sampling. 

 
Negative slope of the dashed line indicates white type noise, 

on the other hand if the slope is positive, then it indicates drift. 
The slopes are calculated as an average value from the noise 
dominating in individual parts of Allan variance plot, and are 
used for the illustration of dominating noise type trend. 
According to the Allan variance plot the optimal integration 
time is situated in intercross of the slopes. In Fig. 2 the 
calculated non-overlapped Allan variance has a positive slope 
if the measured integration time is greater than 135 s. While 
the calculated overlapped Allan variance has shown that it is 
possible to integrate up to the value 300 s. These slopes 
change in the inertial integration time interval in which 
frequency fluctuations, according to the type of noise, 
dominate the Allan plot. From comparison of the Allan 
variance trends in Fig. 2 it is evident that the overlapped Allan 
variance seems to be smoother and therefore it is easily to 
evaluate the integration time. Experimental results have 
confirmed the value of 300 s thus supported the possibility to 
prolong the integration till the drift started dominates.  

 
 
 
 
 
 
 
 
 

 
Table 1 Comparison of non-overlapping, overlapping and modified 
variences for sampling of OCS 

Time 
Model predictions 

(present work) 
VAVAR VOVAR VMVAR ΔAO

a ΔAM
b ΔOM

c 
1 2.3344e+01 2.3385e+01 1.5048e+01 -0.0410 8.2960 8.3370 
2 1.5968e+01 1.5561e+01 1.0001e+01 0.4070 5.9670 5.5600 
4 1.1985e+01 1.1695e+01 7.7906e+00 0.2900 4.1944 3.9044 
8 1.0390e+01 9.9723e+00 7.1734e+00 0.4177 3.2166 2.7989 

16 9.7348e+00 9.7987e+00 7.3407e+00 -0.0639 2.3941 2.4580 
32 8.9404e+00 8.9889e+00 6.4163e+00 -0.0485 2.5241 2.5726 
64 6.4482e+00 6.1893e+00 6.3916e+00 0.2589 0.0566 -0.2023 

128 4.7172e+00 4.9751e+00 8.4858e+00 -0.2579 -3.7686 -3.5107 
256 5.4016e+00 4.8124e+00 1.4383e+01 0.5892 -8.9814 -9.5706 

a ΔAO =  VAVAR – VOVAR;   b ΔAM =  VAVAR – VMVAR;  c ΔOM =  VOVAR 
– VMVAR   
 

According to Table 1, both variances are convergent for α > 
-5, unlike the Allan variance (see Fig. 2), which is convergent 
for α > -3 (from the last term of equation 7). Thus it would be 
possible to use the Overlapped and modified variances to 
probe for noise beyond random walk frequency modulation. 
Moreover, the both variance are unaffected by linear frequency 
drift. This makes it an excellent tool for investigating noise 
types whose signatures are similar to and often confused with 
linear drift. By repeating this procedure we evaluated a total of 
10 data sets obtained at a time interval of 2000 s and obtained 
an averaged value of optimal integration time by two different 
procedures lying in the interval from 100 to 200 s.  
 

1 10 100 1000
5

6

7

8
9

10

20

30

40

 

 

V
ar

ia
nc

e 
 [-

]

Time [s]

 non-overlapped AVAR
 overlapped AVAR
 modified AVAR

 
Fig. 3 Comparison of non-overlapping, overlapping and modified 
variances for C3H4 data sampling. 

 
Similarly the unstable CN radical molecule has been 

investigated. In Fig. 3 are the non-overlapped and overlapped 
Allan variances obtained from CN radical time series 
measurements plotted as a function of integration time. 
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Table 2 Comparison of non-overlapping, overlapping and modified 
variences for sampling of C3H4. 

Time 
Model predictions 

(present work) 
VAVAR VOVAR VMVAR ΔAO

a ΔAM
b ΔOM

c 
1 1.5048e+01 1.5048e+01 1.5048e+01  0.0000 0.0000 0.0000 
2 1.2190e+01 1.2204e+01 1.0001e+01  -0.0140 2.1890 2.2030 
4 9.5836e+00 9.9306e+00 7.7906e+00  -0.3470 1.7930 2.1400 
8 8.7226e+00 8.8468e+00 7.1734e+00  -0.1242 1.5492 1.6734 

16 8.5062e+00 9.0354e+00 7.3407e+00  -0.5292 1.1655 1.6947 
32 7.9760e+00 8.0100e+00 6.4163e+00  -0.0340 1.5597 1.5937 
64 7.2652e+00 7.7919e+00 6.3916e+00  -0.5267 0.8736 1.4003 

128 9.2618e+00 9.0893e+00 8.4858e+00  0.1725 0.7760 0.6035 
256 1.5503e+01 1.5107e+01 1.4383e+01  0.3960 1.1200 0.7240 

a ΔAO =  VAVAR – VOVAR;   
b ΔAM =  VAVAR – VMVAR;  

c ΔOM =  VOVAR – 
VMVAR 
 

To get a rough feeling for the spectral behavior we also look 
at the difference time scale line plots in Figure 3, however, the 
corresponding interval has to be selected arbitrarily, missing 
most of the statistics of the measurement, so that a single 
baseline can never provide all the information contained in the 
channel-by channel Allan variance plot.  
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Fig. 4 Comparison of non-overlapping, overlapping and modified 
variances for CN data sampling. 

 
This is the most reliable approach also applicable to 

observations where it is expected to distinguish White and 
Flicker PM noises because the modified Allan variances have 
additional phase averaging. At the same time if applied this 
type of averaging one have to avoid use with large data set 
gaps. Overlapped Allan variance is convergent for α > -5, 
unlike the Allan variance, which is convergent only for α > -3 
(from the last term of equation 7). Therefore, the short 
integration time has to be applied that was confirmed by the 
experimental results. According to Fig. 4, both variances are 
convergent for α > -5, unlike the Allan variance (see Fig. 3). 

 
 
 
 
 

 
Table 3 Comparison of non-overlapping, overlapping and modified 
variences for sampling of CN. 

Time 
Model predictions 

(present work) 
VAVAR VOVAR VMVAR ΔAO

a ΔAM
b ΔOM

c 
1 4.9350e+01 4.9350e+01 4.9350e+01 0.000 0.000 0.000 
2 5.5809e+01 5.5848e+01 5.0256e+01 -0.039 5.553 5.592 
4 6.9616e+01 6.9982e+01 6.1253e+01 -0.366 8.363 8.729 
8 8.0460e+01 8.0363e+01 6.7315e+01 0,097 13.145 13.048 

16 8.2304e+01 7.8791e+01 6.2029e+01 3.513 20.275 16.762 
32 5.8018e+01 6.0617e+01 4.5310e+01 -2.599 12.708 15.307 
64 4.2960e+01 4.2898e+01 3.1361e+01 0.062 11.599 11.537 

128 3.6072e+01 3.3387e+01 2.4220e+01 2.685 11.852 9.167 
256 3.0782e+01 2.8905e+01 2.4201e+01 1.877 6.581 4.704 

a ΔAO =  VAVAR – VOVAR;   
b ΔAM =  VAVAR – VMVAR;  

c ΔOM =  VOVAR – 
VMVAR  

 
The results of unstable molecular system record averaged 

over a 2000 s time interval is in Table 3. The value of optimal 
integration time is approximately 30-40 s in case of unstable 
CN radical molecule that is significantly lower than that of 
OCS. It means that the white noise dominated region is much 
lower than the white noise dominated region presented in the 
case of OCS molecule. It could be therefore concluded that, 
apart from the negative slope at the first 100 s, the Allan 
variance plots show expected behavior. The calculated trends 
of the dominant noise type are similar to the results obtained 
by the evaluation of experimental data obtained for the stable 
OCS molecule. 

VI. CONCLUSION 
The concept of simple, overlapped and modified Allan 

variances has been utilized for the stability and sensitivity 
analysis of described diode-laser experimental apparatus. The 
present investigation of optimal integration times has extended 
the series of studies by TDLAS. Results for OCS, C3H4 and 
CN radical molecules concerning detection limits complete the 
values of optimal integration times for NO2, CH2O, CH4, 
H2

17O sample molecules obtained in previous studies. There is 
no simple trend in the values of integration times for TDLAS. 
Calculated variances plotted as a function of integration time 
(t) give the first stage σ/τ plot. The σ/τ plots demonstrate the 
noise influences of the investigated system (see Figure 2-4). 
The optimal integration times for the detection of trace-gas 
concentrations were determined by the combination of non-
overlapped, overlapped and modified Allan variance methods. 
The analysis of Allan variances was demonstrated on a 
detection of gaseous OCS, C3H4 and CN radical molecular 
systems by diode-laser spectrometer with a given noise curve 
in the time domain. The analyzed signal is subtracted from the 
reference one, time dependent time fluctuations are obtained, 
and simple, overlapped and modified Allan variances are 
calculated and compared. The presented approach contributes 
to the analysis of performance of a detection system [21-23]. It 
is the case of analysis of species under different variances.  
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The σ/τ plots provide information about the optimum 
averaging time for the tested system. It would enable to make 
the systematic comparisons of derived integration time 
parameters for environmental pollutants of stable molecules as 
well as their unstable by-products in the future. 
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