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Abstract—This paper presents the theoretical analysis of the
multicarrier-code division multiple access (MC-CDMA) system
in slowly time varying frequency selective channel. Chaotic se-
quences are used as spreading codes of CDMA system with BPSK
modulation scheme. Performance improvement in Bayesian esti-
mator in the presence of chaotic sequence is investigated. Under
perfect synchronization assumption, bit error rate (BER) in
closed form is derived under imperfect channel estimation for
downlink communication system. Simulation results show that
there is significant performance improvement in MC-CDMA
system as compared to CDMA system.

Index Terms—Bayesian estimation, Chaotic sequence, CDMA,
Frequency selective channel, Multicarrier Communication

I. INTRODUCTION

Fading is the phenomena which makes wireless communica-
tion more difficult as compare to other communication systems
e.g. optical fiber communication and wired communication etc.
Therefore for many wireless systems, independent of whether
time division multiple access (TDMA) or code division mul-
tiple access (CDMA) is employed, estimation of channel
fading coefficient is necessary for high speed communication.
Channel estimates can be updated frame by frame for slower
fading rate as compare to frame rate. If channel coefficients
change significantly within the frame then it is necessary to
update coefficients iteratively based on symbol by symbol
basis [1], [2].

Various estimation methods have been studied in last few
decades and each method has its own advantages and dis-
advantages. Minimum mean square estimators (MMSE) [3],
[4], [5] are easy to implement and perform well in flat
fading environment. But these estimators require correlation
computation and have poor performance for time varying
channel estimation. Bayesian estimators [6], [7], [8], [9]
used prior knowledge of data to generate posterior analysis.
Therefore estimator performance extensively depends on prior
informations. On the other hand, neural networks [10], [11],
[12] do not require prior knowledge of channel statistic,
but there is huge computational burden for training process.
Finally, particle filters [13], [14], [15], [16] use the sequen-
tial Monte Carlo sampling method to implement recursive
Bayesian filter. But these filters have very high computational
load for correcting each particle, which results in higher energy
consumption. Therefore hardware implementation of these
filters are difficult.

Direct sequence-CDMA system has received much attention
in wireless communication system due to its higher capacity,

robustness against fading and anti-interference capability [17].
All users share complete available spectrum and distinguish
from each other by their spreading code at the receiver.
Further, frequency selective channel severely degrades the
performance of the CDMA system due to it’s intersymbol
interference (ISI) effect. To overcome this degradation RAKE
receivers in CDMA systems are widely investigated [18], [19],
[20], [21], [22], [23], [24], [3], [25], [26].

On the other hand multicarrier systems are also drawn
significant attention in wireless communication system [17].
In this system the transmitted data is divided into a number
of slow data streams and each stream is modulated by one
subcarrier. At the receiver each subcarrier data is demodulated
separately. Finally the demodulated data are reassembled.
Therefore transmitted data rate is reduced whereas overall
received data rate is same as the single carrier system. Since
the transmission data rate is reduced therefore channel can
be considered as flat fading channel and ISI effect due to
frequency selective channel does not occur in this case.

High data rate and bandwidth efficient digital communica-
tion technologies urge the need to develop new transceiver
structures. Therefore MC-CDMA system is bandwidth effi-
cient system and can be used for high data rate commu-
nication system. In this system spreading code is serial to
parallel converted and then each chip is modulated by different
carrier frequency. MC-CDMA system are widely investigated
for binary spreading sequences [27], [28], [4], [29], [30].
Few papers are presented in the field of chaos based MC-
CDMA system [31], [32], [33] but to our best knowledge,
no paper has been published on BER performance of chaos
based MC-CDMA system under complex frequency selective
fading channel coefficients and noise, even though chaos based
CDMA system have gained significant interest among the
researchers in last decade [34], [35], [23], [12], [36], [37],
[38], [39], [21], [32], [33].

For this reason the objective of this research work is to
study the Bayesian channel estimator for chaos based MC-
CDMA system under frequency selective channel for downlink
communication. Maximum a prior (MAP) estimator equation
is derived for these systems, which needs a prior knowledge
of channel statistics. Further, we have also derived the ML
estimation equation for considering the case where the mean
and variance of the channel is unknown at the receiver. Two
algorithms are derived to consider the multiplexed pilot-data
case and added pilot-data case. In multiplexed pilot-data case,
after demultiplexing, channel estimation can be performed
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directly on the extracted pilot signal. Whereas for added
pilot-data case, pilot needs to be extracted by multiplying
corresponding chaotic sequence, before channel estimation
process. Performance difference in these two methods have
been shown using simulation results. Further, BER in closed
form is derived for imperfect channel estimation case. Finally,
we have shown that the results in [40] is a special case of this
paper.

This paper is organized as follows. In section II chaos based
MC-CDMA system is shown. Analytical performance of this
system is presented in section III. MAP and ML estimation
algorithms are derived in section IV. Simulation results are
shown in section V. Finally some concluding remarks are
given in section VI.

II. SYSTEM MODEL

Fig. 1 shows the baseband representation of the chaos based
MC-CDMA system. The baseband signal sgk for gth user at
kth chip instant, is given by

sgk = γgi x
g
k (1)

where γgi is the gth user symbol at ith time instant, xgk is kth

chip of the gthuser chaotic spreading sequence or chip within
an information bit (i.e. k = 1, · · · , 2β ) and 2β is the spreading
factor.

After adding all the users’ data, each chip of the resultant
signal is modulated by different carriers. Finally all the modu-
lated chips are added together before transmission. Therefore
transmitted signal Si is given by

Si =
√

2
N∑
n=1

J∑
j=1

γji x
j
k,n cos(2πfnt) (2)

where N and J are the number of subcarriers and users
respectively, fn is the frequency of nth subcarrier and xjk =
[xjk,1, · · · , x

j
k,N ] is the chaotic sequence of jth user.

For L multipath channels, the received symbol ri of gth

user at ith time instant is given by

ri =
L−1∑
l=0

hi,lSi−τl + ξi (3)

where ξi denotes the complex additive white Gaussian noise
at ith time instant with power spectral density equal to N0 and
τl is the delay for lth path with respect to first path. Delay of
first path is assumed to be zero i.e. τ0 = 0 and other delays
are more than one chip durations. hi,l is the complex channel
coefficients for lth path at ith time instant, which is assumed
to be known at the receiver.

III. PERFORMANCE ANALYSIS OF MC-CDMA SYSTEM

In fig. 1, since chaotic chips are spread to bit level using
multicarriers therefore the small chip delay caused by the
channel in equation (3) can be neglected i.e. Si−τl ≈ Si.
Hence received signal can be written as

ri =
L−1∑
l=0

hi,lSi + ξi = αie
jφiSi + ξi (4)

where
L−1∑
l=0

hi,l = αie
jφi (5)

In above equation αi and φi are amplitude and phase compo-
nent of the resultant channel coefficients.

Estimated fading coefficients (α̂ie
jφ̂i) are multiplied with

this received signal. The resultant signal is multiplied by
subcarriers and then passes through low pass filter to remove
higher frequency terms as shown in Fig. 1. Since subcarriers
are orthogonal to each other therefore there is no cosine term
in the low pass filter output. This output is then multiplied to
gth user chaotic sequence and the decision variable is given
by

Zgi = Re{αiejφi α̂ie
jφ̂i

N∑
n=1

J∑
j=1

γji x
j
k,nx

g
k,n+

√
2α̂ie

jφ̂i

N∑
n=1

ξi cos(2πfnt)x
g
k,n}

(6)

or
Zgi = Zagi + Zbgi + Zcgi (7)

where

Zagi = αiα̂i cos(φi − φ̂i)
N∑
n=1

γgi x
g
k,nx

g
k,n︸ ︷︷ ︸

Desired Signal

(8)

Zbgi = αiα̂i cos(φi − φ̂i)
N∑
n=1

J∑
j 6=g,j=1

γji x
j
k,nx

g
k,n︸ ︷︷ ︸

Interuser Interference

(9)

Zcgi =
√

2α̂i
N∑
n=1

cos(2πfnt)x
g
k,n×

{Re(ξi) cos φ̂i + Im(ξi) sin φ̂i}︸ ︷︷ ︸
Noise

(10)

The probability of error
(
P (g)(ai)

)
for the ith bit of gth

user is given by [35]

P (g)(ai) = 1
2Pr

(
Z

(g)
i < 0

∣∣∣ γ(g)
i = 1

)
+ 1

2Pr
(
Z

(g)
i ≥ 0

∣∣∣ γ(g)
i = −1

)
= 1

2erfc

(
E
[
Z

(g)
i

∣∣∣ γ(g)
i = 1

]
/

√
2var

[
Z

(g)
i

∣∣∣ γ(g)
i = 1

])
(11)

where Pr and erfc are the probability operations and comple-
mentary error function respectively.

Solving above equation (see Appendix A for derivation)
and omitting the subscript i that is related to bit under
investigation, we have final equation of

(
P (g)(a)

)
as

Therefore final BER equation is given by

P (g)(a) =

1
2erfc

[{
2Ψ
N + 2(J−1)

N +
(
α2cos2(φ− φ̂)Eb

N0

)−1
}−1/2

]
(12)
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Fig. 1. Block Diagram of Proposed System

where Ψ = var{(xgk,n)2}/P 2
c

Putting N = 2β then above equation becomes

P (g)(a) =

1
2erfc

[{
Ψ
β + (J−1)

β +
(
α2cos2(φ− φ̂)Eb

N0

)−1
}−1/2

]
(13)

For perfect flat fading channel estimation case i.e. αiejφi =

α̂ie
jφ̂i , BER equation derived in [40] is the special case of

equation (13). Comparing equation (13) with results in [40],
we can see that performance of MC-CDMA system is same as
DS-CDMA system for flat fading channel. But effect of ISI is
removed by MC-CDMA system in frequency selective fading
channel.

IV. MAP AND ML ESTIMATOR

In this section we have derived Bayesian estimator equations
for two cases, i.e. for multiplexed pilot-data and added pilot-
data case.

Fig. 2 shows the baseband representation of Bayesian chan-
nel estimator. In this figure channel estimation is performed
after multiplying the chaotic signal to received pilot symbols.
The wireless channel is assumed to be quasi-static fading
channel i.e. path gains are constant over a symbol duration.
At ith time instant, the received pilot signal at any user can
be described as:

yi =

 N∑
j=1

sTj,iCj,i

hi + ξi (14)

where si = [si, si−1, · · · , si−L+1]T is the transmitted
pilot symbols, hi =

[
h0,i, h1,i, · · · , hL−1,i

]T
is the quasi-

static time varying channel for jth user and ξi is the zero
mean White Gaussian noise with variance of σ2

w. L and N
represent the total number of paths and users respectively.

Ci = diag[ci, ci−1, · · · , ci−L+1] is the diagonal matrix with
elements ci of length 2β known as spreading factor. c is the
spreading sequence for pilot symbols. Subscript j denotes that
the symbol is related to jth user. Channel coefficients are
assumed to be Gaussian distributed [41] i.e. h ∼ N(mh, σ

2
h)

where mh and σ2
h are the mean and variance of the channel

respectively.

A. MAP and ML estimation with multiplexed pilot and user
data

If pilot is multiplexed with user data then it can be extracted
using demultiplexer at the receiver and can be processed by
channel estimator. Here we have to assume that fading and
nosie have same effect on pilot and user data symbols. In this
case, the condition distribution function p (yi|hi) for jth user
is defined as

p (yi|hi)

= 1√
2πσ2

w

exp

(
− (yi−sTj,iCj,ihi)

2

2σ2
w

)
(15)

Since mean mh and variance σ2
h of Gaussian distributed

channel is known at receiver, therefore MAP estimation algo-
rithm is given by [6]

∇h

(
− (yi−sTj,iCj,ihi)

2

2σ2
w

− (hi−mh)σ−2
h (hi−mh)T

2 + constants
∣∣∣
h=ĥ

)
= 0

(16)

Above derivative reduces to following equation (see ap-
pendix B for derivation)

ĥMAP,i =

mh + 1
σ2
w

(
σ−2h + 1

σ2
w
CT
j,isj,is

T
j,iCj,i

)−1

×CT
j,isj

(
yi − sTj,iCj,imh

) (17)
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If we do not have a prior knowledge of the channel statistic,
then we remove the second term in equation (16) and resultant
algorithm is known as ML estimation [6] i.e.

∇h

(
−
(
yi − sTj,iCj,ihi

)2
2σ2

w

+ constants

∣∣∣∣∣
h=ĥ

)
= 0 (18)

After solving derivative, we have following ML estimation
equation

ĥML,i =
(
sTj,iCj,i

)−1
yi (19)

B. MAP and ML algorithm for added pilot and user data

For multiplexed pilot and user data, we have to assume same
fading effects on both the signals. If we add pilot symbols
to user symbols then fading have same effect on both the
signals. Therefore same fading and noise effect assumptions
can be removed. Further, in this case pilot has to be extracted
from data for the channel estimation process. Since the chaotic
sequences are orthogonal to each other therefore pilot symbols
can be extracted by multiplying the received signal with
chaotic sequence of pilot symbols. Multiplying received signal
i.e. equation (14) with chaotic signal of jth user we have

zi = yi
CH
j,i

Cj,iCH
j,i

(20)

In this case MAP and ML estimation equations are given
by (see appendix C for derivation)

ĥMAP,i = mh + 1
σ2
w

(
σ−2h + 1

σ2
w
sj,is

T
j,i

)−1

×
sj
(
zi − sTj,imh

) (21)

and

ĥML,i =
(
sj,is

T
j,i

)−1
sj,izi (22)

V. SIMULATION RESULTS

In the simulation we compare the performance of estimators
for three cases. In first case, the pilot is multiplexed with data
without multiplying with chaotic sequences at the transmitter.
We represent this case as ‘Without Chaotic Multiplication’ in
the simulation results. Similarly other two cases i.e. multi-
plexed pilot-data and added pilot-data with chaotic sequences
multiplication at transmitter, are denoted by ‘Before Chaotic
Multiplication’ and ‘After Chaotic Multiplication’ respectively
in the results.

First order Markov process is used to model the fading
process of channel [42], which is described as

hi+1,l = αlhi,l + vi,l l = 0, · · · , L− 1 (23)

where vi,l is the complex Gaussian process for lth path at
time i. In the simulation, variance of Gaussian process is set
to 1. αl is the correlation coefficient that depends on maximum
Doppler frequency fd and defined as

αl = J0(2πfdTs) (24)

where J0(·) is the Bessel function of first kind and zeroth
order, and Ts is the signaling rate. fdTs is set to 0.1 in the
simulation.

The value of the spreading factor 2β is 50. Following
Chebyshev polynomial function i is used to generate the
chaotic sequence [43].

xj = 1− 2(xj−1)
2 (25)

where xj denotes the jth chip value chaotic sequence.
Fig. 3 and Fig. 4 show the channel tracking performance

of the three estimators at 0dB and 20dB SNR conditions
respectively. Chaotic sequences spread the data over entire
bandwidth during transmission and despreading takes place
during reception. Further noise is spread by the chaotic se-
quence multiplication at the receiver. Due to this spreading of
noise, performance of the estimator in the presence of chaotic
sequence is better than the without chaotic spreading case, as
shown in Fig. 3 and Fig. 4.

From these figures it is clear that performance of all the
estimators are improved with increase in the SNR. Since
chaotic sequences are directly used for channel estimation
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Fig. 3. MAP channel estimators performance, SNR = 0dB
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Fig. 4. MAP channel estimators performance, SNR = 20dB

as well as noise spreading in multiplexed pilot-data case
therefore its performance is better than the added pilot-data
case, for lower SNR conditions. For higher SNR conditions
performance of both the chaotic estimators are practically
same as shown in Fig. 4.

In Fig. 5, the BER performances are shown. 20dB per-
formance improvement can be seen at SNR = 10dB with
chaotic spreading sequence over without spreading case. Per-
formance improvement can be seen in ‘Before Multiplication
Case’ over ‘After Multiplication case’ at lower SNR condi-
tions. Further, performance of ‘Before multiplication case’ is
same as the the perfect estimation case.

Different simulation results have been shown to compare
the performance of the CDMA and MC-CDMA systems in
fig. 6. In multipath channel simulations, second channel is
delayed by one chip with respect to first channel. Similarly
third channel is delayed by one chip with respect to second
channel. It can be seen that performance of CDMA system
degrades with increase in number of channels. Performance of
this system deteriorates because of ISI effect due to multipath
channels. However, the multipath frequency selective channels
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Fig. 5. BER performance of chaos based CDMA system using MAP, 2β = 50
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Fig. 6. Simulated BER comparison of different multipath components in one
user and pilot system with added pilot-data case, 2β = 50

are converted into flat fading channels due to slow data
transmission rate in MC-CDMA. Further, these multipath flat
fading channels are added together, which is providing a
virtual equal gain combining (EGC) effect within channels.
Therefore the performance of MC-CDMA system has im-
proved in multipath environment with increase in number of
channels.

Fig. 7 shows the performance degradation with increase in
number of users in the system. Obviously, when the number of
users increases the BER increases due to the increase of IUI.
Further, from equation (13) it is clear that the performance
degradation with increased number of users can be improved
by using high values of spreading factor. Fig. 8 shows this
performance improvement with increase in spreading factor
value.

VI. CONCLUSION

In this paper, performance of chaos based MC-CDMA
system is investigated and compared with the performance
of classical CDMA system. Performance analysis is evaluated
under frequency selective fading channel. Under perfect syn-
chronization, analytical expression for BER in close form is
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derived for imperfect channel estimation. Simulation results
show that the performance of Bayesian channel estimator
improves in the presence of spreading sequences. Further,
analytical and simulation results show that the performance of
MC-CDMA and CDMA system is equivalent for flat fading
channel, but there is a significant performance improvement
in MC-CDMA system under frequency selective channel.

APPENDIX A
DERIVATION OF EQUATION (12)

Since the chaotic spreading sequences and AWGN noise
are zero mean uncorrelated processes. Hence

E [Zgi | γ
g
i = 1] = αiα̂i cos(φi − φ̂i)NE

[
(xgk)

2
]

= αiα̂i cos(φi − φ̂i)NPc
(26)

All the three terms in (7) are uncorrelated to each other,
hence var [Zgi | γ

g
i = 1] is given by

var[Zgi | γ
g
i = 1 ] = var[Zagi ] + var[Zbgi ] + var[Zcgi ] (27)

Variance of the first term Zagi can be written as

var[Zagi ] = {αiα̂i cos(φi − φ̂i)}2N
[
var(xgk)

2
]

(28)

Channel is assume to slowly varying therefore we can
assume that hi−τl ≈ hi. Under this assumption, since chaotic
sequences are uncorrelated with it’s shifted version therefore

var[Zbgi ] = {αiα̂i cos(φi − φ̂i)}2N(J − 1)P 2
c (29)

Real and Imaginary part of complex AWGN have power
spectral density equal to N0/2 and independent to chaotic
sequences, therefore variance of Zcgi can be derived as

var[Zcgi ] = α̂2
iN

N0

2
Pc (30)

Putting equations (26), (28), (29) and (30) in equation (11)
and after rearranging the equation we have equation (12).

APPENDIX B
DERIVATION OF EQUATION (17)

Rewriting equation (16) after solving derivative, we have

ĥi =
(
σ−2h + 1

σ2
w
CT
j,isj,is

T
j,iCj,i

)−1

×(
mhσ

−2
h +

CT
j,isj,iyi
σ2
w

) (31)

Let

σ−2h +
1

σ2
w

CT
j,isj,is

T
j,iCj,i = T (32)

Hence equation (31) becomes

ĥi = T−1

(
mhσ

−2
h +

CT
j,isj,iyi

σ2
w

)
(33)

Put the value of σ−2h from equation (32) to (33), we get
equation (17)

APPENDIX C
DERIVATION OF EQUATION (21) AND (22)

Putting the value of yi from equation (14) in equation (20),
we have

zi = sTj,ihi +

(
N∑

j=1,k 6=j
sTj,iCj,i

)
hi×

CH
j,i

Cj,iCH
j,i

+
ξiC

H
j,i

Cj,iCH
j,i

(34)

Since the cross-correlation of two different chaotic signals
is very small, hence we can neglect the second term i.e.

zi ≈ sTj,ihi +
ξiC

H
j,i

Cj,iCH
j,i

(35)

Now, following the same steps as in section IV-A, we get
equation (21) and equation (22).
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