
 

 

 

Abstract—In order to solve receiver node can not acquire a perfect 

channel state information (CSI) problem in existing relay system, this 

paper uses a limited feedback idea, receiver sends parts of CSI to 

transmitter, then based on the existing MIMO knowledge, source node 

imports a time-domain precoding matrix. With minimal loss of mutual 

information as system optimization objective, a new vector 

quantization (VQ) method is used to build a codebook, and together 

with average power distribution matrix to compose the precoding 

matrix. At last, the VQ conditions under low SNR and high SNR are 

analysed for more optimization. Simulation results show that, compare 

with tradition distributed precoding, the new VQ precoding can 

acquire higher capacity gain and have good system bit error rate 

performance. 

 

Keywords—Multi-realy system, vector quantization, codebook, 

limited feedback, precoding 

I. INTRODUCTION 

ELAY network is one of the most promising architecture 

for future wireless networks. The research of relay network 

[1] demonstrates that simultaneous using relays can extend cell 

coverage and enhance system capacity. 

Multi-Input-Multi-Output (MIMO) techniques have been 

proved to be important parts of the future wireless 

communication system [2]. Therefore, the MIMO relay system 

is much attractive now.  

Usually, two-hop relay system is the basic form of relay 

network. When the relay is equipped with multiple antennas, it 

can obtain the backward channel (source-relay) and forward 

channel (relay-destination) state information, and there are 

many signal processing technologies can be used to improve 

system performance. Zero-Forcing (ZF) relaying protocol is 

presented in [3]-[4], where the ZF equalizer and precoding are 

both used at relay node. Other MIMO detections are also 

considered in two-hop relay system as backward and forward 

filters. The minimizing mean squared error (MMSE) relay 

strategy is presented in [5]-[6], where two MMSE filters are 
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used at relay node. [7]-[8] has proposed a 

QR-decomposition(QRD)-based relay protocol, which deal 

with QRD of forward and backward channel matrices, the 

equivalent channel matrices which source node reach to 

destination node could be triangulation, so the multiple signals 

could be in same-phase stack at the destination node. 

Precoding is a closed-loop link self-adaption technology, it 

requires sender knows channel state information (CSI). In 

cooperation relay system, with link number increasing, the CSI 

requirement is more complex. In a general way, precoding 

design is influenced by all links in the system [9-10]. The CSI 

feedback (shared) technology in cooperation relay system has 

became the focus of research community. [11] has designed one 

limited feedback codebook. [12] proposed that using a channel 

measurement phase and a information dissemination phase to 

realize multiple nodes sharing CSI. These CSI feedback (shared) 

methods are required consuming too much system resource. 

[13-15] has focus on the time-domain precoding techniques in 

multi-relay system, it mainly applied some traditional 

pre-coding techniques into the variety multi-relay system. This 

paper focus on the multi-antenna single-relay system which 

includes direct links, and uses the time-domain precoding 

techniques to improve relay system. 

[16] has used Grassmannian packing to build precoding 

codebook matrix, it required the elements in channel matrix H  

satisfy independent and identically distributed (i.i.d.) condition, 

but if the feedback channel bandwidth is limited, and the 

antenna number is large, the channel matrix can not fed back to 

the relay node. This paper uses a new vector quantization (VQ) 

method to design the channel matrix, the new VQ method can be 

seen as a coding method---for input vector { }x , it can find a 

"codebook vector" { ( )}w x , make it is the best approximate to 

the input vector, this is actually a data compression idea. In this 

paper, we use our designed VQ method to build codebook, 

research the relay network’s precoding. 

The paper is organized as follow. System model is described 

in section II. The MIMO precoding of vector quantization is 

presented in section III. Some numerical results and related 

analysis are given in section IV. section V concludes this paper. 

Notations: HA , 1A  and || ||FA  mean the 

conjugate-transpose, inverse and Frobenius norm of A , 

respectively. ,[ ]i jA  means the element on the i th row and j th 

column of A . 
mI  is the m m  identity matrix, ,0m n  means an 
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all-zero matrix. ( )   means the mathematical expectation. 
mu  

is the set of m m  unitary matrices. 

II. SYSTEM MODEL 

The system model is shown in Fig.1. The single source node 

( S ) communicates with the destination node ( D ) through one 

relay node (R). Here non-regenerative relay (AF) protocol is 

used. 
SN (

RN ,
DN ) antennas are equipped in S ( R , D ) 

respectively. There is direct link between S  and D , and also 

the signals can be transmitted through the relay node. 

BS

Phrase 1

Phrase 2

Source

Relay

DestinationCooperative spatial multiplexing

SS

RS

 
Fig.1 multi-antenna signal-relay system model 

In phrase 1, S sends, R  and D  receive. The transmitted 

signal of S  is 
1Sx , with the power constraint 2(|| || )S F SE x E , 

( )E  is mathematical expectation, || ||F  is Forbenious norm. So, 

in phase 1, the received signal at R  and D  can be written as 

follow: 

1R SR S Ry H x n                                  (1) 

1 1 1D SD S Dy H x n                                (2) 

In phrase 2, S  and iR  send, D receives. The transmitted 

signals of source node and relay are 2Sx  and Rx , so the received 

signal at D  can be written as follow: 

2 2 2D SD S RD R Dy H x H x n                        (3) 

In Eqs.(1)~(3), 
SDH  (

SRH ,
RDH ) are respectively the channel 

matrices of S D ( S R , R D ) links, 
1Dn (

Rn , 
2Dn ) are the 

Additive White Gaussian Noise (AWGN) of S D ( S R , 

R D ), Rn ~ 2(0, )
RR NCN I , 1Dn , 2Dn ~ 2(0, )

DD NCN I . S  uses 

the spatial multiplexing (SM) protocol, so ( )H

S S SE x x E I  , I  

is the unit matrix. 

without loss of generality (w.l.o.g.), assumption that 1SE  , 

2 2 2

R D    . 

Because the AF relay protocol is used, so the signals which 

transmitted from R  can be written as: 

R Rx B y                                      (4) 

Where B  is the relay’s transmitted matrix. Then Eqs.(1) and 

(4) are taken into Eq.(3): 

2 2 1 2D SD S RD SR S RD R Dy H x H BH x H Bn n             (5) 

Uniting Eqs.(2) and (5), the equivalent MIMO system can be 

obtained as: 

11 1

22 2

0SD SD D

RD SR SD SD D RD R

H xy n

H BH H xy n H B n

      
        

       
Hy nx

      (6) 

So, if source node S  obtains the equivalent channel matrix 

H  and noise n , some mature MIMO technologies can be used 

into this system model, such as precoding algorithm which 

based on channel right singular matrix. 

Now, we acquire the relay virtual MIMO system model, and 

this applies to perfect CSI condition, however, in actual 

application environments, relay’s CSI is mostly feedback from 

receiver, this determines relay can not acquire channel’s perfect 

CSI, so research the precoding under imperfect CSI condition is 

more realistic. 
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Fig.2 equivalent MIMO system 

The equivalent virtual MIMO model of relay system is shown 

in Fig.2. “precoding” and “equalization” are respectively stand 

for the pre-coding processing and pre-equalization processing 

operation. 

III. MIMO PRECODING OF VECTOR QUANTIZATION 

Eq.(6) can be written as the following form: 

y Hx n                                       (7) 

In previous research, the MIMO system requires the elements 

in channel matrix H  satisfy i.i.d. condition, but practical 

situation is rarely able to satisfy this requirement, for example, if 

H ’s top right corner is 0 in Eq.(6), and it doesn’t satisfy the i.i.d. 

requirement. In order to solve this problem, we add a precoding 

matrix in the relay, let matrix H  left-multiply a precoding 

matrix F . So how to build this precoding matrix? This paper 

uses a limited feedback idea, proposes a new vector 

quantization (VQ) method to build a codebook, and obtains the 

precoding matrix at last. 

The relay system is abstracted to a general MIMO system by 

Eq.(7), now we give the equivalent relay system model which 

include precoding matrix and limited feedback data, as shown in 

Fig.3. 
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Fig.3 relay based on limited feedback (virtual MIMO model) 

Fig.3 is a single-user MIMO model. The sender S  and relay 

R  are equipped with multiple antennas, the forwarding 

coefficient of R  is  , AF protocol is used. The dashed circle is 

equivalent to the channel matrix H , the precoding matrix F  is 

added in S , it is consist of limited feedback data which the 

receiver send to the sender according to H , this limited 

feedback idea reduces system's spectrum efficiency, it is also the 

approach under imperfect CSI. A pre-equalization matrix G  is 

added in receiver D , it is used to balance the received signals. 

Now, we discuss the structure of precoding matrix F . 

In Fig.3, the precoding matrix F  is consist of a diagonal 

matrix   and a codebook V , where the diagonal elements in 

  are sender power allocation values (here the average power 

allocation algorithm is used). Now the structure of codebook V  

is emphasis discussed, this paper uses VQ-based method, the 

specific process is as follow: 

A MIMO precoding system is given: 

y HFx n                                          (8) 

Where, F  is precoding matrix, it is also called as 

beamforming matrix, has HFF I ; n  is noise vector, and 
2~ (0, )nn CN I , the number of sender and relay is 

tn , the 

receiver’s antenna is 
rn , the rank of channel matrix H  is r , the 

singular value decomposition (SVD) to H  is HH UDV . 

Because the average power allocation algorithm is used, each 

sender and relay’s antenna transmitting power is /T tp P n , 

from the information theory, it can acquire the system’s mutual 

information: 
2

2( , ) log det( )H H

xyI H F I pD V FF V                        (9) 

The optimized target is to maximize system’s mutual 

information, and this is also maximize system capacity, now we 

take some changes to Eq.(9): 
2

2( , ) log det( )xyI H F I pD    

2 1 2

2log det[( ( ) ( )]H HI I pD pD I V FF V      (10) 

In Eq.(10), The first part of the right-hand side is the channel 

total feedback information, the second part is the limited 

feedback, and this part causes some CSI loss. Then, the next 

step, the optimization target is to minimize the second part, 

denote as ( , )xyI H F , meanwhile, the next optimization is: 

2

2( , ) log det[( ( )]H H

xymin I H F I D I V FF V          (11) 

Where, 2 2 1 2( )D I pD pD  . 

Under different transmitting power, min ( , )xyI H F  will have 

the following two different results: 

1. when SNR is low. i.e. 1TP , H HV FF V  is close to the unit 

matrix, the feedback bits is large, CSI information is excessive, 

it can approximate as: when A  is small, 
2log det( ) ( )I A Tr A . 

In particular, if the A ’s eigenvalues has ( ) 1A , then: 

min ( , )xyI H F 2[ ( )]H HTr D I V FF V               (12) 

2. when SNR is high. i.e. 1TP , then D I , there has: 

min ( , )xyI H F 2log det(2 )H HI V FF V             (13) 

From Eqs.(12)~(13), if it wants the system capacity loss 

minimum, the design of codebook F  is critical, so next step we 

take some further discussion. In Eq.(12), the capacity loss 

minimum is equivalent to maximize 
2 2( ) || ( ) ||H H H

FTr D V FF V VD F . 

Matrix codebook design guideline: Design a mapping 

matrix P , make the mutual information loss minimum, i.e.: 

( )P
max 2|| ( ) ( ) ||H

FE VD P H                       (14) 

Where, ( )F P H  is the VQ precoding matrix, it is a unitary 

matrix, HF F I . 

The above problem can be solved by Lloyd algorithm [16]. 

This paper uses a new designed Lloyd algorithm to improve the 

VQ method. In our design, “vector” is not only referred to 

sequence like 1 2{ , , , }nx x x , but also can be extended into 

arbitrary dimension matrix, therefore, the design guidelines for 

the codebook can be solved by our new vector quantization 

method. 

Now, we give the nearest neighborhood condition (NNC) and 

centroid condition (CC), codebook design algorithm is as 

follows: 

1. NNC: For an arbitrary codebook { ; 1,2, , }iF i L , the best 

divided unit of channel is: 
2 2{ :|| ( ) || || ( ) || , }r tn n H H

i i F j FH VD F VD F j i
        

, 1,2,i j L                                     (15) 

Where, 
i  is the divided unit which belong to the i th 

element in matrices space r tn n . 

2. CC: For an arbitrary divided unit i , 1,2,i L , the best 

element in this unit is: 

iF arg
HF F I

max


2[|| ( ) || , ]H

F iE VD F H , 1,2,i L      (16) 

The above two steps are taken iteration according to 

algorithm requirements, until it calculates the target mapping 

matrix F , then Eq.(14) will acquire the maximum value. In 

practical environment, the codebook design is separated from 

the system, so the optimal channel can be approached by 

training a large number channel samples, the codebook’s quality 
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can be improved, and it needn’t increase system complexity. 

The codebook has been found now, then we put the designed 

codebook 
1 2{ , , }LF F F  into the sender and receiver 

respectively, next step, the receiver will search for the optimal 

pre-coding matrix according to the current channel state, 

i.e. F  arg
iF

max ( , )xy iI H F . Then the receiver sends the index 

value which F  in the codebook to the sender (feedback error is 

not considered). According to this index value, the sender can 

find the precoding matrix F , and the feedback bit is 
2logB L . 

These steps need to note is that, codebook design already 

includes the power allocation algorithm, the average power 

allocation algorithm is used, the transmitting power of each 

antenna is /T tp P n , that is to say, in Fig.3, the precoding 

matrix F  of S  is consist of two parts, one is power allocation 

matrix   (diagonal matrix), and the other one is codebook 

matrix V  (unitary matrix), the matrix   has already known, 

and this condition is just always taken along when training the 

precoding matrix. So, is it possible to find a more general 

codebook structure method, remove the power allocation 

constraints, and find a codebook which is not related to the 

transmitting power? Let’s discuss it: 

1. when SNR is low. i.e. 1p  (power on each antenna is 

very small), 2D pD , then Eq.(16)’s optimization target is: 

( )P
max 2|| ( ) ( ) ||H

FE VD P H =
( )P

max 2|| ( ) ||FE H P H           (17) 

The original optimization target is to maximize the channel 

H ’s average gain, but in Eq.(17), at low SNR, the optimization 

target is to maximize the equivalent channel HF ’s average 

gain. 

2. when SNR is high. i.e. p  (power on each antenna is 

very large), D I , Eq.(16)’s optimization target is: 

( )P
max 2|| ( ) ||H

FE V P H                             (18) 

Where, ( )F P H  is the quantification beamforming matrix, 

and HF F I . 

When Eqs.(17)~(18) are obtained, according to the 

previously described, next steps will use our new Lloyd 

algorithm to acquire the codebook, and calculate the feedback 

index value, then finally get the precoding matrix F . 

IV. SIMULATION RESULTS 

The i.i.d. Rayleigh fading channel is assumed in this section. 

w.l.o.g., assumption that 2 2 2

R D    , 1S RE E  , 

,[ ] ~SR i jH 2(0, )SRCN h , {1,2, , }Si N , {1,2, , }Rj N , 

,[ ] ~RD i jG 2(0, )RDCN g , 2

,[ ] ~ (0, )SD i j SDH CN h , {1,2, , }Ri N , 

j {1,2, , }DN , SNR offsets are defined as follows: 
2

2

SD
SD

h



 ，

2

2

SR
SR

h



 ，

2

2
.RD

RD

g



             (19) 

In a general way, SD SR  , SD RD  , the SNR’s relative 

values of two phrase can be defined as: 

/SR SR SD   , /RD RD SD                   (20) 

Then assumption that 
1SR   , 

2RD   , {1,2, , }i M . 

w.l.o.g., the definition of average SNR is shown in Eq.(19). 

As analysis, the average interrupt probability and capacity are 

respectively used as the criterion to check system reliability and 

spectral efficiency. Where the average interrupt probability and 

capacity are defined as follow: 

1

1
Pr( ), 1

SN

out i th th

iS

P
N

  


                         (21) 

2

1

[log (1 )]
SN

i

i

C E 


                             (22) 

First, we evaluate the pre-coding matrix performance under 

VQ method. The node’s antennas are set as: 

4 2R S DN N N    , channels between antennas content the 

i.i.d. conditions. In tradition AF relay protocol, D  can dispense 

with MIMO equalizer. In order to comparison, the capacity 

[ ( , )]C E I H V  under perfect CSI were normalized, as shown in 

Fig.4. From the simulation results, we can see that, with the 

feedback bits increasing, the system capacity is increased, 

because if the feedback bits is more, the imperfect CSI can be 

close to the perfect CSI when it is returned to the sender, and the 

mutual information loss will be little. 

It also can be seen from the Fig.4, the system ergodic capacity 

comparison under different codebook design scheme. At the 

condition of low SNR [Eq.(17)] and high SNR [Eq.(18)], 

because the optimization objective functions are different, these 

two methods both make the system capacity loss minimum, so 

that the codebook is always consistent with channel’s change, 

and makes the system performance optimal. General VQ 

method [Eq.(14)] is always better than these two methods, this is 

because the general VQ method always make the system 

capacity loss to minimize, it is a generally optimization method, 

yet Eqs.(17)~(18) are an approximate method, they just can be 

close to the general VQ method. 
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Fig.4 

1 10dB  , 
2 10dB  , 4 2R S DN N N    , capacity comparison 

As can be seen from Fig.4, the different number of feedback 

bits can bring system capacity gain apparently, 4bit codebook 

feedback compares to 2bit feedback, the system capacity gain is 

about 4bps/Hz, if the feedback bits are future increased, the 

system performance will be enhanced more, experiments show 

that when the number of feedback bits come to 10bit, the 

channel can be closed to the perfect CSI situation. 
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The following we simulate the system bit error rate (BER) 

performance. The antenna configuration and SNR settings are 

the same as the previous simulation. Modulation is selected as 

QPSK, the number of feedback bits is 4bit, the rate of sample 

channel is set 10k bits/s. In the BER-based simulation, different 

SNR corresponding to the different simulation samples, the 

lower BER is, the larger required samples, they have the 

following relationship in mathematics. 

100

10
sample b

N                                       (23) 

Where, 
sampleN  means the required samples, 10b  means the 

BER level, b  generally is negative integer. Simulation results 

are as follow: 

4 8 12 16 20

1.0
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B
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R

 no precoding

 general VQ method

 VQ (at high SNR)

 VQ (at low SNR)

10-1

10-2

10-4

10-3

  0 (dB)

 
Fig.5 

1 10dB  , 
2 10dB  , 4 2R S DN N N    , bit error rate 

comparison 

Fig.5 shows the BER performance with SNR changes. When 

the BER is 10-2, the channel matrix which optimized by general 

VQ method has increased about 4dB (average) gain, when at 

low SNR and high SNR, the VQ approximate calculation has 

improved the performance increased 6dB, meanwhile, these two 

VQ methods are almost the same influenced on BER 

performance, this is because the system date rate is confirmed, 

Eqs.(17)~(18) are just only the deformation of channel matrix 

H , they have no influence on Eq.(23)’s BER level, and the 

error code of system will be not influenced. However, from the 

Fig.5, when at low SNR, the VQ approximate calculation is 

optimal for the BER performance, that is to say, optimization of 

HF  matrix if the best way to improve system’s BER 

performance. 

We discuss the transmitting antenna setting influence on 

system performance. In MIMO relay system, when the receiving 

antennas number ( rn ) is inconsistent with transmitting antennas 

( tn ), (it is assumed that r tn n ), it is generally to expand 

antennas operation, in addition to this, we can also do some 

antenna selection operation, select the same receiving antennas 

with transmitting antennas, and select the maximum diversity 

gain antennas in the receiving antennas, which construct the best 
transmission matrix HF . The antenna selection criteria is 

critical, different selection criteria may cause channel matrix 

H ’s structure difference. 

Generally, the antenna selection criteria can be divided into 

two kinds: based on system capacity and based on BER. In this 

simulation, the antenna selection is based on system capacity. 

The core idea is: the channel matrix which is constituted by the 

final selection antennas and transmitting antennas can make the 

system capacity maximum. Assumption that 
1 2[ , , , ]t t tH h h h  , 

where 
1 2

[ , , , ]
tk k k kh h h h  is the corresponding vector channel 

of k th receiving antenna, 
1 21 tk k k r     , 

1 2( , , , )tk k k  

is the final selection antennas. According to the system mutual 

information Eq.(9), do some deformation, we can acqiure the 

antenna selection criteria is: 

1 2( , , , )tk k k =
1 21 tk k k r

arg max
    

2 2 2
1

[ log (1 )]
t

T

k n n

P

t  


 

       (24) 

Where 2

n  is a coefficient which relative with channel matrix, 

t  is the transmitting antennas. 

Eq.(24) is the instantaneous system capacity. We calculate 

the appropriate number of transmitting antennas t , which make 

the system capacity maximum, and these antennas are the final 

selection. The modulation is QPSK, the feedback bits number is 

4bit, channel sample rate is 10k bits/s. The fixed channel SNRs 

are: 
0 10dB  , 

1 10dB  ,
2 10dB  , other settings are the 

same as section 4.1, now we take this paper’s VQ method 

(general VQ method) to simulate system’s antenna setting. 
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Fig.6 

0 10dB  , 
1 10dB  , 

2 10dB  , capacity comparison with relay 

number 

The system capacity changing with antennas number is 

shown in Fig.6, the curve is approximate a logarithmic function, 

which the variable is t . The more relay nodes number (the 

greater number of transmitting antennas), the greater space 

freedom degree of distributed spatial precoding, so the 

difference will become more and more larger. It also can be seen 

from the figure, comparing with no precoding system, the VQ 

method is more obvious on antenna diversity gain performance. 

When 4t  , system capacity gain is about 0.8bps/Hz, and this 

increasing trend becomes more and more apparently, when 

6t  , the difference between two curves is about 1bps/Hz. This 

also shows that VQ method has the fast adaptive ability for 

antenna arrays changing, to improve the system capacity gain. 

V. CONCLUSION 

In this paper, a forward pass multi-antenna single-relay 

system precoding scheme is researched. In general way, because 

the sender is unable to obtain full CSI, paper has focus on 

imperfect CSI conditions, and research relay system precoding. 
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The limited feedback idea is used, from the relay system 

equivalent channel matrix H , construct a power allocation 

diagonal matrix and a codebook matrix. In order to decrease 

feedback bits, a new vector quantization method is used to 

construct the codebook matrix, then to design the virtual MIMO 

precoding matrix. Meanwhile, the new VQ codebook design 

method is generally related with transmitting power, the nodes 

will work under different transmitting power, so it needs many 

codebooks, which to some extent, increase the training 

codebook complexity. Therefore, the future research can be 

classified on the relay channel, classify the channel into some 

different types under different SNR, for each type, we use one 

codebook, make it nothing to do with the transmitting power. 
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