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Abstract—In this paper, a differentiable interval-valued vector
optimization problem with the multiple objective function and
with both inequality and equality constraints is considered.
The Karush-Kuhn-Tucker necessary optimality conditions are
established for a weak LU-Pareto solution in the considered
vector optimization problem with the multiple interval-objective
function under the Kuhn-Tucker constraint qualification. Fur-
ther, the sufficient optimality conditions for a (weak) LU-Pareto
solution and several duality results in Mond-Weir sense are
proved under assumptions that the functions constituting the
considered differentiable vector optimization problem with the
multiple interval-objective function are (F p)-convex.
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I. INTRODUCTION

OST of the real-life problems are frequently character-

ized by multiple and conflicting criteria. Such condi-
tions are normally estimated by optimizing multiple objective
functions. In the conventional vector optimization problems,
the coefficients are all assumed as real numbers. However,
uncertainty always occurs in the real world. Among many
types of methodologies usually used to solve vector optimiza-
tion models, the interval-valued multiobjective optimization
problems have been of much interest in recent past and
thus explored the extent of optimality conditions and duality
applicability in different areas (see, for example, [1], [2], [13],
[16], and the references therein). The Karush-Kuhn-Tucker
optimality conditions play an important role in the area of
optimization theory and have been studied for over a century.
For interval-valued vector optimization problems, the Karush-
Kuhn-Tucker necessary optimality conditions are also studied
in many recent publications. Ishibuchi and Tanaka [6] con-
sidered multiobjective programming problems with interval-
valued objective functions and proposed the ordering relation
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between two closed intervals by considering the maximization
and minimization problems separately. Urli and Nadeau [14]
used an interactive method for solving the linear multiobjective
programming problems with interval coefficients. To do this,
they also proposed a methodology in which a nondeterministic
problem is transformed into a deterministic problem. Chanas
and Kuchta [2] generalized the concept of optimality intro-
duced by Ishihuchi and Tanaka [6] for vector optimization
problems with interval-valued objective functions to the case
of the linear multiobjective programming problem with inter-
val coefficients in the objective function based on preference
relations between intervals. Wu [16] studied the Karush-Kuhn-
Tucker necessary optimality conditions for multiobjective pro-
gramming problems with interval-valued objective functions.
Similar to the concept of a nondominated solution in vector
optimization problems, Wu has proposed a solution concept
for optimization problems with an interval-valued objective
function based on a partial ordering on the set of all closed
intervals. By using gH -derivative of interval valued functions,
Singh et al. [13] established the Karush-Kuhn-Tucker nec-
essary optimality conditions for multiobjective programming
problems with interval valued objective functions considering
order relationship between two closed intervals. Hosseinzade
and Hassanpour [5] established the optimality conditions for
convex multiobjective programming problems with interval
valued objective functions and with inequality constraints only.
Jana and Panda [7] considered a nonlinear vector optimization
problem with both linear and nonlinear interval-valued func-
tions in the objective function as well as in the constraints.
They proposed a methodology to find efficient solutions and
they named them as preferable efficient solutions. Karmakar
and Bhunia [8] proposed an alternative optimization technique
via multiobjective programming for constrained optimization
problems with interval-valued objectives. Recently, Singh et
al. [12] developed a theoretical and practical solution method
for convex multiobjective programming problems with interval
valued objective functions by considering order relationship
between two closed intervals.
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Another main part in optimization theory is establishing
sufficient optimality conditions. In the optimization litera-
ture, it is possible to find a few articles devoted on this
issue only. Wu [16] established the sufficiency of the KKT
necessary optimality conditions under various convexity and
pseudoconvexity hypotheses. Recently, Zhang et al. [17] stud-
ied the Karush-Kuhn-Tucker optimality conditions in a class
of nonconvex optimization problems with an interval-valued
objective function and derived for LU-preinvex and invex op-
timization problems with an interval-valued objective function
under the conditions of weakly continuous differentiability and
Hukuhara differentiability

Most of the works on optimality conditions and duality
results for interval-valued optimization problems concerns
scalar optimization problems of such a type. The purpose
of this work is, therefore, to study optimality conditions
and duality for a new class of differentiable interval-valued
multiobjective programming problems with multiple interval-
valued objective function. Namely, the Karush-Kuhn-Tucker
necessary optimality conditions are proved under Kuhn-Tucker
constraint qualification for a differentiable vector optimization
problem with the multiple objective function and with both
equality and inequality constraints. Further, the sufficiency of
these necessary optimality conditions are established for the
considered differentiable vector optimization problem with the
multiple objective function and with both equality and inequal-
ity constraints under assumption that the involved functions
are (F, p)-convex, not necessarily with respect to the same
p. Further, for the considered differentiable vector optimiza-
tion problem with the multiple objective function and with
both equality and inequality constraints, its interval-valued
vector dual problem in the sense of Mond-Weir is defined
and several duality results are established between these two
interval-valued vector optimization problems with multiple
objective functions also under (F, p)-convexity hypotheses.
The optimality results established in the paper are illustrated
by examples of differentiable vector optimization problems
with the multiple interval-valued objective functions.

II. NOTATIONS AND PRELIMINARIES

Let R" be the n-dimensional Euclidean space and R’} be its
nonnegative orthant. The following convention for equalities
and inequalities will be used in the paper.

For any vectors z = (x1,%o9,..., a:n)T
(y1,Y2, . yn)" in R™, we define:

(i) o=y ifandonlyifz; =y, foralli=1,2,... . n;

(i) « >y if and only if z; > y; forall e = 1,2, ..., n;

(iii) x 2y if and only if x; =2 y; forall i =1,2,...,n;

(iv) x >y if and only if x = y and x # y.

Let I (R) be a class of all closed and bounded intervals in
R. Throughout this paper, when we say that A is a closed
interval, we mean that A is also bounded in R. If A is a
closed interval, we use the notation A = [a”, ], where a’
and aV mean the lower and upper bounds of A, respectively.
In other words, if A = [al,aY] € I (R), then A = [aF,aY] =
{reR:a"<x<aV}. Ifal =a¥ =qa, then A =[a,a] =
a is a real number.

and y =
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Let A = [aF,aV], B = [bl,bY], then, by definition, we
have:

i) A+B={a+b:a€ Aand b € B} = [al +
bt aV + bY],

i) A-B=A+(—-B)={a—-b:acAandbe B} =
[a¥ —bY, aV — b1,

iii) —-A={-a:a€A}=[-a",—a"].

ivy k+A={k+a:a€ A} =[k+a" k+aY], where
k is a real number,

ka®, kaV
v) kA = { [kaU ka®
number.

it k>0,

if k<0 where £ is a real

In interval mathematics, an order relation is often used to
rank interval numbers and it implies that an interval number
is better than another but not that one is larger than another.

For A = [a®,aY] and B = [bX,bY], we write
. . ab < bt
A <y B if and only if U g B (D

It means that A is inferior to B, or B is superior to A. It is
easy to see that <y is a partial ordering on I (R).

Further, we can write A <py B if and only if A <y B
and A # B. Equivalently,

A <py B if and only if

, Or or

aV <Y

Throughout this section, let X be a nonempty subset of
R™. A function ¢ : X — I(R) is called an interval-valued
function if ¢ (z) = [¢* (z),¢Y (z)] with ¥*, U : X — R
such that ¥ (2) < U (z) for each z € X.

Now, we shall consider the differentiation of an interval-
valued function. Namely, we use a very straightforward con-
cept of differentiation introduced by Wu [15].

Definition 1: Let S be a nonempty open set in R. An
interval-valued function ¢ : S — I(R) with f(x) =
[fY (@), fY (x)] is called weakly differentiable at v if the
real-valued functions f© and fU are differentiable at u (in
the usual sense).

Now, we recall the definition of a sublinear functional (with
respect to the third component).

Definition 2: A functional F' : X x X x R™ — R is sublinear
(with respect to the third component) if, for all z,u € X C
Rn’

) F(z,u;q1+¢2) = F(z,usq1) +F (2,u592), Vg1, 92 €

RTL’

i) F(x,u;aq) =aF (z,u;q), Yo € Ry, Vg € R™.

The concept of the sublinear functional was given by
Hanson and Mond [4] (see also Preda [11]). By ii), it is clear
that

al < bt

al < bt
{ U<l - 2

aV <Y

F(x,u;0) =0. 3)

Several generalizations of the definition of a convex function
have been introduced to optimization theory in order to weak
the assumption of convexity for establishing optimality and
duality results for new classes of nonconvex optimization prob-
lems, including vector optimization problems. One of such
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generalizations in the smooth vectorial case is the definition
of a vector-valued (F’, p)-convex function introduced by Preda
[11]. Now, we recall it for a common reader. Let d (-,-) be a
pseudometric on R".

Definition 3: Let f = (f1,...fp) + X — RP be a
differentiable vector-valued function defined on X and z € X
be given. If there exist a sublinear function F X X
X x R™! — R with respect to the third component and
p=(p1,...,pp) € RP such that, the following inequalities

fi@) — [i@) 2 F (@, V (@) + pd? (,7) (>),
t=1,...,p,

“)
hold for all z € X, then f is said to be a (vector) (F,p)-
convex (strictly (F, p)-convex) at T on X.
Each function f;, i« = 1,..., p, satisfying (4) is said to be a
(vector) (F, p;)-convex (strictly (F, p;)-convex) at T on X.
If inequalities (4) are satisfied at any point T, then f is said
to be a vector (F,p)-convex (vector strictly (F, p)-convex)
function on X.

Remark 4: In the case p = 0, the function f satisfying (4)
is said to be F-convex at T on X (see Hanson and Mond [4]
in a scalar case and Gulati and Islam [3] in a vectorial case).
In the case p > 0, the function f satisfying (4) is said to
be strongly F'-convex at T on X, whereas when p < 0, the
function f satisfying (4) is said to be weakly F'-convex at T
on X (see Preda [11]).

In order to define an analogous class of differentiable vector
(strictly) (F, p)-concave functions, the direction of the inequal-
ity in the definition of these functions should be changed to
the opposite one.

III. (WEAK) LU-PARETO OPTIMALITY
In this section, we consider the following differentiable
vector optimization problem with the multiple interval-valued
objective function:

f(@) = (fi(x),..., fp(x)) — V-min
9(@) = (91(2), - gm(2)) =
h(z) = (hi(z), ..., hy(z

r e X,

where V-min denotes the (weak) LU-Pareto minimization,
each f; : R" — I (R),i €I ={1,...,p} is an interval-valued
function, that is,

filz) = [ff (@), f7 (@)] i € 1,

and, moreover, g : X — R™, h: X — R?, X is a nonempty
open convex subset of R™. We will assume, moreover, that
Z-L,fiU:R"—>R,i€I,gj:R”—)R,jEJ,
and hy : R® — R, k € K, are differentiable functions
on X. For the purpose of simplifying our presentation, we
will introduce the following notations fX = (ff, ..., pr)T,
fv = (flU,...,fg)T. Further, let us denote by € the set
of all feasible solutions in the considered interval-valued

multiobjective optimization problem (IVP), that is, the set 2 =
{z € R": g(xz) £ 0, h(xz) = 0} and, moreover, by J (x), the
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set of constraint indices that are active at a feasible solution
x, that is, J (z) = {j € J : gj(z) = 0}.

Since each of objective values f; is a closed interval, we
need to provide an ordering relation between any two closed
intervals. The most direct way is to invoke the ordering
relation <;;; that was defined above. However, <y is a
partial ordering relation, not a total ordering, on I (R), we
shall follow the similar concept of a nondominated solution
used in multiobjective programming problem to investigate the
solution concepts.

For such interval-valued multicriterion optimization prob-
lems, Wu [16] proposed the following different concepts of
(weak) Pareto optimal solutions in terms of a weak LU-Pareto
(weakly LU -efficient) solution and a LU -Pareto (LU -efficient)
solution in the following sense:

Definition 5: A feasible point T is said to be a weak LU-
Pareto (weakly LU-efficient) solution for (IVP) if and only if
there exists no feasible point x such that, for each 7 € I,

fi(z) <wu fi(T).

Definition 6: A feasible point ¥ is said to be a LU-Pareto
(LU -efficient) solution for (IVP) if and only if there exists no
feasible point x such that, for each 7 € I,

filz) v fi(T)

and
fi(z) <pu fi(T) for at least one 7 € I.

In order to prove the Karush-Kuhn-Tucker necessary op-
timality conditions for a weak LU-Pareto solution in the
multiobjective programming problem (VP), we extend the
Kuhn-Tucker constraint qualification given by Mangasarian [9]
to the case of optimization problems with both inequality and
equality constraints.

Definition 7: Let the constraint functions ¢ = (g1, ..., gm)
and h = (hy, ..., hy) be differentiable at T € €). It is said that
the Kuhn-Tucker constraint qualification is satisfied at 7 if,
for any d € R", d # 0, such that Vg; @7 d < 0 for all
j€J (). and Vhy ()" d =0, k € K, there exist a function
¢ : [0,1] — R™ which is continuously differentiable at 0, and
some real scalar 3 > 0, such that

0(0)==, ¢(a)eQforall ae€l0,1] and ¢’ (0) = Sd.
4)
Before we establish the Karush-Kuhn-Tucker necessary op-
timality conditions for problem (VP), we re-call the Motzkin’s
theorem of the alternative.
Theorem 8: [9] (Motzkin’s theorem of the alternative). Let
A, C, D be given matrices, with A being nonvacuous. Then
either the system of inequalities

Ar <0, Cx£0, Dz =0
has a solution z, or the system
ATy + CTys + DTy3 =0, 31 >0,92 20

has solution y1, y2 and y3, but never both.
In [15], Wu proved the Karush-Kuhn-Tucker necessary
optimality conditions for a scalar optimization problem with
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the multiple interval-valued objective function under the Kuhn-
Tucker constraint qualification. Now, we extend this result for
a differentiable vector optimization problem with the interval-
valued objective function and with both inequality and equality
constraints.

Theorem 9: (Karush-Kuhn-Tucker necessary optimality con-
ditions). Let T € € be a weak LU-Pareto solution in the
vector optimization problem (IVP) with the multiple interval-
valued objective function and the Kuhn-Tucker constraint
qualification be satisfied at =. Then there exist Lagrange
multipliers X\~ € RP, A" € RP, i € R™ and € € R? such
that

N V@) 2 N VT (E) + > j=17;Vg;(®)

(6)
ﬁjgj(f) =0, j€J, (7N
>0 >0 @20 (®)

Proof. Let T € 2 be a weak LU-Pareto solution in the
vector optimization problem (VP) with the multiple interval-
valued objective function and the Kuhn-Tucker constraint
qualification be satisfied at 7. Now, we prove that there does
not exist d € R"™, d # 0, satisfying the following system of
inequalities:

Vik@Ta<o, vil@Td<o0, icl, )
Vg (@) d<0, jeJ(@), (10)
Vh(z)" d=0. (11)

By means of contradiction, suppose that there exists any d €
R™, d # 0, satisfying (9), (10) and (11). By the Kuhn-Tucker
constraint qualification, there exists a function ¢ : [0,1] — R"
which is continuously differentiable at 0, and some real scalar
B > 0 such that (5) is satisfied. Since f{ and fU i € I, are
differentiable, we can approximate fZ (o () and fY (¢ (a))
linearly as follows:

fE (@) =fi @+ V@ (¢ (o) -7)+
l (a) =71 0f (¢ (), T) =
L @) + aViE@)T (w(a);w(o)
lp (@) = @ (0)] 67 (2 (), (0)),
where 0] (¢ (@), ¢ (0)) = 0 as [l¢ (a) — ¢ (0)]| — 0 and
[ e(@) =17 @+ V@ (p(a) —7)
+lle (@) =707 (¢ (@), 7) =
1Y (@) + aV Y (@) (Eleze)

)+ (12)

(13)
+le (@) =067 (¢ (), (0)),

where 0 (¢ (), ¢ (0)) = 0 as [ (a) =@ (0)] — 0. As

a — 0, then [|¢ (o) — ¢ (0)]] — 0 and, moreover,

¢ (a) —¢(0)
«
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Since (9) is assumed to hold, by (12), (13) and (14) yield,
respectively, that the following inequalities

fllel) <ff@, iel

i pla) < i@, iel

hold for sufficiently small «. This is a contradiction to the
assumption that T € €) is a weak LU-Pareto solution in the
considered vector optimization problem (IVP). This means that
there does not exist any d € R™ satisfying the system of
inequalities (9)-(11). Therefore, by Motzkin’s theorem of the
. . ~L
alternzbtlve (see Theorem 8), we conclude that there exist A\ €
RP, X" € RP, ij, j € J (), and £ € RY such that

- XL ViE@) +Yr_, va V(@) + > e B V95 (@)
+ 301 & Vh(T) = 0.
(15)

If we set that 7i; = 0 for all j € J\J (), then (15) gives (6).
Further, note that also (7) is satisfied. Indeed, if g;(%) < 0,
then j € J\J (7) and 7i; = 0. m

In order to illustrate the above result, we present an example
of such a vector optimization problem (IVP) with the multiple
interval-valued objective function for which the Kuhn-Tucker
constraint qualification is not satisfied.

Example 10: Consider the following differentiable vector
optimization problem with the multiple interval-valued objec-
tive function:

f@) = ([fE@), f1@)], [ @), 15 (2)]) =
({(:vl — 3)2 + 23:% , (21 — 3)2 + 23:% + 1] ,
[(ml RIS N T ) Lt x%D ~ V-min (IVPD)
gi(x) =20 — (1 —21)° £ 0,
g2(x) = —z9 = 0.

Note that the feasible solution T = (1,0) is a LU-Pareto
solution in the considered vector optimization problem (IVP1)
with the multiple interval-valued objective function. However,
the Karush-Kuhn-Tucker necessary optimality conditions are
not satisfied at this point. Indeed, by (6), it follows that
—4 (XIL +2 + Ay + Ay ) = 0, what is not possible. This
is a consequence of the fact that the Kuhn-Tucker constraint
qualification is not fulfilled at T = (1,0). Indeed, for any
function ¢ : [0, 1] — R"™, which is continuously differentiable
at 0, satisfying ¢ (0) = 7, ¢(a) € Q for all a € [0,1],
the condition that there exists a scalar 8 > 0 such that
¢’ (0) = Bd is not satisfied. Indeed, if we set, for example
p(a) = (1—a)d, where d = (1,0), then, in fact, the
condition ¢’ (0) = Bd is not satisfied for each 5 > 0.

Now, we give the definition of a Karush-Kuhn-Tucker point
in problem (IVP).

Definition 11: The point (f U g, Z) € O x RP x
RP x R™ x R1? is said to be a Karush-Kuhn-Tucker point
for the considered multiobjective programming problem (IVP)
with the multiple interval-valued objective function, if the
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conditions (6)-(8) are satisfied at * with Lagrange multipliers

~L U
A, A, mand &

Now, we prove the sufficiency of the Karush-Kuhn-Tucker
necessary optimality conditions for the considered differen-
tiable vector optimization problem (IVP) with the multiple
interval-valued objective function under (F, p)-convexity as-
sumptions imposed on the involved functions.

Theorem 12: Let (E AU E) € Ox RPx RP x R™ x RY
be a Karush-Kuhn-Tucker point in the considered differen-
tiable vector optimization problem (IVP) with the multiple
interval-valued objective function. Further, assume that fiL,

iel,isa (F, pJLci)-convex function at T on (2, fiU, 1€1,is

a (F, p][{i ) -convex function at T on 2, each constraint function

gj» j € J(T), is a (F, py,)-convex function at T on 2, each
constraint function hy, k € K+ (Z) = {k€ K : §, > 0}, isa
(F, phk) -convex function at T on Q each function —hy, k €
K- () ={keK:§ <0}, isa (F, p,:k)-convex function
at T on (. If 21 )‘fPJLq + 2;1 )‘iUPJ[fJ,- + 2 jes@ HiPg; +
Dkerct @ SPhy — ke (@) SkPh, = 0, then T is a weak
LU-Pareto solution in problem (IVP).

Proof. Assume that (E, XL,XU,H, E) € Q x RP x RP x
R™ x R1? is a Karush-Kuhn-Tucker point for the considered
optimization problem with the interval-valued objective func-
tion (IVP). Hence, by Definition 11, the Karush-Kuhn-Tucker
necessary optimality conditions (6)-(8) are satisfied at T with
Lagrange multipliers A~ € RP, A\ € RP, i € R™ and
& € RYI. We proceed by contradiction. Suppose, contrary
to the result, that T is not a weak LU-Pareto solution in
the considered optimization problem with the interval-valued
objective function (IVP). Hence, by Definition 5, there exists
another feasible solution Z such that the inequality

fi@) <wv fi(@), i€l

holds. Hence, by the definition of the relation <p;7, (16)
implies that for each ¢ € I,

(ff@ < ff@ ~ 7@ = (@)
or (ff(@) < fF@ A @) < (@)
or (ff(@) < fr@ n @ <f@).

By the Karush-Kuhn-Tucker necessary optimality condition

—L —U . ..
(8), we have that A\~ > 0, A~ > 0. Then, the above inequalities
yield

(16)

A fL( )+ YN fEE) <
N T@ 4+ SN Y @),

By assumption, f£, i € I, is a (F, pi)—convex function at

a7

T on (), fZU, 1€1,isa (F, p? -convex function at T on (2,

each constraint function g;, j € J(T), is a (F, py, )-convex
function at T on (2, each constraint function hg, k € KT (T) =
{ke K:& >0}, isa (F, ph ) -convex function at T on €2,
each function —hy, k£ € K~ = {k‘ c K: {k < 0} is a
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(F, p,:k)-convex function at Z on €. Thus, by Definition 3, it
follows that the following inequalities

L(@)— flz) 2 F (z,7; VI (T
@~ @z F @ oV @)+ as)
pfd® (T,7), i€l
@) - ff@zF @zl
@~ ff@zF@nV @)+ 19)
pf7d2(w T), i€,
9,(T) —g,(T) 2 F(2,7; Vyg; (7)) + 0)
pgde(%vi)7 jEJ(f)7
hi(T) — hi(Z) 2 F (2,7; Vi (7)) +
(21)
pi d*(2,T), ke KT (),
—hi(T) + hi(T) 2 F (2,7; —Vhi (T)) +
(22)

o (F7), ke K~ (7).

hold. Thus, by the Karush-Kuhn-Tucker necessary optimality
condition (8), inequalities (18)-(22) give, respectively,

N FE@E) - M fE@) 2 NF (7,7 VI @) +

. (23)
/\i pf‘;dQ (57j)a { € I7
NY@ N U@ 2N F @YY @)+ o
X Y (F,E), i€,
jpg,d* (2,7),5 € J (T),
Eehi(T) — Ehi(T) 2 €. F (7,75 Vhy, (T)) + 6)
fkphk,d2 (ivf) ’ ke K+ (T) ’
Exhi(Z) — Ehi(T) 2 =&, F (2,7; —Vhy, (T)) — 27
fkrp;kd (%75) ) ke K~ (E) .
Adding both sides of (23) and (24), we get
N FR@) S N @ - SN (@)
—Qﬁ M@ TN ERVE@)

" Xi F(z,z; VY (f)) +
A pL d?(@,z)+ >0
Combining (17) and (28), we have
leXLF @7 VI @)+ S0, N F (77 VY (@) +
2(3,7) + X0, N Y2 (3,
(29)

Using = € Q, T € Q together with the Karush-Kuhn-Tucker
necessary optimality condition (7) in inequalities (25)-(27),

d* (7,7).

)\ pf.d T) < 0.
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and then adding both sides of the resulting inequalities, we
get

ZjEJ(E) ﬁjF (z,7; Vg, (7)) +Zke[{+(z) §k (x,T; Vhy (T))

Volume 11, 2017

(F, pg, )-convex function at T on ), each constraint func-
tion hy, k € KT (z) = {ke K:§ >0}, is a (F,p; )-
convex function at T on €2, each function —hy, k €
K~ = {k €K :§ < 0}, is a (F, phk) -convex function

_ . 7 L U _
+ ZkgK*(E) (_gk) F(z,7;-Vhg (7)) + [Z]EJ(r) HjiPg;+ at T on Q If Z 1A p]%i + 2;1 Ai p% + Zje.](f) Hjpg; +

S kek+@) ErPhy — Pokek- (@) Ekpi;.} d*(7,7) = 0.
(30)
Combining (29) and (30), we have

SN F @BV @) + Y
Yicam FF (T.7:V9; (7)) + Xpexcr ) S
+ Y ker— (@ (&) F (T, 75 —Vhy (T)) +

(S Nk (77) + X0,

Do keK+@) Ekpide (z,7) —

U o
Ai p)[{i + EjEJ(E) Hjpg; =+

Sker- @) EnPhy | T (T,

€29
Using the sublinearity of the functional F' (with respect to the
third component) and taking into account Lagrange multipliers
fi; =0, ¢ J(T and & =0,k ¢ KT (Z) UK (T), we
obtain

F (&7 (S N vk @ + 2
E;n:l V95 (T) + i & Vhi (7))

—L - _ —U
PN PR (T T) 4+ 20 N PRt

X, VIV () +

n [ (32)

Y jea@ FiPe; + Xker+ @) oy, d° (T,7)

- ZkeK—(f) gkﬂﬁk} d*(7,7) < 0.
By assumption, we have
~L - _ <U _
i1 A Pﬁ;dQ (@,7) + 2 PfU + 2 jes@) PiPg;t

D okeK+(7) ka,fde (@,7) = Xhex-@) Ekp;:k 2 0.

Hence, (32) implies
F (73 (S0 X VI @) + S0 N VY @)
YL Ve (@) + D § VR (@))) < 0.

By the Karush-Kuhn-Tucker necessary optimality condition
(6), (33) implies that the following inequality

(33)

F(z,7;0) <0

holds, contradicting (3). This completes the proof of this
theorem. m v

Theorem 13: Let (T, A ;A ,1,&) € QXRPXRPXR™ x RY
be a Karush-Kuhn-Tucker point in the considered differen-
tiable multiobjective programming problem (IVP) with the
multiple interval-valued objective function. Further, assume

that fL, i € I, is a strictly (F, p%i -convex function at

T on €, fiU, 1 € I, is a strictly (F, p%_)-convex function

at T on 2, each constraint function g;, j € J(T), is a

ISSN: 1998-4464

T) < 0.

kEK+(T) fkphk 2 ke (@) Skl = 0, then T is a LU-
Pareto solution in problem (IVP).

In order to illustrate the optimality results established in the
paper, we consider an example of a differentiable optimization

problem with the multiple interval-valued objective function,

U e _
A F (x T, VY (17)) + in which the involved functions are differentiable (F),p)-
(CC .’,U Vh ( ))COnVeX

Example 14: Consider the following differentiable vector
optimization problem with the multiple interval-valued objec-
tive function:

f(z)=([1,1] (ln (1 — 1) + 23 + arctan z1+
arctanxso) + [0,1], [1,1] (ln2 (1 —x2) +a3) +
(42 (14 0 + 0,1]) = V-min
gi(z) = —z1 20,
hi(xz) =z, — 29 =0,
X = {(xl,xg) ER?: 1 <1lAhz2 < 1}.

(IVP2)

We now re-write the considered differentiable vector optimiza-
tion problem (IVP2) with interval-valued objective functions
in the following form:

f@) = ([f @), [T @), [f5 (@), f§ (@)]) =
([} +In* (1 — 21) + arctan z + arctan z,,
In? (1 — 1) + 23 + arctan z1 + arctan xo + 1] ,

I (1—2o)+ 23+ 2z, + Lo ,
) [ ( 32) 1 2 12 1 542 ' (IVPZ)
In® (1 —22) + @3 + o1 4+ $22 + 1]) — V-min

g1(z) = —arctanzy £ 0,
hl(l') =1 — T2 = 0,
X = {(1’1,172) €R21I1 <1Axze < 1}
Note that
Q = {(z1,22) € X : —arctanzy £0 A 21 — 29 =0} and
T = (0,0) is a feasible point in problem (IVP2). Further,
it can be shown by Definition 6 that Z = (0,0) is a LU-

Pareto solution in problem (IVP2). Thus, the Karush-Kuhn-
Tucker necessary optimality conditions (6)-(8) are satisfied at
7 = (0,0) with the Lagrange multipliers X, = Ay = Ay =
Xo = 1,7, = 3,8 = 2. Letd: R*x R? - R be defined by
d(x,T) = |r1 — T1| + |22 — T2|. Let us define the sublinear
functional F' as follows

F(IL}f;ﬁ) = 2($1 —51)191 +2(£C2 —51)191
and, moreover,

11
pr = (p%.0Y) = (=1,-1), ps, = (0%,.%,) = <—27—2) :

po =1, p, = —1.
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Note that F'(z,7;-) = 0 and S2N Py + ) 1/\ pY +
Hpg, +&1 ,OZ1 = 0. Further, it can be proved by Definition 3,
that the interval-valued objective functions fi, fo are strictly
(F, py,)-convex and (F, py,) at T = (0,0) on €2, respectively.
Also the constraint function g; is () pg, )-convex at T = (0, 0)
on  and the constraint function hy is (F, p;; )-convex at T =
(0,0) on €. Since all hypotheses of Theorem 13 are satisfied,
T = (0,0) is a LU-Pareto solution in problem (IVP2).

IV. MOND-WEIR DUALITY

In this section, for the considered differentiable multi-
objective programming problem with the multiple interval-
valued objective function (IVP), we define its vector dual
problem with the interval-valued objective function in the
sense of Mond-Weir [10]. Then we prove several duality
results between problems (IVP) and (IVD) under assumption
that the involved functions are differentiable (F, p)-convex,
not necessarily, with respect to the same p.

Consider the following dual problem related to problem
(IVP):

fly) = ([ff( ) W) ) fY (y)]) = V-max
AV ) S NV (y) + G
ijl 1;Vgi(y) + 31 & Vhi(y) =
m q
> wigiw) + > &hk(y) 20, AVD)  (35)
j=1 k=1
ze X, A eRP, N >0, AV € RP, AV >0,
(36)

weR™ 120, &€ RI.

where the functions f%, fU, g, h are defined in the similar way
as in the formulation of the considered differentiable multiob-
jective programming problem with the multiple interval-valued

Volume 11, 2017

function at y on QUY’, fV,i € I, is (F ) pJ[{i)-convex function
at y on Q U Y, each constraint function g;, j € J(y), is
a (F, pg,)-convex function at y on Q2 UY, each constraint
function hy, k € K+ (y) = {k € K : & > 0}, is a (F, p} )-
convex function at y on Q UY, each function —hy, k €
K~ (y)={k € K :& <0}, is a (F, p, )-convex function at
yon QUY . IF Y50 Nopg + 570 A % + 37 () Hig, +
D oker+(y) §kp;k = 2 ker—(y) EkPp, = 0, then the following
inequalities f; (x) <pu fi (y%, i € I, cannot hold.

Proof. Let z and (y, \*, A", 1, €) be any feasible solutions
for problems (IVP) and (IVD), respectively. If x = y, then the
weak duality trivially holds. Now, we prove the theorem in the
case © # y. We proceed by contradiction. Suppose, contrary
to the result, that

filz) <wu fi(y)

holds. Hence, by the definition of the relation <y, (37) gives
that

(37

(ff @) < ff) A f7 (=) £ £ ()
or (ff(z) = ffy) A fP(x) < f7 (W)
or (ff(@) < ffw) A (@) < 7 (y).
By the feasibility of (y, AU, u,f) in problem (IVD), the
above inequalities yield

SONFE@) Y M) <A ()
=1 =1 =1

By assumption, fiL, i1 € 1,is a

p
+Y M)

i=1
(38)
F, pJLci -convex function
atyon QUY, fV,i €I, isa
at y on Q U Y, each constraint function g;, j € J(y), is
a (F, pgy,)-convex function at y on 2 UY, each constraint
function hy, k € K (y) = {k € K : & > 0}, is a (F, p} )-
convex function at y on Q UY, each function —hy, k €

F, pY )-convex function
P fi

objective function (IVP). K~ (y) ={k € K : & < 0}, is a (F, p, )-convex function at
Let y on QUY . Hence, by Definition 3, the following inequalities
I = {(y,\" AV, 11,6) € R" x R x R? x R™ : FEG) = fE) 2 F (2,4 VE (v) +
P P ' (39)
DNV + YNV ) + pra (zy), i€l
o T @) =) 2 F (2 VI () + @0)
D 1 Vei(y) + Y & Vhi(y) = P (zy), i€l
j=1 k=1
m . 9,(2) = 9,(y) 2 F (2, Vg, (y)) + @)
D i)+ &hi(y) = 0,07 > 0,05 >0, 20 po, @ (2,y), 5 €J (),
j=1 k=1
. . hi(2) = hi(y) 2 F (2,93 Vhy (y)) +
be the set of all feasible solutions in problem (IVD). Further, o N (42)
let us denote by Y the projection of I' on X, that is, Y = P, (z,9), ke KT (y),
n . L \U
yer:(prnamme) ey | ~hi(z) + a(y) 2 F (2,55~ Vhi (9)) +
We now prove Mond-Weir weak duality under assumption (43)

that the involved functions are (F), p)-convex in vector opti-
mization problems (IVP) and (IVD) with the multiple interval-
valued objective functions.

Theorem 15: (Weak duality): Let z and (y, A%, AU, 11, €) be
feasible solutions for problems (IVP) and (IVD), ressectively.

-convex

Furthermore, assume that fZ-L, i€ I,1is a (F ) pJLci
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P @ (2,y), k€ K™ (y)

hold for all z € 2 U Y. Therefore, they are also satisfied for
z =z € (). Thus, inequalities (39)-(43) yield, respectively,

sz(fL') - fiL(y) > F (%y; vfiL (y)) +

(44)
pfd (x,y), i€,
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@) = f7(y) 2 F (2,y: VI () + 5) Since F' is a sublinear functional with respect to the third
p?_ d2 (2,y), i€ 1, component, therefore, (56) gives

D jeay) M9 (T) + X e sy 139, (Y)—

9;(z) —g,(y) = F (z,4: Vg, (y) +
@6)  Prer+wur- () &M (@) = Erer+ wur- ) Eehny) 2

pg,d* (). JE€JI(Y),
m(@) =) 2 F @uVhe )+ F (25 S e 15995 0+ Sherc o ) &V )
o A (z,y), ke KT (y), + [ZjeJ(y) 1iPg; T D kerc+(y) Eropy, —
—he(@) + hi(y) 2 F (@,5: =Vhi (9) + s S Enin | & (@1).
Pﬁkd2 (z,y), ke K~ (y). Taking into account Lagrange multipliers p; = 0, 7 ¢ J (y)

= Kt K~ h
By the feasibility of (y, A“, AV, x,€) in problem (IVD), it and & N 0.k ¢ (y): (), we a\;e
follows that Zj:l g, () — Zj:l 139, (Y) + D k= Exhu(z)—

N F@) = NP fE(y) 2 MPF (2, Y (y),) + St &hie(y) 2 F (x,y;zy;l wivVg; (y) +

(49)
Ao d? (x,y) i€, .
Sy &R (W) + [Zesty) HiPo,

(50) EkeK+(y) fkptk - ZkGK*(y) fk/);:k} d? (z,y).
By z € , (y, A", AV, 11, &) €T, it follows that

)‘gjfo(x) - /\gfo(Z/) 2 /\ZUF (x,y;VfiU (y)) +
)\'E]p][{ld2 (‘ray) 7i S 17

138, (@) ~ 10, W) S E VG (29 s 15 V95 () + Sy 66 Vi (9)) +
1ipg,d* (x,) .5 € T (y), [Z JJ=1 ;jp; +Zk€Kli=(1) o o
Sehi(x) = Eehi(y) Z & F (2,55 Vi (y) + (52) S 1 .
Sy 42 (2,y) k€ KT (y), 2 kek-(y) fkﬂhk} d* (z,y) = 0.
Combining (55) and (57), we get

Ehi(z) — Eehi(y) = =& F (2, y; =V (y)) —
Ekpp, 4% (z,y) k€ K~ (y).
Combining (49) and (50), we have

i AP (@) + 2D A fE () -

(53) T APE (2, VIE () +
PN F (2,y; VY () +
F (xy Do 1V g5 (y) + ko &V e (y)) +

P AN ) =S A () 2 [0 Mok + S0 A0, + Yy i+
L .o fL P \U .o U _
il 1)\1F(5C,y7vf» (y ))—1—2-, A F(x y; Ve (y )) ZkGKJr(y)gkp;k_Zker(y)kahk} d? (z,y) < 0.
+ Zi:l )‘fijf,.d (z,y) + Z d2 (z,9). (58)
' (54) Using the sublinearity of the functional F' (with respect to the
Hence, (34) and (38) yield third component), we have
LN (2 fo () + SL N F (2,4: 9 £7 (v) (s (R XVIE ) + D AV W)+
: iVg; h
+ [ AP+ A } d? (z,y) < 0. 2511V () + 2kt & Ve (0)) +
) ) (55) [ Pfl Zz 1 Ai pf +Zjej(y Hipg;+
Adding both sides of (51)-(53), we get
. . ) kPl = Yoker—(y) SkPh, | 4 (2,y) <0
2 ety M9 (@) + 2 sy Hi9, (W) — REKH(y) SkPhy ™ £akeK~ (y) hk} (59)
Zkelﬁ(y)UK—(y) Ehi(x) — ZkeK*(y)UK’(y) Erhi(y) By assumption, y 7_ +>°0 )\zUij”/;_FZjeJ(y) ujp.gj +
> Ses #iF (@9 V95 () + Lkercr() §kPh, = ZkeK (v) SkPn, = 0- Henee, (59) yields
F(x,vy; PV AV L AV
ke o & F (5, Vi () + (o (B NVA W)+ D AVA W)+
Ve () + i & VR < 0.
Seenc ) (-6 F (2, ~he () + [y 00, Zia 1679 1)+ s 60 )
. ~ By the feasibility of (y,A\*,AY, 4, &) in problem (IVD), it
Zk€K+(y) §k/’hk - Zker(y) fkphk] d? (z,y) £ 0. follows that the following inequality
(56) F(z,y;0) <0
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holds, contradicting (3). This completes the proof of weak
duality. =
If stronger hypothesis of (F, p)-convexity is imposed on the
objective function, then the following stronger result is true:
Theorem 16: (Weak duality): Let = and (y, A", AU, 11, €) be
feasible solutions for problems (IVP) and (IVD), respectively.
Furthermore, assume that f&, i € I, is a strictly ( F, pJLci -

convex function at y on QUY’, fiU, i € I,is astrictly | F)| p? -
convex function at ¥ on 2UY, each constraint function g;,
j € J(y), is a (F, pgj)-convex function at y on Q U Y,
each constraint function hy, k € KT (y) = {k € K : & > 0},
is a (F,p;; )-convex function at y on QUY, each function
~hp, k€ K~ (y) ={ke K: §k<0} isa (Fp;)convex
function at y on QU Y. If Y7 L4 3 7+
2jerty) MiPa; T Lker (y) gkphk Zkel{ ) @fphk = - 0,
then the following inequality f () <rv f (y) and f; (z) <ru
fi (y) for at least one i € I cannot hold.

Theorem 17: (Strong duality): Let  be a weak LU-Pareto
solution (LU -Pareto solution) in problem (IVP) and the Kuhn-
Tucker constramt qualification be satisfied at . Then there
exist A~ € Rp 2 oe me i € R™ and £ € RY such
that (z, )\ ,)\ , u,f) is feasible in (IVD) and the objective
functions of (IVP) and (IVD) are equal at these points. If
all hypotheses of the weak duality theorem (Theorems 15 or
16, respectively) are also satisfied, then (f, XL,XU,ﬁ, E) is a
weak LU-Pareto solution (LU-Pareto solution) of a maximum
type in problem (IVD).

Proof. By assumption, = is a LU-Pareto solution (weak
LU-Pareto solution) in problem (IVP) and the Kuhn-Tucker
constraint qualification is satisfied at Z. Then there exist
XL € RP, XU € RP, i € R™ and £ € RY such that the
Karush-Kuhn-Tucker necessary optimality conditions (6)-(8)
are satisfied at T with these Lagrange multipliers. Therefore,
the feasibility of (z N AV, 7,€) in problem (IVD) follows
directly from the conditions (6)-(8). Hence, the objective
functions of problems (IVP) and (IVD) have the same val-
ues at T and (f, XL,XU,E,E , respectively. From the weak
duality theorem (Theorem 15 or 16, respectively), it follows
that the inequality f(Z) <rv f(y) (f (&) =rv f(y) and
f&(@) <pu fx(y) for at least one k € K) cannot hold for
any feasible point (y, AU, u,f) in dual problem (IVD).
Hence, we conclude that (Z, X", A ,7,&) is weakly LU-
efficient (LU -efficient) of a maximum type in problem (IVD).
This completes the proof of strong duality. m

Theorem 18: (Converse duality): Let (y, XL,XU,E, E) be
a weakly LU-efficient (LU -efficient) solution of a maximum
type in Mond-Weir dual problem (IVD) such that § € Q.
Further, assume that f2, i € I, is a ( F, pJLci -convex function

at yon QUY, fiU, i€ 1,is a (F, p%_)—convex function
at 7 on QU Y, each constraint function g;, 7 € J (), is

a (F, py,)-convex function at 7 on Q UY, each constraint
functlon hi, k€ KT (y) ={ke K :§, >0}, isa (F,p; )-
convex function at ¥ on €2 UY, each function —hy, k €
K-(y)={keK:§ <0},isa(F, p;k)-convex function at

ISSN: 1998-4464

yon QUY and Y F_
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a 1)‘¢LP2+Z§:1 /\EJP%"‘ZJ'GJ@) Hjpg; +
kerct@) Skl — 2okei ) ErPh, = 0- Then 7 is a weak
LU-Pareto solution (LU -Pareto solution) in problem (IVP).

Proof. The proof of this theorem follows directly from weak
duality (Theorem 15 or 16, respectively). m

A restricted version of converse duality for (IVP) and (IVD)
is the following result:

Theorem  19:  (Restricted duality): Let

7, XL,XU,E, E) be feasible in Mond-Weir vector dual

problem (IVD) with the multiple interval-valued objective
function. Further, assume that fiL, i € I, is a (strictly)

(F, pJLci)-convex function at ¥ on QU Y, fY, i € I,

converse

is a (strictly) (F, 7, )-convex function at ¥ on Q U Y,

each constraint function g;, j € J(¥), is a (F,py,)-
convex function at § on €2 U Y, each constraint function
he, k € K*(7) {keK:& >0}, is a (Fpf )-
convex function at ¥y on Q U Y, each function —hyg,
ke K- = {ke K:§ <0}, 1sa(th)convex
function at 7 on Q U Y andiz:i=1 )\1- pfi + Zifl A p? +
Y jerm) FiPa; + Lerc+m) ErPhy — Dker—(g) kPhy = 0-
If there exists T € ) such that f(Z) = f(¥), then T is a weak
LU-Pareto solution (LU-Pareto solution) in the considered
differentiable multiobjective programming problem with the
multiple interval-valued objective function (IVP).

Proof. By means of contradiction, suppose that T is not a
LU-weak Pareto solution in problem (IVP). This means, by
Definition 5, that there exists T € € such that

f’L( )<LU f’L( ) (60)
By assumption, f(Z) = f(¥). Hence, (60) yields
fi(@) <cu fi(Y). (61)

By the definition of the relation <y, (61) gives that for each
1€1,
(ff@ < ft@ ~ 7@ < 17 @)
or (ff@ = fF@ A 1@ <7 @)
or (f1@ < fF@m ~ 7@ <7 ®)-

By y,X ,X ,fi) € T, it follows that N > 0, 3
Hence, the above inequalities yield

Z)‘kfk Z)‘kfk <Z>‘kfk:
k=1

p

Y

k=1
(62)

By assumption, fL, i € I,is a (F, pJLci -convex function

at g on QUY, fiU, 1€ 1,is a
at 7 on Q UY, each constraint function g;, j € J(7), is

(F Py; ) -convex function at 7 on Q UY, each constraint
functlon he, k€ Kt (7) = {k e K:&, >0}, isa (F,p )-
convex function at ¥ on Q UY, each function —hy, k €
K-(y)={keK:§, <0},isa(F, p;k)-convex function at

F, p% -convex function

7y on QUY . Hence, by Definition 3, the following inequalities

fF@) =@ 2 F (25 @),) +

(63)
pfd*(2,7), i€ 1,
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PG - fP@) 2 F (25 VI7 @) + o)
p[f]Ldz (Zvy) ai € Ia
9,(2) —g,m) 2 F(2,5;Vg; (7)) +
(65)
pg,d* (2,7).j € J (@),
hi(2) = hi (@) 2 F (2,7; Vi (7)) + 66)
o d*(2,9), k€ KT (),
—hi(2) + hie(W) 2 F (2,5 —Vhi (7)) +
(67)
P @ (2,7), k€ K~ (y)

hold for z € QUY. Thus, they are also fulfilled for z = € Q.
Hence, (63)-(67) yield, respectively,

@ -k z F (2,3 Vf-L @),)+
(68)
( ,y),ZGI,
U X
ff@-ffyzF (@ y,Vf (y)+ )
d*(z,y). i€,
9,(x) -9, 2 F(z,75; ng @)) + 70
pg, @ (Z,7), jeJ(@),
hi(Z) — hi(¥) 2 F (2,7; Vhe (7)) + an
o d*(Z,5), ke KT (7),
—hi (%) + hi. () 2 F (2,7, —Vhi () +
(72)
P2 (2.7), k€ K~ ().

By the feasibility of (y, XL,XU,E, E) in problem (IVD), it
follows that

X EE) - N IE@) 2N F (75 VI @),) + .
A pLd2(w ), i€l
X U@ - Y@ =N F @5 VY @)+ o
i pUdQ(:c y), i€l
B,9,(%) —1;9,(Y) 2 0;F (%,7;Vg; (7)) + 7s)
fipg,d® (T,5), j€J (@),
Ephi (@) — Ehi (W) 2 &, F (T,9; Vi (9)) + 76)
Eeop P (Z,y), ke KT (),
Ehi(T) — Ehi(Y) 2 =&, F (T, hi (7)) —
(77)
Eppp, d? (:m?), ke K~ (y).

Adding both sides of inequalities (73) and (74) and, moreover,
adding both sides of inequalities (75)-(77), respectively, we get

N @ SN Y @)
AZLXﬁ@figﬁﬁ®z
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2jesm
ZkeKJr(y)U}(— @) gkhk (?)

> jeam) P9, (T) — 1i9,(U)+
kEK+ ()UK~ (Y) Ekhk(i) -
Z Y icim BE (2,7 Ve (1) +
D keK+ (@) & F (2,7 Vhy, (7)) +

Sre- ) (&) F @5 —Vhe @) + [Sesm o,

okeK+ @) Ekpik — Y kek-(@) gkﬂﬁk} d? (z,7).
(79
Thus, (62) and (78) imply
—L - .
f:l NF(z, g VE®@) +
PN F(F, v VI @) + (80)

[ APf + 2N %]dQ(ﬁé,@Ro.

Since F' is a sublinear functional with respect to the third
component, (79) yields

ZjEJ(?)Pjgj(~) Z]EJ(U) 139, (y)+
ZkeK*@)UK*@) &l (T) — ZkeK+(y)uK @) Q)
F(%,g; Yjerq HiVe; (W) +

ket @uk ) Ck Vi @)) + [ZjeJ@) Fijpg;+

z

Pokek+ @) gk:p:k — Y kek- (@) gkﬂﬁk} d? (z,7).

Taking into account Lagrange multipliers z; = 0, j & J (7)
and £, =0, k¢ Kt (y) UK~ (), we have

ST 9, (@) = 307 19, (@) 2y Sl (@) —

Sy &l @) 2 F (3,55 X500 7, V95 (1) +

_ (81)
ko1 &V (7)) + [ZjeJ(y) Hjpg;~+
ke K+ (@) Eepp — DkeK-(3) Ekpi_bk:| d*(z,7).
By T € Q, (y,XL,XU,ﬁf) €T, (81) gives
F (7520 V9, @) + 24, &V (7)) +
[ng@) Wipg; + ZkeK+(§) gk/’:k_ (82)

2 kek-(3) Ekﬂﬁk} d*(z,7y) = 0.
Combining (80) and (82), we get
—L - . L -
PNF @GV @) XN FEE V@) +

F (&5 S5 Ve @) + S & Vhe @) +

P ONF (7 y7VfL( ) + 200 7@ _
! < )+ P&y ) { i= 1/\1 Pf DD P}]ﬂ‘ ZjeJ(y) Hjpg;~+
+Zz 1 z (33 Z/)+Z ?d (Z‘ y) - 4 — _ 9 i~
(78) ZkeK+(§) §kPh,— Zkex—@) fkﬂhk] d* (z,7) <0.
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Using the sublinearity of the functional F' (with respect to the
third component) again, we obtain

F (ﬁ Y; (Z?:l vafiL @) + >0, ngfiU (@) +
S V5 (@) + X &V (@) ) +
[0 X o + S X Y+
X e FiPai + et @) SrPin,

2okeK- (@) EkPEJ d*(z,y) <.

(83)

. ~L ~U _
By assumption, 37 ; A o +327 1 A P52 icim) APy, +
ket @) Skl — Dkex- () EkPh, = 0. Thus, (83) implies

F (7.5 (S N VI @) + 20 X VI @)+
STV (0) + Y &Vhe (3))) < 0.

By the feasibility of (y, YU g, E) in problem (IVD), it
follows that the following inequality

F(Z,7:0) <0

holds, contradicting (3). This means that = is a weak LU-
Pareto solution of the considered interval-valued vector op-
timization problem (IVP) and completes the proof of this
theorem. m

V. CONCLUSION

In the paper, we have considered a differentiable vector
optimization problem with the multiple interval-valued objec-
tive function and with both inequality and equality constraints.
The Karush-Kuhn-Tucker necessary optimality conditions for
a weak LU-Pareto solution in such differentiable vector
optimization problems have been derived under the Kuhn-
Tucker constraint qualification. The sufficiency of the Karush-
Kuhn-Tucker necessary optimality conditions for weak LU-
Pareto optimality (LU-Pareto optimality) have been estab-
lished under assumptions that the involved functions in the
considered differentiable vector optimization problem with the
multiple interval-valued objective function are (F), p)-convex,
not necessarily with respect to the same p. Further, for the
considered differentiable multiobjective programming problem
with the multiple interval-valued objective function, its Mond-
Weir vector dual problem with the multiple interval-valued
objective function has been defined and several duality results
have been proved also under the concept of differentiable
(F, p)-convexity. Hence, the optimality conditions and duality
results established in the paper are applicable for a larger
class of nonconvex differentiable vector optimization problems
with the multiple interval-objective function than similar ones
existing actually in the literature.
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