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Abstract— Recently, several Boundary Value Methods (BVMs) 

have been developed to overcome the limitations of the popular 

Linear Multistep Methods (LMMs). In this work, we introduce a new 

class of BVMs called the Hybrid Boundary Value Methods 

(HBVMs), which are based on the LMMs by utilizing data at both 

step and off-step points. Numerical tests on both linear and nonlinear 

stiff systems were presented so as to illustrate the process by using 

the specific cases: 4 and 6k  . The results were of high accuracy as 

the Rate of Convergence (ROC) of the solutions were compared to a 

symmetric scheme known as Extended Trapezoidal Rule (ETR) of 

order 6. 

 

Keywords— Boundary value methods, hybrid formula, initial 

value problems, linear multistep method, stiff systems.  

I. INTRODUCTION 

UE to the modelisation of real world phenomena, the 

numerical approximation of solutions of Differential 

Equations (DEs) continues to be an active field of 

investigation. 

In this paper, our focus will be on the first order Initial 

Value Problem (IVP) of the form: 

      ,y f x y  ,   0 0y x y ,   0 , Nx x x          (1.1) 

 where all : m mf   are continuous functions and satisfy the  

conditions for existence and uniqueness of solutions, which are 

guaranteed by the theorem of Henrici in [1]. 

Numerical analysts have developed several numerical 

methods for the solution of this type of IVP and other types of 

Differential problems [2] – [7]. Among such methods, we have 

the Linear Multistep Formula (LMF), which is of the form: 

   
0 0

k k

r n r r n r

r r

y h f  

 

              (1.2) 

Several modifications of these formulas have been 

introduced, which include, but not limited to, the hybrid 

methods. These hybrid methods share the characteristic 

property of Runge-Kutta methods, which are more flexible 

than the LMMs in the way they are used as data are been 

utilized at off-step points [8] – [12]. 
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We define a stepk   hybrid formula to be a formula of the 

type: 

0 0

k k

r n r r n r v n v

r r

y h f h f    

 

          (1.3) 

where
r ,

r are constants,  0,1, ,v k and  ,n v n v n vf f x y   . 

Although the LMMs are used for the approximation of both 

IVPs and Boundary Value Problems BVPs (via the shooting 

method), they however have limitations: requiring starting 

methods or values, stability problems (Dahlquist barriers) [13], 

and so on. 

The new Boundary Value Methods (BVMs) were 

introduced to overcome these limitations. For instance, the 

same continuous scheme used to generate the main methods is 

also used in generating the additional methods, which are then 

applied at the end points thereby avoiding some of the stability 

problems encountered by the LMMs [14]. 

Several BVMs have been developed and used for the 

numerical integration of ODEs, PDEs, and so on [14] – [25]. 

Also their convergence and stability analysis have been fully 

discussed. For a comprehensive work on BVMs, see [26]. 

Our focus in this work is to develop new BVMs that utilize 

data at off-step points and which will be called Hybrid 

Boundary Value Methods (HBVMS). In deriving these 

methods, we will be adopting the Adams Moulton methods, 

which is a LMM of the form: 

1

0

k

n k n k i n i

i

y y h f   



             (1.4) 

II. OVERVIEW OF THE BOUNDARY VALUE METHODS [27]- [28] 

In this section, we present an overview of the BVMs. 

Consider the IVP in (1.1). To approximate this problem, we 

consider the k-step LMF:  

    
0 0

k k

r n r r n r

r r

y h f  

 

             (2.1) 

This discrete problem needs k  independent conditions to 

be imposed so as to get the discrete solution  ny . Now, the 

first 1k   values need to be generated, since the IVP (1.1) has 

provided the first value
0y . Hence, we are to obtain the 1k   

values: 
0 1, , ky y 

 of the discrete solution. 

By this process, we say that the given continuous IVP has 

been approximated by means of a discrete IVP and this is what 

is known as IVM. 
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On the other hand, if we decide to fix the first 1k  values of 

the discrete solution, 
10 1, , ky y 

 and the last 2k  values of 

the discrete solution, 
2 1, ,N N ky y  

 such that 
1 2,k k  are 

integers and 
1 2k k k  . The discrete problem becomes. 

2 2

1 1

1 1

k k

r k n r r k n r

r k r k

y h f    

 

            (2.2)

 

By this, we have succeeded in fixing the first 1k  and final 

2k  values of the discrete solution. 

By this process, we say that the continuous IVP has been 

approximated by means of a discrete BVP and this approach is 

what is called BVM.  

III. DERIVATION OF METHODS (HBVMS) 

We shall construct, via interpolation and collocation, 
methods of the form: 

 1
2

1

0

k

n v n v r n r

r

y y h f   



     

where  

1
,     for odd 

2

,       for even 
2

k
k

v
k

k




 



  

For example for 1k   , 1v   we have the formula 

1 1
2 2

1 0 0 1n n n nn
y y h f f f   

    
 

  

After the derivation, we implement these LMMs as BVMs 

while considering two specific cases: 4 and 6k  . 

A. For case k=4 

The main method is as follows: 

  1 3 5 7
2 2 2 2

1 2

3 1 3 4

13 5494 10870

5494 13
28350

32 7 551 7

n n n

n n n n

n n n n

f f f
h

y y f f

f f f f

 

   

   

 
  

 
    

 
     

  

which is used together with the following initial methods: 

1 1
2 2

3 5 7
2 2 2

0 1 2

1 3 4

33953 3244786 1317280

294286 7297 1375594
7257600

1752542 755042 68906

f f f
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f f f
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  

     
 
   
 

 

3 1
22
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5
2 1 3 5 7

2 2 2 2

0 1 2 3 4

1
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f f f f fh
y y

f f f f
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and the final methods 
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2 2
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7
2

7
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1 3 5
2 2 2

1

1 2 3 4
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B. For case k=6 

The main method is as follows: 

1 3
2 2

5 7
2 2

9 11
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which is used together with the following initial methods: 

1 1
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3 5
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and the final methods 
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IV. NUMERICAL EXAMPLES 

In this section, we apply the HBVMs of order 4 and 6 

derived in the previous section to two (2) stiff systems. For the 

first problem, the methods are compared with Extended 

Trapezoidal Rule (ETR) of order 6, which is the first 

symmetric scheme (BVM) introduced by Amodio and Mazzia 

(1995) [18]. 

 

Problem 4.1: Consider the linear first order stiff system [28]: 

1 1 2 321 19 20y y y y      

2 1 2 319 21 20y y y y     

3 1 2 340 40 40y y y y     

for  0 0 4x , .  

with initial conditions: 

 1 0 1y  ,   2 0 0y  ,   3 0 1y    

and with exact solutions: 

 2 40

1

1 1
sin 40 cos40

2 2

x xy e e x x     

 2 40

2

1 1
sin 40 cos40

2 2

x xy e e x x     

        
 40

3 sin 40 cos40xy e x x   

 

 

Problem 4.2: Consider the nonlinear first order stiff system: 
2

1 1 21002 1000y y y     

 2 1 2 21y y y y     

for  0 1x ,  

with initial conditions:     1 0 1y  ,   2 0 1y   

and with exact solutions:   2

1

xy e ,     
2

xy e       
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Fig. 1: Exact Solution of Problem 4.1 

 

 

 

 

 

 
 

Fig. 2: Approximate Solution of Problem 4.1 computed with 

HBVM (k = 4, h = 0.005) 

 

 

 

 

 

 
 

 

Fig. 3: Approximate Solution of Problem 4.1 computed with 

HBVM (k = 6, h = 0.005) 

 

 

V. CONCLUSION 

In this paper, we have proposed the hybrid of the Boundary 

Value Methods, which are new class of methods that are based 

on the Linear Multistep Methods. We implemented the Adams 

Moulton methods as BVMs for the numerical approximation 

of linear and nonlinear stiff systems. The Adams Moulton 

methods were derived through interpolation and collocation 

procedure by utilizing data at both step and off-step points. 

Numerical tests confirmed that these methods give high 

accuracy results as the results were very close to their 

analytical solutions. 
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Table I: Maximum errors for HBVMs of order 4 and 6 with ETR of order 6 (Problem 4.1) 

 

h 

ETR of order 6 

e


               Rate 

HBVM of order 4 

e


                Rate 

HBVM of order 6 

e


                Rate 

4e-2 5.4985e-02 - 1.2226e-02 - 1.8315e-02 - 

2e-2 6.2297e-03 3.14 3.5013e-04 5.13 8.8319e-05 7.70 

1e-2 3.23923-04 4.27 1.9979e-06 7.45 5.4155e-08 10.67 

5e-3 8.0594e-06 5.33 8.8177e-09 7.82 5.4248e-09 3.32 

2.5e-3 1.5402e-07 5.71 2.7689e-11 8.31 2.4902e-10 4.45 

 

 

 
  

Table II: Maximum errors for HBVMs of order 4 and 6 (Problem 4.2) 

 

h 

HBVM of order 4 

e


                Rate 

HBVM of order 6 

e


                Rate 

1e-1 6.38392e-12 - 4.92964e-10 - 

5e-2 4.07419e-12 0.65 4.62916e-10 0.09 

2.5e-2 1.97988e-12 1.04 3.72713e-10 0.31 

1.25e-2 5.33658e-12 1.43 8.62215e-10 1.21 

6.25e-3 4.56693e-12 0.22 5.00906e-10 0.78 
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