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Coupled Method for Solving Time-Fractional
Navier-Stokes Equation

S. O. Edeki, and G. O. Akinlabi

Abstract— This paper witnesses the coupling of two basic
transforms: the He-Laplace transform (HLT) which is a blend of
Laplace transformation and Homotopy perturbation methods and the
fractional complex transform (FCT). This coupling technique is
applied for the solutions of the time-fractional Navier-Stokes model
equation. Two examples are considered in demonstrating the
effectiveness of the coupled technique. The exact solutions of the
solved problems are obtained with less computational work, while
still maintaining high level of accuracy with little knowledge of
fractional calculus being required. Thus, the proposed method is
recommended for handling linear and nonlinear fractional models
arising in pure and applied sciences.

Keywords— Fractional complex transform; Analytical solutions;
Laplace transform; HPM; Navier-Stokes model.
IN applied sciences, Navier-Stokes equations (NSEs) act as

vital models used in describing the physics of many
phenomena of scientific and engineering interest. They have
wider applications in modelling of weather, ocean currents,
water flow in a pipe and air flow around a wing. These NSEs
establish the connection between pressure and external forces

acting on fluid to the response of the fluid flow [1]. In general,
we consider the time-fractional NSE of the form:

I. INTRODUCTION
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where W is the flow velocity, W is the velocity, V is the
kinematics viscosity, P is the pressure, t is the time, p is the

density, and V is a del operator. For a one dimensional motion
of a viscous fluid in a tube; the equations of motion governing
the flow field in the tube are Navier-Stokes equations in
cylindrical coordinates [1, 2]. These are denoted by:
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where P = —E.

Jolo/4
In relation to stochastic dynamics, it appears a tradition to
represent the solutions of partial differential equations
associated with the Navier-Stokes models as the expected
functionals of stochastic processes [3, 4]. In that regard, a
coupled forward-backward stochastic differential system
(FBSDS) is formulated in spaces of fields for the
incompressible Navier-Stokes equation in the whole space [3].
Providing solutions (numerical or exact) to linear and
nonlinear differential equations has led to the development and
adoption of direct and semi-analytical methods [5-7]. A lot of
semi-analytical, analytical, and approximate methods have
been proposed in literature [10-30].
Fractional Complex Transform (FCT) transforms fractional
order differential equations to integer differential equations
with the help of Riemann-Liouville derivatives [31-33]. FCT
as a solution method for fractional differential equations
(FDEs) was first proposed by [34]. The notion of Jumarie’s
fractional derivative is introduced as follows before the
overview of FCT.
In this work, our aim is to provide analytical solutions to the
NSEs using the He-Laplace method which combines the basic
features of the Laplace transform and those of He’s
polynomials method.

Let E be an integral or a differential operator on the equation
of the form:

THE OVERVIEW OF THE HE-LAPLACE METHOD [35, 36]

E(3)=0. (2.1)
Let H (S, p) be a convex homotopy defined by:
H(3,p)=pE(3)+(1-p)G(3JI) (2.2)

where G(S)is a functional operator with 3, is a known
solution. Thus, we have:

H(3,0)=G(3) and H(3,1)=Z(3)
whenever H (3, p) =0 is satisfied, and p € (0,1] is an

embedded parameter. In HPM, P is used as an expanding
parameter to obtain:

(2.3)
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~ S j < ~ ~ 2
I=D p'3, =3+ p3,+ pPT, + - (2.4)

=0
From (2.4) the solution p—1. The

convergence of (2.4) as p — 1 has been considered in [25].

is obtained as

The method considers N (3) (the nonlinear term) as:

. :iijj
=0

where H, 'S are the so-called He’s polynomials, which can

(2.5)

be computed using:

Hi(‘SO"Sl"SZ"S?ﬂ "si) ilapi(N{j_o pj‘sljlo’ n=0
(2.6)
A. The He-Laplace Method
Let +’r(y’, Y, X) =f (X) expressed as:
¥+ py+p9(¥)=9(x), ¥(0)=8 @7

be a first order initial value problem (IVP), where P, (X) and

g (_)L) respectively,

g (_)L) a nonlinear function and ¢ (X) a source term. Suppose

p, (X) are coefficient of 3y and

we define the Laplace transform (resp.
transform) as I:{()} (resp. c? {()}) So the Laplace

transform of (2.7) is as follows:

iy f+ Lo+ L9 (1)) = L{g (¥} @9
Applying linearity property of Laplace transform on (12)
yields:

iyt b+ pb{g(w)i=L{g ()} @9
Therefore, by differential property of Laplace transform, (2.9)
is expressed as follows:

sL{x} - 3(0)= Lo ()} ~(pLix}+ p.L{g(x)})

inverse Laplace

(2.10)

-+ ¥(0) U S T PN U
Rt a ey Rpren I IO LA EICOTIE
(2.11)

Thus, by inverse Laplace transform, (2.11) becomes:

) (1 [He()
¥(x)=H(x)+L (5+p1){—pzl:{g(-y)}} (2.12)
~ B
L ((Serl))_H(x). (2.13)

Suppose we the solution _)L(X) assumes an infinite series,

then by convex homotopy, (2.12) can be expressed as:
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Ll (x)}
—psz{i p'H (

i=0

)

(2.14)

where g(¥ for some He’s polynomials

=2 P'H(Y)
i=0
H,,and p an expanding parameter as defined earlier.

B. Jumarie’s Fractional Derivative (JFD)

It is noted here that JFD is a modified form of the Riemann-
Liouville derivatives [22]. Hence, the definition of JFD and its
basic properties as follows:

Let h(v) be a continuous real function of v (not necessarily

a

differentiable), and D;'h = o'h
ov

denoting JFD of h, of

order & w.r.t. V. Then,

F(ia)%-‘.:(v_ ) “(h(2)=h(0))d2, @ (~0,0)
o= r(ll_a)%lw—ﬁ)‘“<h<4>—h<o>)da, ae(01)
(h )" @ e+, 21

(2.15)
where F() denotes a gamma function. As summarized in
[20], the basic properties of JFD are stated as P1-P5:

P1: Dik=0, >0,

p2: Dy (kh(v))=kDyh(v), a >0,

P3: DZVv/ =%v’"“, B>a>0,

o D ()R (v) = DR (v) (h (v)
+hy (V) Dy (v)

ps: D (h(v(g)))=Dih-Dyv,

where K is a constant.

Note: P1, P2, P3, P4, and P5 are referred to as fractional
derivative of: constant function, constant multiple function,
power function, product function, and function of function
respectively. P5 can be linked to Jumarie’s chain rule of
fractional derivative.

I1l. THE FRACTIONAL COMPLEX TRANSFORM AND DTM

Here, we briefly introduce the concept of the FCT and the
RDTM.
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A. The Fractional Complex Transform

Let us consider a general fractional differential equation of the
form:

f (ZU, Dfw,D{w,D;w, Dzyw) =0, w=a(t,X,Y,2). (3.1)

Then, the Fractional Complex Transform [24] is defined as
follows:

at”
sz’ ae(O,l],

bx”
=———, p(01],

I'(1+ ) =(0.4) (32)

__ o
Y_F(l+/1)’ /16(0,1],

dz”
Z—m, ]/E(O,l],

where a, b, ¢, and d are unknown constants.
From P3,

Dey# =M
! r(1+p-a)

DT =D/ {

Vi B>a >0,

at” a
— Data
F(l+a)} F(l+a) ‘

F(lia){r(rl(j;i)}tm =a. 69

Obviously in a similar manner, using properties P1-P5, and the
FCT in (2.3), the following are easily obtained:

" G“T
t =4,
Cot”
y;
prx =%,
ox*?
oy (3.4)
DjY = Y =,
V4
prz-9%_4g
0z’

Hence,
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Di@(t,xy,2)=Dfw (T (t))=Dta@- DT = aa—‘TU

Y L s ow
D/@(t,x,y,2)=D/@ (X (x))=Dy@ DX = b=
Dj@(t,x,y,2)=D/a@ (Y (y))=D;w- DW—CZ—:{U,
D/@(t,x,y,2)=D/w(Z(z))=D;m- Dszdaa—?

(35)
Diw (t,X,y,2)=Dfw (T (t))
. 0
- D! ~DtT=aa—_ZI_D, (3.6)

X

D/ (t,x,y,2)=D/m (X (X))

0
=Dlw-D/X :ba—;v, (37)

Do (t,x,y,2)=Dja@ (Y (y))
=Djw- D‘Y_ca—w, (3.8)

oY

Diw(t,x,y.2)=D/m(Z(z))
=D,w-D/Z= 492 3.9
;@ o7 3.9)

IV. APPLICATIONS:
In this section, the proposed method is applied to time-
fractional Navier-Stokes models as follows:

A. Problem 1:

Consider the following time-fractional Navier-Stokes
model:

oy _dy Loy

ot* aEr £ oE]

w(&,0)=¢.
Procedure w.r.t Problem 1:

Solution procedure:
By FCT,

at”
I(l+a)

(4.1)

T=

. . . . u ou
which according to section 3 gives D/ u :E for a=1.

Hence, (4.1) becomes:
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ow 82W+ 1 ow
or on’ 877 (4.2)
w(7.0)=7
We take the Laplace transform (LT) of (3.1) as follows:
2
L 8"”:8‘/;+la"” 4.3)
or o0& & 0¢
~ 0 _ [ 92
= L{y/}zl//( )+1L a—"f+ia—w . (4.4)
S s |0&° & o0&

C* {()} of

By applying the inverse Laplace transform,

[{()} on both sides of (4.4), we have:

C 1L{82_1// 1aw}
o) s legt gas

+E‘l{§},w=l//(§,t)

=&+ El{lL{a—l/’ 18‘”}} (4.5)
s |08 & os
By Convex Homotopy approach (4.5) becomes:
1 oy,
py;=&+L0 p'”( v —j} :
Z { {Z o8 ¢ ac
(4.6)

Thus, comparing the coefficients of the p powers in (4.6)
gives:

P 1w, =77
2
p = 20 DV 2V L
S o0& & o0&
2
P2y, = 0| T 2L
S o0& & o0&
2
R R L
S o0& & o0&
2
(4) . ! ll: a‘//s_'_lal//s
bV {s {652 goclf
6., —(1)ip)0v., 1oy,
b {s {aesz £oe ]|
- ~ | %y oy
p(J):sz 1 EL ‘//,2-1 10y, iz
S o0& & o0&
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So, for y, = &, we have the following:
17?2
Wo=¢, ‘//z=§?7
v, = 75T4 19845 T°® (4.7)
4 71 6_—TH'“
8 & 16 ¢
T 3T
Wl:? ‘//325?’
735T° 343035 T . (4.8)
Ve=—45" 8 59’ 7—T?f"
(3.8)
Thus, the solution of (4 2) is as follows:
o, T 1T 3T 75T
weT)=| ¢ 2€ 2Ee e
’ 735T° 19845T° 3430357’
T @1 & 16 &
o X3 x5 x-ox(20-3)" 1_,
=§+; o ;T (4.9

Hence, the exact solution of (4.1) is:

~ © 11><3Z><52><---><(21—3)21 t* l
U(f,t)—§+ §21 1 {F(l-ﬁ-a)j

(4.10)
Our solution (4.10) is very much in line with those obtained in
[2, 23].

=1

B. Problem 2:

Consider the following time-fractional Navier-Stokes model:

o0“w o’w  1ow
= +

a P v @1
subject to:

w(r,0)=1-r?. (4.12)
Solution procedure:
By FCT,

o at”

T(l+a)

. . _ ) " ou
which according to section 3 gives DU :8_T for a=1.

Hence, (4.5) and (4.6) become:

ow o°w 10w

—=pt—t—,

oT or: ror (4.13)
w(r,0)=1-r%

We take the Laplace transform (LT) of (4.13) as follows:
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[Iow_ +82W 1ow (4.14)
oT r o’ ror '
. w(0) 1- o°w 10w
= Liwl=—""4+=[{p+ o 4.15
wj s s {p or’ r ar} (4.15)

By applying the inverse Laplace transform, I:_l{()} of
I:{()} on both sides of (4.15), we have:

LOw Tow
p or’ ror
"’71 1_r2
il v=y(nt)
- |1~ o*w 1 ow
=(1-r?)+ LN =L p+—+=-"— 4.16
(1-r’) {s {p o’ r ar}} (419

By Convex Homotopy Approach (4.16) becomes:

(1-r)
2 W= SO I DI o*w, 1ow, :
i=0 +L EL{IZD (p'i‘ arz +FEJ}

(4.17)

Thus, comparing the coefficients of the p powers in (4.17)
gives:

p® 1w, =(1-r7)
2
p¥w, = I:‘l{ll:{[p+ d ad +£%]H
S or r or
2
p(z):szil 1[ +8V¥1+£% ,
S or r or
~ |1 - o*wW, 1 ow
G w, ==L 2y=—2
Pt {s { P T ar ]H
p(4) W4 ) - {l I:{ + aZV\ZIS E%J}}’
S or r or
2
p(S):W5=E_1 1[ +8V\2,4 +1% ,
S or r or
o°w

Thus, applying the He-Laplace Method in sections 2.1 and 2.2
to (4.7) gives the solution of (4.7) as:

ISSN: 1998-4464 31

Volume 12, 2018

So, simplifying the process for W, = (1— rz), we have the

following:
w(r,T)=(1-r*)+(p-4)T. (4.18)
Hence, the exact solution of (3.1) is:
(P—4)t°
W(r,t):(l—rz)‘Fm. (420)

Our solution (4.20) is very much in line with those obtained in
[2, 23].
Remark: for p =1, the solution is:
3t”
w(rt)=(1-r*)-———.
(rt) ( ) Il+a)

For ¢ =1, and p=1 we have w(r,t)z(l—rz)—f%t as

the corresponding exact solution.

Here, we present in Fig. 1 through Fig. 6, the relationship
between the exact solutions of the integer cases o =1, and the
fractional cases for @ € Q as regards example 1.

(4.21)

exact solutionia=1 FCT solution: E[=l|

-3.81 b
™,
=
o N,
(=%
3 -4
= W,
3
wi ,
-4, 24 w
hY
LY
_4,44
b %
0 0.2 0.4 0.6 0.8 1
r—parameter

Fig. 1: The solution graph for t=1.5 & r €[0,1]
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exact solutionia=1 FCT solution: u=0.25|

|
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1
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S R L i

1
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L
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Fig. 2: The solution graph for t=1.5 & r €[0,1]

exact solutionto=1 FCT solution: =05 |

[

solution path
| ! ! ! !
Ead | w w L w
e b ? T b "

1

b

I
L

=

0.2 0.4 0.6 0.8
r—parameter

Fig. 3: The solution graph for t=1.5 & r €[0,1]

exact solutionia=1 FCT solution: u=0.?5|

=

-3.64

-3.84

solution path

4,24

4.4

0.4 0.6 0.8
r—parameter

=
e
i
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Fig. 4: The solution graph for t=1.5 & r €[0,1]

| exact solutionto=1 FCT solution: u=0.85|

Volume 12, 2018
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h

_4.44

0 0.2 0.4 06 0.8
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Fig. 5: The solution graph for t=1.5 & r €[0,1]

exact solutionia=1 FCT solution: ct=Cl.95|

-

-3.64

-3.89

solution path
|
oY
N

-4,24 ",

-4 44

0 0.2 0.4 0.6 0.8
r—parameter

Fig. 6: The solution graph for t =1.5 & r €[0,1]

Remark: In Fig. 7 and Fig. 8, the exact and approximate

solutions of problem 1 are displayed respectively. These are

considered at « =1.
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