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Reichenbach and f-generated implications in
fuzzy database relations

Nedzad Duki¢, Dzenan Gusi¢, and Nermana Kajmovié¢

Abstract— Applying a definition of attribute conformance based
on a similarity relation, we introduce an interpretation as a function
associated to some fuzzy relation instance and defined on the
universal set of attributes. As a consequence, the attributes become
fuzzy formulas. Conjunctions, disjunctions and implications between
the attributes become fuzzy formulas as well in view of the
requirement that the interpretation has to agree with the minimum t-
norm, the maximum t-conorm and appropriately chosen fuzzy
implication. The purpose of this paper is to derive a number of results
related to these fuzzy formulas if the fuzzy implication is selected so
to be either Reichenbach or some f-generated fuzzy implication.

Keywords— Conformance, Fuzzy implications, Interpretations,
Similarity relations.

I. INTRODUCTION

I N this paper we relate fuzzy dependencies and fuzzy logic
theories by joining fuzzy formulas to fuzzy functional and
fuzzy multivalued dependencies.

We research the concept of fuzzy relation instance that
actively satisfies some fuzzy multivalued dependency. We
determine the necessary and sufficient conditions needed to
given two-element fuzzy relation instance actively satisfies
some fuzzy multivalued dependency. In particular, for
Reichenbach and some f-generated fuzzy implication
operators, we prove that a two-element fuzzy relation instance
actively satisfies given fuzzy multivalued dependency if and
only if:

1) tuples of the instance are conformant on certain, well
known set of attributes with degree of conformance greater
than or equal to some explicitly known constant,

2) related fuzzy formula is satisfiable in appropriate
interpretations.

Finally, for Reichenbach and some f-generated fuzzy
implication operators, we prove that any two-element fuzzy
relation instance which satisfies all dependencies from the set
F satisfies the dependency f if and only if satisfiability of all
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formulas from the set F' implies satisfiability of the formula

f’'. Here, fg¢F is a fuzzy functional or a fuzzy multivalued
dependency, F is a set of fuzzy functional and fuzzy
multivalued dependencies, F' resp. f' denote the set of fuzzy
formulas resp. the fuzzy formula related to F resp. f .

Il. PRELIMINARIES

We introduce the minimum t-norm (see. e.g., [11], [9],
[12]), the maximum t-conorm (see. e.g., [11], [7]) as follows

T(p&a)=min(T(p),T(a)),
T(pllg)=max(T(p).T(a)).

where 0<T(p), T(q)<1.Here, T(m) is the truth value od
m.

An interpretation Z is said to satisfy resp. falsify formula
f if T(f)z% resp. T(f)gé under Z (see. e.g., [13]).

We introduce the notation following similarity-based fuzzy
relational database approach [16] (see also, [3]-[5]).

A similarity relation on D is a mapping s:D xD —[0,1]
such that (see, [21])

s(x,x)=1,
s(x,y)=s(y.x),

s(x,z)Zn;E%x(mm(s(x,y),s(y,z))),
where D isasetand x,y,zeD .

Let R (U)=R (B,,5;....3,) be a scheme on domains
D;.D,,...D, where U is the set od all attributes B;,5,,...,13,
on D;D,,..D, (we say that U
attributes). Here, we assume that the domain of 5; is the finite
set D;, i=12,..,n.

A fuzzy relation instance r on R (U) is defined as a subset

is the universal set of

of the cross product of the power sets 2P, 2% ... 2P of the
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domains of the attributes. A member of a fuzzy relation
instance corresponding to a horizontal row of the table is
called a tuple. More precisely, a tuple is an element t of r of

the form (d.d,....d,), where d <D;, d =2 (see also, [8]).
Here, we consider d as the value of 3 on t.

Recall that the similarity based database approach allows
each domain to be equipped with a similarity relation.

The conformance of attribute B defined on domain D for
any two tuples t, and t, present in relation instance r and

denoted by B%“" is defined by

min
xed,

,min
xed,

{

where d, denote the value od attribute B for tuple t;, i=1,2

max{s(x,y)}

max{s(x,y)} na

Bh* :min{
yed,

and s:D xD —[0,1] is a similarity relationon D .

If B4 >q, where 0<q<1, than the tuples t, and t, are
said to be conformant on attribute B with q.

The conformance of attribute set X' for any two tuples t;
and t, present in fuzzy relation instance r and denoted by
X% is defined by

(Bh].,

Obviously: 1) X' =1 forany t inr,
2) If X2, then Yt >A4"% forany t, and t, inr,
3 If X¥=(B,.B,,..B,) and B % >q forall ke{l1,2,...m},
then %% >q forany t, and t, inr .

Let r be any fuzzy relation instance on scheme
R (B,.B,...5B,), U be the universal set of attributes

B,.B,,...5, and X,) be subsets of U.
Fuzzy relation instance r is said to satisfy the fuzzy

X4t =min
BeXx

functional dependency X -5>¢ ) if for every pair of tuples t;
and t, inr, Yu° Zmin(e,th'tZ).
Fuzzy relation instance r is said to satisfy the fuzzy

multivalued dependency X —->¢) if for every pair of
tuples t; and t, in r, there exists a tuple t; in r such that:

p el Zmin(e,th'tZ),
Vb zmin(0,4%), (1)

ZLt Zmin(ﬁ,th‘tZ),

where Z=U-XY. Here U-X)Y means U\(Xuv)).

Moreover, 0<@<1 describes the linguistic strength of the
dependency. Namely, some dependencies are precise, some of
them are not, some dependencies are more precise than the
other ones. Therefore, the linguistic strength of the
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dependency gives us a method for describing imprecise
dependencies as well as precise ones.
Fuzzy relation instance r is said to satisfy the fuzzy

multivalued dependency X —->¢ Y, @-actively if r satisfies

that dependency and if B4 >¢ forall BeX andall t;,t,er .

It follows immediately that the instance r satisfies the
dependency X —->¢ Y, @-actively if and only if r satisfies
X -5 Yand x4t > forall t t,er .

Let r={t;,t,} be any two-element fuzzy relation instance
on scheme R (B,,5,,...13,) and 0<e<1.

A mapping Vv, :{B,,5,,...15,} »[0,1] such that

vL(Bk)>% if Bht >,

vL(Bk)s% if bt <e,

k=1,2,...,.n, is called a valuation (or an interpretation) joined
tor and ¢.

Il. RESULTS

Let X 5pY (X—)—”>F y) be some fuzzy functional

dependency (fuzzy multivalued dependency) on U, where U
is the universal set of attributes B5;,5,,..,5,and

R (B,.B,....3,) is a scheme.
In this paper we associate the fuzzy formula

L2488

to X ¢ Y and the fuzzy formula

&4)-(( &5

to XY >S5 ), where Z=U-X).
Through the rest of the section, we assume that the fuzzy
implication operator is given either by

& A

AeX

& B
Bey

& C
CeZ

T(p>a)=T ()"

if T(p)#0 or T(q)=0, T(p—q)=1 if T(p)=0and T(q)=0,
or by
T(p—q)=1-T(p)+T(p)T (a).

Note that the first fuzzy implication operator is known as
Yager's (Y) operator (see, [19]). It is a typical example of f-
generated fuzzy implication operator (see, [15], [20]). The
second fuzzy implication operator is widely-known as Kleene-
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Dienes-Lukasiewicz operator or Reichenbach (R) operator
(see, [14]). It represents a classical example of strong (S) and
quantum logic (QL) implication (see, [15], [17], [18]). We
refer to [6], [10] and [1] as well. In general, classes of fuzzy
implication operators are very nicely described in [2] and [15].

Theorem 1. Let r ={t; t,} be any two-element fuzzy relation
instance on scheme R (B;,5,,...3,), U be the universal set
of attributes B,,5,,...B8,and X, be subsets of U. Let
Z=U-XY. Then, r satisfies the fuzzy multivalued
dependency X —»-¢ ), @-actively if and only if x"% >0

andvg(lC)>%, where K denotes the fuzzy formula

(8ucr A) > ((&pey B)II(&czC))associated to X —->¢ V.

Proof: (for Y) First, we prove that r satisfies X —>-¢ ),
@ -actively if and only if x"%>@, Y'%>6 or xtt>g,

ALY N

Suppose that the instance r satisfies the dependency

X >S5 Y, 0-actively. Now, X% >6 and there is a tuple
t; er such that the conditions given by (1) hold true, i.e., that

Xth>g,  Yet>g zZbb>9 . Hence, if then
24 >@ . Else, if t;=t,, then Y% >0,
Let A4t >0, Vit >0 . Hence, min(e,x‘vtz)ze. Now,

t3 =t1 y

there is ty=t, such that x%%>9, Y44>4,
Zhh=1>0, ie, (1) holds true. Analogously, if Xt >0,

24 >0, then min(@,X‘“tZ):a. Moreover, there is tyer,

tyer,

ty=t; such that A%4=1>9, Y hi=1>9, 2'%>4.
Therefore, (1) holds true. Now, since r satisfies the
dependency X —>->r Y and X"%>@, it follows that the

instance r satisfies the dependency X —->¢ ), 8 -actively.
Now, we prove the main assertion.

(=)Suppose that r satisties X —>->¢ ), 6-actively. We
have, X'% >0, Yit>0 or X4t >0, 24 >9.
Suppose that X% >0, Y% >0 . Now,

Ti}r;{A‘l'tz } =xtt >0,

rgiS{Btl'tZ}zytl'tzzﬁ.

Hence, A"%>¢ for all AeX and B“% >0 for all Be).
Therefore, vrg(A)>% for AeX, vfg(B)>% for Be).

Now,
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vg( & A)=min{v;(A)| AeX}>%,

vfg( & B):min{vg(6)| Bey}>%.

We obtain,

Denote a=Vy(&ycyA), b=max(vf9(&BEyB),vg(&Cezc)).
Since v[p(&AGXA)>% and v;(&BEyB)>%, we have that
a>1,b>1.
2 2
. 1. a1
Now, vg(IC)>E if and only if b >
If b=1, then ba>% holds true and hence vfg(IC)>%.
1 a1l . 1
Let §<b<1. Now, b >§ if and only if a<|ogb5. The

last inequality is true since Iogb%>1. Therefore, v;(IC)>%.

Similarly, if X%%>0, 24%>¢ then, v;(&AE,(A)>%
and v;(&CeZC)>% . Now, reasoning as in the previous case,
1.1 . 1
we conclude that a>=. b>§ and hence vg(IC)>E.
(<) Suppose that X% >¢ and v;(IC)>%. We have a>%
and then ba>%.
If b=0, then O>%, i.e., a contradiction. Hence, 0<b<1.
If b=1, then ba>l holds true.
2
Let O<b<1.We have ba>% if and only if a<|ogb%. The

last inequality is satisfied for %<b<1. We conclude, b>% .

If b=V} (&g B), then vfg([)’)>% for all Be) . Hence,

B4t >0 for Be) . Now, V"% >0 . Therefore, X% >6 and
Yt >0 vyield the result.
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Analogously, if b=vj(&:.;C), then Z*%>60. Now, x"%>¢,

24 >0 yield the result. This completes the proof. O

Proof: (for R)
(=) Assume that r satisfies the dependency X —->¢ Y, 6-
actively.

Now, X't >, Y'h >0 or X420, 244>,

Let X%% >0 and Y% >0 hold true. We have,

min

min A%} =2tk 20

and

min

min {BWh}=ytt 0.

Therefore, A% >0, AeX and B“:>0,Be) .
Consequently, vg(A)>%, AeX and v;(B)>%,Bey.We

obtain,

v;(AchXA)=min{ o(A)| AeX}>—
and

VQ(B%}B) mln{ |Bey}
We have,

r
Vo

TN
-1 )*VE(AE‘XA)'
af(&5)(29)
1o Ve( & A)+vg( & A)
e 8,2 &)

Put a=vj (&,crA), b=max(v;(&BeyB),v,’9

Vi (&Bey8)>

& A

AeX

(&CEZC))
1 1 . 1 1
Now, V(& »A)>=, =, yield a>=,b>=
9( AeX ) 2 5 y 5 5

1 . 1.1 .
Hence, —<a<1 and then 2a<2. We obtain, —>—. Since

2 2a 2

1 ; 1. . 1
a>§>0 , We have that vg(IC)>E if and only if 1—a+ab>§

if and only if %+ab>a if and only if i+b>1, which is
a

true. Hence, v (K)>=
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Similarly, if x%% >0 and Z%%>@, then v‘rg(&AeXA)>1

and  Vy(&.zC)>=. Now, 12a>%>0,b>% and hence
2i+b>1 holds true. Therefore, v}, (IC)>% .
a

(<) Let A%t2>9, vg,(IC)>%. Now, O<%<as1. hence,

1.1
>

2

r

Vv (IC)>1 if and only if NN Therefore,
¢ 2 2a

implies that b>%.

If b=V (&p.yB), then v,(B)>=, Be). Consequently,

BY“:>0,BeY. Now, Y'%>@0. Hence, A"%>0, Y>>0
yield the result.
Similarly, if we assume that b=V} (&.-C), we obtain that

24t >0. Since X% >4, the theorem follows. This completes
the proof. ]

Theorem 2. Let fgF be a fuzzy functional or a fuzzy
multivalued dependency on a set of attributes U, where F is a

set of fuzzy functional and fuzzy multivalued dependencies on
U. Let F' resp. f’ be the set of fuzzy formulas resp. the

fuzzy formula related to Fresp. f. The following two
conditions are equivalent:
(a) Any two-element fuzzy relation instance on scheme R (U)

which satisfies all dependencies from the set F satisfies also
the dependency f .

1
b) Vi(f')>=
6) Vi(1)>3
LeF'.

for every v suct that VL(£)>% for all

Proof: (for Y) We denote f by X->¢ Y when f isa fuzzy

functional dependency and by X —-2>¢ ) when f is a fuzzy

multivalued dependency. Therefore, (&, yA)—>(&seyB)

and (8, v A)—>((&seyB)ll(&pez D)) will denote ' in the
first and the second case, respectively, where Z=U-X) .

We may assume that the set {p,q} is the domain of each of
the attributes in U .

Fix some 6"€[0,0'), where &' is the minimum of the
strengths of all dependencies that appear in F u{ f} . Suppose
that 6'<1. Namely, if &'=1, then every dependency
fyeF U{f} is of the strength 1. This case is not interesting

however.
Define s(p.,q)=s

{p.a}.

(g,p)=0" to be a similarity relation on
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(a)=(b) Suppose that (b) is not valid. %<maX(VL(&BeyB):VL(&@ezD))<1 yields
V; (&4.A)>1. This is a contradicton. We obtain, W =U .
Define r'={t't"} by Table 1 below.

r' is a two-element fuzzy relation instance on R (U).

We shall prove that this instance satisfies all dependencies
v (A)>1} _ from the set F , but violates the dependency f .

Now, there is some V., such that VL(£)>% for all LeF’

1 .
and vg(f')sz. Here, V.. is joined to some two-element fuzzy

relation instance r ={t;,t,} on R (U) and some 0<e<1.

Define W ={AeU

Let K-> £ be any fuzzy functional dependency from te
Assume that W =@ . In this case, VL(A)S% forall AcU. setF.

Table 1.
Hence, VL(&AEMA)S£<1 forany McU . attributes of W other attributes
2 t P.P.s P P.Pes P
If V; (&4crA)=0, Vi (&3 B)=0 resp. Vi (&,.yA)=0, 0.pD 0.0

VL((&BEyB)H(&DEzD)):O, then vL(f’)s% yields 1£%,

1 .
Assume that V., (&4.yA)<=. Then, there exists
i.e., a contradiction. Hence, Vi (&.yA)#0 or Vi (& B)#0 o (&uerA) 2

h that
resp. v, (&ucxA)#0 or max(VL(&BeyB),VL(&DezD));tO. Ao € such tha 1

r o r o 1
We may assume  that Vi (&g B)%0  resp. Vs(Ao)—mln{VS(A)MelC}—vg(A%CA)S2,

L1
max(vg(&geyb’),v;(&DeZD));tO. Now, v, (f )£§ mplies o 4 W . We have A" =¢” and hence

V(&4 A) U _minlAtf =g
v;( & Bj o @ K =min{ A"} =0
Bey 2
resp. H " t't" "
V(& d) 4 Since s(p,q):e , we know that M " >@" for any set of
max(vL (B&yB),VL(D&ZD)j <o (3) attributes MeU . Therefore, £ >6" . We obtain,
ie, . .
1 Yol 249”=min(¢92,lct . )
VL( & A)Zlogv((&ﬁ o 4)
A=t i.e., r' satisties K-2>¢ L.
resp. 1
" 1 Assume that V (&, A)>=. Now,
U & AP o sy O 2

' VL(&AC,VA)_ r 1
Therefore, 0< VL(&BEyB)gé resp. VE(B‘E‘EB) =Ve (A‘E‘,CA)_’(B‘E‘LB) TN

1 .
0<maX(V2(&BEyB)‘VL (&DEZD))SE yields V; (&vA)=1. e fast inequality is satisfied if v; (&s..B)=1.If

This is contradiction. Hence, W #(& . ; 1. -

1 v, (&3 B)=0, then 0>=, i.e., a contradiction.

Assume that W =U . In this case, v, (A)>= forall AeU. 2
2 Let 0<V, (& B)<1. We have,

Consequently, vL(&AeMA)>% forall MeU .

1
Now, (2) resp. (3) holds true. A ( A&KA)<|09\/; (&.:B) 5 "
If v (&ey B)=1 resp. max(V; (&scy B) Vi (&2 D))=1,
1 1
then 1£%, i.e., a contradiction. Hence, (4) resp. (5) holds Therefore, VL(&3653)>E- Now, VL(B)>§ for all BeL

and then BeW for BeL. We obtain, £Lo)W. Hence,

1
true. Therefore, =<V! (&g, B)<1 resp. "
2 (&) P £ =1. We have,
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oV =1> min(e2 ,IC”") ,

i.e., r' satisfies the dependency K¢ L.

Let K —-2>¢ £ by any fuzzy multivalued dependency from
teset F.

Suppose that VL(&AEKA)S%. Then, reasoning as in the

"

previous case, we obtain that K'*' =6" .
t”=t" such that

Hence, there is t"er’,
KU =12 min(6, K1),
Em"'zlzmin(ez,lct"t"),

M 20"=min(6, K1),

where M=U-KL . Therefore, r’ satisfies K —>-2¢ L.

Let V. (&AE,CA)>%. Now,

(vl gl o))
:(VL( )||( & D))VL(&MA)

([ &.4)(( &5 &,7)) -5

This inequality is satisfied if max(vg(&BeﬁB),vg(&DeMD)):l.

&

& B
Bel

If max(vfg(&BeﬁB),vL(&DeMD)):O, then 0>%, ie, a
contradiction.
If 0<max(V; (&er B) .V (&pep D)) <1, then

1

]

K (A%CA)< Iogmax(vl(ézg)"’i(»p‘&”)) 2’
Therefore, max(v"s (83c.B) .V, (&@EMD))>% . Hence,
1

2
If vL(&BELB)>%, then LcW and hence

vi.(&BdB)>% OF V. (& D)>
=1,

Similarly, since v;(&AE,CA)%, we conclude that K'''=1.

Now, there is t"er’, t"=t" such that
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Ktm’t':lzmin(az,lct"t"),
L‘m't'zlzmin(ez,lct""), 7)

MTE =1=min(6, K"").
Hence, r’ satisfies K >-¢ L.

If VL(&DEMD)>%, then M"Y =1. In this case, there is

t"er',t"=t" such that (7) holds true. In other words, r’
satisfies the dependency K —-2>¢ L.

It remains to prove that the instance r’ violates X -5>g Y
resp. X —>-25g Y.

" s las)unet

If V] (&yerA)=0 and v; (&, B)=0, then 1£%, ie., a

& A

AeXx

& B
Bey

contradiction. Hence, V; (&,..A)#0 or Vi (&g, B)=0. We

may assume that v; (&g, 3)#0 . Now,

r
v

If V; (&peyB)=1, then 13%, i.e., a contradiction. Therefore,

& B

V(& A)
) =
Bey 2

0<V, (&s.yB)<1. We obtain,

1
r
(&40 015

If VL(&BeyB)>% ,then Vi (&,.A)>1, i.e., acontradiction.
Hence, 0<V., (&BeyB)S% and then V; (&,c.A)=1. Now, as
before, we conclude that Y**' =" and X" =1. Therefore,

Y =0"<0'<6,=min(0, X'").

This means that r' violates X -2 ).
Now, let

(P ()|

Reasoning as in the previous case, we conclude that
v, (&yerA)#0 or max(vrg (&gey B) V. (&DEzD));tO . We have,
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v::(&Ae‘k'A) 1
max[vg( & B),vg( & D)) <=,
Bey D

Then, 0<max(v (&sey B)V;
1

1 .
ie., Vi (&seyB)< > Vi, (&pey D)< 2 V; (&4cpA)=1. We obtain,
yt',t"zen Zt',t =9" Xt',t"zl'

If t"er’, t"=t", then

XU =1> min(é’1 Xt ) ,
Y =1> min(al A ) (8)
2 =0"<0'<g, =min(0,,x"").

If t"er’, t"=t", then

X' =1> min(@l,Xt"t”),
Y osaemiaaT) O

2" =1=min(0,,x"").

In other words, the instance r’ violates X -2 ).

(b)=(a) Suppose that (a) is not valid.
Now, there is a two-element fuzzy relation instance
= {t't"} on scheme R (U), such that r' satisfies all

dependencies in F and r’ does not satisfy f . Therefore, r’
does not satisfy X5 ) resp. X > ).

Define W ={AeU | 4™ =1}

Assume that W=@. Now, A'Y=¢"
Therefore, M"Y =" forall McU .

In the case when r' does not satisfy x>

for all AeU.

£V, we obtain

yrr <min(9',X"*t") ,
i.e., 0"<min(6,,0")=6". This is a contradiction.

Similarly, in the case when r' does not satisfy X —>-5¢ ),
we have that the conditions

x> min(@l At ) :
e Zmin(el,Xt"t"), (10)

AR min(é’1 ,Xt"‘")
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don’t hold simultaneously. Since the first and the second
condition in (10) hold obviously true, we obtain

0"=2"" <min(6,, X" )=min(6,,6")=0",

which is a contradiction. Therefore, W =Q .
Assume that W=U. Now, A""'=1 for every AeU.
Therefore, M"Y =1 for every McU .

In the case when r' does not satisfy X'-2>¢ ), we have that

1=y <min(6,, X" )=min(6,,1)=6,
This is a contradiction.

In the case when r' does not satisfy X —-“3g ), the

conditions given by (10) don’t hold simultaneously. The first
and the second condition in (10) are always satisfied, hence

1=2"" <min(6,, & )=min(6,,1)=6, .

This is a contradiction. We conclude, W =U .
Now, we define vf in the following way. Let

%<vl (A)<1if Aew,

I—‘

0<v; (A)<Z if AeU-W.

l\)

We shall prove that v['(£)>% forevery LeF' and Vj (f')<

N |-

Suppose that L<F' is of the form
( & A)—)( & B).
Aell Bel

This fuzzy formula corresponds to some fuzzy functional

dependency K-> £ from the set F .

Suppose, that v{(ﬁ)s%. Then, as earlier, it follows that
Vi (&yecA)#0 or V] (&3, B)#0.
Assume that V; (&g_, B)#0 . We have ,

Then, V| (&g..B)<1. We obtain,

' 1
v (A&;L/CA)Z "0y &,..5) 2

Therefore, 0<Vj (&, B)<= and Vi (&, A)=1, ie,

N |~

V=" and K'Y =1
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We obtain, does not hold. This contradicts the fact that r’ satisfies the

£Y=0"<6'<6, =min(02,1)=min(¢92.ICt"t”), dependency K —-%>¢ L. Hence, vg'(£)>%.

. v 1
which contradicts the fact that r’ satisfies X-—5¢ L. It remains to prove that v; ( f )SE
Therefore, Vil(£)>l- Suppose that the instance r’ does not satisfies the
2 . dependency X->g ).
Suppose that LeF' is of the form 1
Assume that v} (f’)>5.
(A%/CA)_)((BELEB)”(DELMD))' If v{’(&AExA)S% ,then x'Y" =" . Hence,
t't" " i "\ _ i t't"
where M=U- KL . This fuzzy formula corresponds to some Y 20"=min(6,,0 )_mm(el,;\,’ )

fuzzy multivalued dependency K —-2>¢ £ fromthe set F.

. This contradicts the fact that r’ violates X = .
Assume that vy (E)s%. L —oFY

, If Vi (&yeyA)>=,then
As before, we have that v (&, cA)=0 or 2

) ) , Vi (&A)
max(v1 (&ger B) Vg (&DEMD));&O. Vi (B&yBj >3
Suppose that max(vil (&5 B) Vi (&DeMD))¢0 . We have,
, , V(&) This inequality is satistied if V] (&s., B)=1.
max(v{ ( & B) Vi ( & D)) <= , 1
BeL DeM 2 If Vi (&g BB)=0, then O>§' i.e., a contradiction.
Then, max(vf (&BELB),VE'(&DeMD))d. We obtain, If 0<V] (&peyB) <1, then

, 1
Yi (Af‘XA)<'OQV£'(&g;}vB)E

[N

v (A‘E‘KA)Z'09max(v;'(&gf[zs),v;'(&pe,wD))5 :
Therefore, v{l(&BEyB)>%, ie, V' =1. Now,

Therefore, 0< max(vi' (&3 B) VY (&DEMD))S and

N |

t't" H 't
W (@A) ien W (&pecB)<3 ) W (B D)5, Y 2min(g, X1,

Vi (&4cA)=1. Hence, £V'=0", M™"'=0", K" =1. In
the case, the third condition of the conditions

which is a contradiction. We conclude, v ( f )s%

Suppose that r’ does not satisfy X —-25g V.
Kt Zmin(ez,lCt ! ) Now, the third condition of the conditions given by (10)
does not hold, i.e.,

£ =min(6, K1), (11) 2% <min(6,x""). (13)

t't" H t't”
M 2m|n<02 K ) Moreover, the first and the second condition of the conditions

does not hold. Furthermore, the second condition of the

XYY >min(g,, 2" ),
conditions ( 1 )

K > min(0, /), Y 2 min(6,,21"), (14)
£ 2 min( 6,67, (12) 2" > min(0, ¥'")
M2 min(6'2 ”C””) don’t hold simultaneously.

Assume that v} ( f ’)>%.
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If v{l(&AeXA)S%,then X' =9" . Hence,
2" 20" =min(6,,0")=min(6,,x""),

which contradicts (13).
If VE,(&AE;(A)>%, then A =1 and

, , Vi (&ird)
max(v£ (B&yB),vg ( )] >3

The last inequality is satisfied if
max (v} (&seyB) Vi (&pezD))=1.

& D
DeZ

If max (v} (&seyB) Vi (&pezD))=0, then 0>% Jie,a
contradiction.
If 0<max(v[' (&geyB) Vi (&DeZD))<1 , then

1

2

r

vi| & A

(&,

€

) = IOg maX(V;v(&BeyB)’V;v(&D*Z D))

‘ , 1.
Therefore, max(v{ (&seyB) vy (&DeZD))>E, ie.,

)>% or v{r(&DezD)>%. Hence, V'V =1 or

In the first case, the conditions given by (14) are satisfied
simultaneously, while in the second case, the condition (13)
does not hold. Hence, a contradiction. We conclude,

: 1
vy (f)<=.
()23
This completes the proof.

Proof: (for R)
We write X 25 Y resp. X —>-2>g ) instead of f if f isa

fuzzy functional resp. a fuzzy multivalued dependency.
Consequently, we write

&4

[&4)-(( &5

instead of ', where Z=U- &) .
As in the case (Y), choose the set {p,q} to be the domain

of each of the attributes in U .
We fix some 6"€[0,0"), where ¢’ is the minimum of the

& B
Bey

resp.

strengths of all dependencies that appear in F u{ f} . Assume
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that '<1 and put s=(p,q)=s(q,p)=6" to be a similarity
relation on {p,q} .

(a)=(b) Assume that (b) does not hold.
Then, there exists some V. such that VL(£)>%, LeF'and

r
&

v (f’)s1 . As in the case (Y), V. is joined to some two-
2

element fuzzy relation instance r ={t; t,} on R (U) and some
g, 0<e<l.

Vi (A)>2

o

Suppose that W =& . Then, V., (A)s%, AeU.

Denote W ={A eU

Since v, ( f ’)s%, we have that

1—vf;( & A)+v2( & A)VL( & Bj
AeX AeX Bey
r I ! 1
=VL(( & A)—)( & BDzvg(f )<=
AeXx Bey 2
resp.
1—vg( & A)+v;( & A).max(v;( & B),v;( & D)J
AeXx AeX Bey Dez
:1—\/;( & A)+v§,( & A)~v£,(( & Bj”( & D)j
AeX AeX Bey DeZ
y (( & A)—{( & Bjn( & D)D
AeX Bey DeZ
1
=V, (f")<=.
Vn‘.( ) 2
Hence,
1+VL( & A)VL( & Bjsvg( & A)
2 AeX Bey Aex
resp.
1+v‘[‘.( & A)~max(v£.( & B),VL( & D)jsvi.( & A).
2 Aex Bey DeZ Aex

Therefore, the fact that Vi, (.4)>0 for all AeU yields that

1 .
VL(&AexA)ZE holds always true. Now, there exist some

Ay e X cU , such that

VI‘

&

(Ao )=min{V; (4) Mex|=vi & AJz7.

This is a contradiction. We conclude, W #J .



INTERNATIONAL JOURNAL OF CIRCUITS, SYSTEMS AND S

Suppoes that W=U . Then, VL(A)>%, AeU.

Therefore, vL(&AeMA)>% for any McU . Since v, (f')<

N |-

we have that

;wg( & B)Sl
2V‘rS (&AEA’A) Bey
resp.
;+max(vfg( & Bj,v;( & D))Sl.
2V, (&4 A) Bey Dez
Now, V; (&.,A)<1 yields, r;zi Hence,
2Vg (&AeX'A)

v (&BeyB)S% resp. max(vg (B%Bj,v; (DELZD)Jgé . This

means that we always have that v (&BEyB)s%. Thisisa

contradiction. We conclude, W =#U .
As in the case (Y), let r'= {t',t"} be the two element fuzzy

relation instance on R (U), given by Table 1.

We shall prove that r' satisfies all dependencies in F and
violates the dependency f .

Let K-25¢ £ be any fuzzy functional dependency from the
set F . We have,

1—vfg( & A)+v2( & A)VL( & B)
Aek Aek Bel

~((&4)(&5))5

£+VL( & A)VL( & B)>VL( & A).
2 Aek BeLl AekC

Suppose that v, (&AE,CA)S%. Reasoning as in the case (Y), we

conclude that there is .4, e such that vL(AO)s%. i.e., that
Ay &W . Hence, A,"" =6" and then K'" =6". As before, the
fact that s(p,q)=0¢" yields that M"* >6" for every McU .
Now, £*'>6" and then

£Y20"=min(6, K").
This means that r’ satisfies the dependency K- L.

Now, suppose that v, (&AE,CA)>%. We obtain,

;w‘g( & 3)>1.
2\/([: (&AEIC‘A) BeL

ISSN: 1998-4464
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Since V; (&,.cA)<1, we have that r;zl. Hence,

2V, (& A) 2
VL(&BE£8)>%. Now, vL(B)>%,Be£ and then BeWw,

BeL. In other words, £LcW . Therefore, £ =1. We
obtain,

£V=1> min(H2 ,IC”") .

This means that r’ satisfies K¢ L.

Let K —-2¢ £ be any fuzzy multivalued dependency from
the set F . We have,

1_v;( & A)+v;( & A).max(v;( & B),v;( & D))

Aek Aek BeL

(CRIR(ER TR

—+v2( & A)-max(vz( & B),v;( & D)j>v2( & A),
2 Aek BeL DeM Aek

where M=U- KL.

ie.,

Assume that V/ (&AE,CA)S%. Reasoning as in the previous

"

case, we conclude that ' =@" . Hence, there exists t"er’,
t”=t" such that (6) holds true. This means that the fuzzy

relation instance r' satisfies the dependency K —-¢ L.

Suppose that V., (&AE,CA)>%. We obtain,

;+max(v2( & B),vf;( & D)j>l.
v, (&AEKA) BeL DeM

. 1
Since ———
2\/; (&AEIC ‘A)

max(v; (&ser B) V (&pew D))>%. Therefore, Vv, (&B€£8)>%

2%, we conclude that

or V. (&pep D)>%.
If VL(&B€£3)>%, then, reasoning as in the case (Y), we

obtain that £ =1, K'Y =1. Therefore, there exists t"er’,
t"=t", such that (7) holds true. In other words, r' satisfies the

dependency K —-2¢ L.
Similarly, if V}(&pey D)>%, we have that M""=1.

Now, there exists t"er’, t"=t", such that (7) is valid, i.e., r’
satisfies K > -5 L.

In remans to prove that r
XY resp. X > ). Let

’

violates the dependency
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& B
Bey

J

1-V [ & r( & ) g
Vg(.AeXA)Jrvg .AEXA Vg
Hence,

Since V,(A)>0 for .AeU, we conclude that VL(&AEXA)Z%'

Therefore, X W and then X" =1 . Now,

! )+VL( )sl.

> _+v[&snB
2V, (& yer A
As, before, we obtain that V. (&BeyB)s%, ie, Y'U=0". We

Bey

have,
V' =07 <0'<6,=min(6,x"").

Hence, r' does not satisfy the dependency X -3¢ ). Now,

suppose that
)+VL( )-max(vg( & B);VL( ))
Bey

1_\4(
M (e e

We have,

& A

AeX

& A

AeX

& D
DeZ

& D
DeZ

& A

AeXx

& D
DeZ

& A

1 (
—+V,
2 AeX

)~max(v£.(6§yl’>’);v2( )jgv;(

Now, V' (&AE,(A)Z% and then XcW ,ie, A" =1.

)

Moreover,

r;+max(vg( & Bj;v; & D
2v, (&AGXA) Bey DeZ

( ))Sl.

Therefore, max(vg(&BeyB);vL(&DGZD))S% and hence

VL(&BEyB)S%, V! (&p.z D)<= . Consequently Y'*'=6",

N |~

ALY A
If t"er’and t"=t’, that reaspning in the same way as in the
cas (Y), we conclude that (8) holds true.
Similarly, if t"er’ and t"=t", we obtain that (9) holds
true.
Therefore, the

dependency X -5 ).

!

instance r’ does not satisfy the
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(b)=(a) Assume that (a) does not hold.

Now, as in the case (Y), there exists a two-element fuzzy
relation instance r'={t;,t,} on R (U), such that r’satisfies all

dependencies from the set F but violates the dependency f .

Hence, r' violates X 2> Y resp. X > ).
Reasoning in exactly the same way as in the case (Y), we

conclude that W =@ and W =U , where W ={AeU ‘ A”"=1} .

Now, we prove that v{r(£)>%, LeF' and V] (f')<

N |-

where v} is defined by
Vi,(A)e(%,l},AeW ,

VEV(A)E[O,%},AEU—W )

Let LeF' be of the form

[&A){ &8
The fuzzy formula corresponds to some fuzzy functional
dependency K¢ £ fromthe set F .

& B
BeLl

& A
Aek

If v;'(,c)s%, then

1—v£'( & A

Aek

)+v£' (A&KA

Therefore, vg'(&Ae,CA)Z% and then K" =1. Moreover,

J<1.

Now, as before, we conclude that Vi (&s..B)<

1

S S— & B
2v; (&4 A)

r
+V.
! (BGL

and hence

N | -

£Y=0". We have,
£ =0"<0'<0, =min(6,,1)=min(6, L")

This, however, contradictions the fact that the instance r’
satisfies the dependency K-2>¢ £ . Hence, v{r(£)>%.

Now, let £eF'be of the form

&)

& B
Bel

Ji,&,7))
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where M=U- KL . This fuzzy formula corresponds to some
fuzzy multivalued dependency K —-2¢ £ fromthe set F .

If V) (5)3%, then
)+v£'(

( & A)~max(v£'(
Ael

Now, V; (&.cA)>

& A
AeK

& A
AeK

& B
Bel

& D

e (2.5 4.2,
48,7

and then K'Y =1. Furtermore,

o)

We obtain, max(v{’(&BdB);vf(&DeMD))s% and then

s
).

1—v£'(

ie.,

%+vf & B
BeLl

& D
DeM

<

& A

r
V.
! Aek

N | =

& B
Bel

& D

+ max(v{’(
DeM

2V] (&4 A)

1

v{r(&BeﬁB)sz, v{r(&DEMD)S%. Therefore, £'*'=¢" and

MUY =9" . Consequently, the third condition of the conditions
(11) is not valid and the second condition of the conditions
(12) is not valid as well. This contradicts the fact that the

. . . . o1
instance instance r' satisfies X —-“>¢ £. Hence, v; (£)>E.

It remains to prove that v (f')<

N | =

Assume that r’ violates X 2> ).

Suppose that V; ( f ’)>% . We have,

L&A &5 84)

If v{’(&AeXA)s%, then 'Y =" and hence, reasoning in the

Lo
2 1

& B
Bey

& A

AeXx

same way as in (), we obtain that Y''* Zmin(al,Xt'*t") . This

contradicts the fact that r’ does not satisfy X -2>g ).

1 )+v£'( )>1.

2V] (& e A
We obtain V!’ (&Bey8)>% and then V' =1. Now, as in the

Let v{'(&AeXA)>%. Now,

& B
Bey

case (Y), y"""zmin(al,Xt"t"). This is a contradiction.

!

Therefore, v ( f ')_E.
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Assume that r’ violates the dependency X —>-2>p ).
Reasoning in exactly the same way as in the case (Y), we
obtain that (13) holds true and that first and the second
condition of the conditions (14) don’t hold at the same time.

Let v{r(f’)>% . We have,

1 v

—+vi| & A
2

&,

€

& B

ot ) 5,4,

If v (&AexA)S%, then X"*' =0". Hence, as in the case (Y),

& D
DeZ

& A

AeX

= Zmin(el,/’\,’t'*t") . This contradicts (13).

Let vg'(&AeXA)>%. Now, X" =1 and

il

& B

r,;+max(vir( & D
2V1 (&AGXA) Bey

DeZ

o

We obtain, max(vil(&BeyB);vf(&DezD))>%. Hence,
v{'(&BEyB)>% or VE,(&@EZD)>%; ie. Y=1 or

Z'W =1, In the first case, the conditions (14) are satisfied. In
the second case, the condition (13) is not valid. Hence, a

contradiction. We conclude, v{r(f')gé. This completes the

proof. O

IV. CONCLUSION

The results presented in this paper can be similarly verified
for many other individual fuzzy implication operators. Such
operators may be residuated (R) as well. One could try to vary
t-norms as well as t-conorms. In particular, it would be nice to
determine the degree of generality to which our results may be
applied.
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