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Algorithms for Approximations in MGRSM
Based on Maximal Compatible Granules
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Abstract—This paper emphasizes studying on the properties of
approximations in rough set and multi-granulation rough set models
based on maximal compatible classes as primitive ones in which any
two objects are mutually compatible, obtains several theorem results,
proposes and designs the upper and lower approximation computation
algorithms in multi-granulation rough set model. It verifies the
correctness of algorithms by examples and experiments.

Keywords—algorithm, incomplete information system, maximal
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ough set theory (RST for short), put forward Z. Pawlak in

1982 [1], is an efficient mathematics tool for complete

information system processing and for intelligent system
processing characterized by uncertainty, vague, uncertainty
[2]-[3]. It is now widely applied in many research fields such as
decision making, pattern recognition, knowledge discovery, and
so on. Incomplete information systems (11S for short), usually
studied by constructing non-indiscernibility relation, instead of
indiscernibility relation, such as tolerance relation suggested in
[4], similarity relation put forward in [5], limited tolerant
relation proposed in [6], and so on (see [7]-[8]) to deal with due
to the existence of null or missing attribute values. In this way,
the rough set model is extended and gotten more and more wide
and better investigated. These days, researchers further suggest
multi-granulation rough set models from the view point of
granules and different perspectives. Combining rough set model
with granule and multi-granulation to study has been become a
hot topic in related academic regions.

Concerning granule view with maximal compatible classes as
primitive granules based on tolerance relation to promote the
model to handle 11S([9]), the present paper proceeds with some
new work about the definitions of optimistic and pessimistic
lower and upper approximations in single attribute subset
through this new granule view. It introduces the related
computation methods of finding approximation into
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multi-granulation rough set model (MGRSM) in both optimistic
and pessimistic cases. It also discusses the properties of them
and the relationships between single and multiple granulation
models and between the optimistic and pessimistic cases. The
main task of it is to analyse and design algorithms for solving
lower and upper approximations in multi-granulation rough set
model[10]-[11]. It brings even a new expect to produce a new
approach for transacting multi-granulation RST problems in 1S
and people may us them to acquire determinative and possible
decision rules or knowledge from massive information system
conveniently and efficiently in the future. Through proofs,
examples and experiments, it verifies that the knowledge
acquisition approach is validated. So the work done here is of
great importance.

[1. DEFINITIONS
An IS is a quadruple S = (U, AT,V, f) According to the
definitions in [4].

TOL(A)={(x,y)eU xU :VaeA f,(x)=f,(y)

v () ="v f,(y)="} (1)
is called the tolerance relation derived by A< AT .
Definition 1. Let Ac AT. C(A) is defined as
C(A) ={X cU :max{X*cTOL(A)}} @)

where max means that the operation is operator < on a series
of sets. C(A) also forms a cover or a knowledge expression
systemon U .

Definition 2. Let XeU , Ac AT. The compatible
class(es) containing X is defined as

C,(¥)=max{X :xe X, X? cTOL(A)}, 3)
where max also means . Because the compatible class(es)
containing X may be not unique for some X € U ,CA(X) may

be a set of compatible classes .
It can be easily proved that

C(A) =u CA(X) . 4)
Definition 3. The upper and lower approximations for
X cUin C(A) are defined respectively as follows:

A’ (X)={xeU:3CeC(A)(xeCACc X))}
A (X)={xeU:3CeC(A)(xeCA(CN X £D))}.

xeuU

(5)
(6)
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The optimistic approximation precision for X — U in

C(A) is

| A" () 1TA (X)) ™)

Definition 4. The pessimist upper and lower

approximations for X < U in C(A) are defined respectively
as follows:

A"(X)={xeU:¥CeC(A)(xeC = (Cc X))}; (8)
A’ (X)={xeU:VCeC(A)(xeCo>(CNX=2)}.  (9)

The pessimistic approximation precision for X —U in

C(A) is

|A"COITA (X)) (10)

In the literature[10]-[11], Qian et al. proposed a
multi-granulation rough set model, which includes optimistic
multi-granulation rough set and pessimistic multi-granulation
rough set[12]. Combined with our above compatible granules,
we can introduce them into multi-granulation rough set using

knowledge expression system C (A) , we can also obtain related
new research results.

Definition 5. Let A, A,..., A, < AT be m attribute
subsets. for VX cU,M ={1,2,...,m} , the optimistic
multi-granulation lower and upper approximations of X with
respectto A, A,,..., A, are respectively defined as:

" A (X)={xU:3ieM(3C eC(A)(x<C

IN(SX=D9))} = (11)
ZLAO(X)Z{XEU :3ieM(@3CeC(A)(xeC
ACAX D))} (12)

The optimistic multi-granulation boundary region of X is

B () =27, A°(X)- 21, A (X)

The optimistic approximation precision for X < U in
multi-granulation model with respect to C(A) is

ST A0S A ()]

Definition 6. The pessimistic multi-granulation lower and
upper approximations are respectively defined as:

3" A"(X)={xeU:VieM(vC eC(A)

(13)

(14)

(xeC—>Cc X))} (15)
ZLA')(X):{XEU :Vie M(VC eC(A)
(xeC—>CnX =)} (16)

The pessimistic multi-granulation boundary region of X is
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(17)

B’ (X)=3, AP (X)- LA (X).

The pessimistic approximation precision for X < U in
multi-granulation model with respect to C(A) s

m p m P
1D LA O LA (X)) (18)
I1l. PROPERTIES AND RELATIONSHIPS
Theorem 1. (i) A°(X) =Uc.cncexC (19)
(i) A'(X) = UgcmenanC (20)

Proof.  (i)ye A’(X)={xeU:3CeC(A)
(xeCACc X)}=3CeC(A)(yeCaCcX)
=YY€ Ycec(a)cex C,s0 A’(X)c Ucec(arcex C -

Conversely, For any ye Uc_cacex ©

= AC eC(A)(C < X) suchthat yeC.
So

ye{xeU:3CeC(A)(xeCACc X)}=A"(X).
That is Ycec(a)cex Cc AO(X) .
Thus A°(X) = Ucecaycex C -
The result of this theorem implies that the definition of
A’(X) can be equivalently defined by Uc_c(acox C -
(ii) ye A (X) ={xeU:3C e C(A)(xeCAC N X = D)}
=3CeC(A)(yeCACNnX =)

=Ye UceancnxC -
—0
So A (X) € Yece(aycrx=oC

Conversely, ye Ug cacnx-0C

= 3C e C(A)(CN X =)
suchthat y e C .
So Yye {xeU:3CeC(A)(xeCACNX =U)}
=A°(X) . That is U CcA’(X) . Thus,
A (X)= Ucee(a)crx»oC -
The result of this theorem implies that the definition of

CeC(A).CNX#D

KO(X) can be equivalently defined by UCeC(A),CmX;:@C :
Theorem 2. We have
(i) ~ A°(~ X) = A" (X);
(i) ~ A"(~ X) = A'(X).
Proof. (i)ye~ A°(~ X)<=ye A’(~ X)
<ye{xelU :3CeC(A)(xeCAC c~ X)}.
—3C eC(A)(yeCACc~ X)

(21)
(22)



INTERNATIONAL JOURNAL OF CIRCUITS, SYSTEMS AND SIGNAL PROCESSING Volume 12, 2018

< VC eC(A)(—(yeC)vCz~ X) Conversely, for any ye ui'ilﬁo(X)
< VCeC(A)(—(yeC)v(Cn X =Q)) ~3ieM,ye A°(X)
&VCeC(A)(yeC—>CAX %), So ~ A°(~ X) -

—{xeU:VC eC(A)(xeC >CX =)} =3CeC(A)yeCACcX))

= A" (%). =ye A (X).
(i) ye= A= X)eye Vecemesx© Therefore, Zim_le(X)zu?lle(X).
<VCeC(A),Cc~X,yeC ;o a
= Y€ UeomonaC= A (X). (i) y= 2.0, A (X)=

S0, ~ A°(~ X) < A°(X). {xeU:3ieM3CeC(A)xeCA(CNX =D)))}
Form (ii) of Theorem 3, we can immediately obtain that =3ie M(3C eC(A)(yeCA(CN X =J)))

—0

"’z‘o(“'x)géo(x)- =ye A (X):yeui”llKO(X).
Theorem3. ~ AP(~ X) < A’ (X). (23)
Proof. ye ~ AP(~ X)=ye A’(~ X)

oye{xelU:VCeC(A)(xeC — (Cc~ X))}

Because -VC e C(A)(yeC — (C <~ X))

m —0
Conversely, For any ye U, A (X)

=JieM(ye A (X))
=3ieM(ICeC(A)XeCA(CAX £D)))

< AC e C(A)—(—(yeC)vC c~ X)) 2yezw /-\10()()_
=3C eC(A)~(~(yeC)vC X =2)) . .
<VCeC(A)(yeCACnX £J) Therefore, ZLA (X) =ui"llK°(X).
=VCeC(A)(yeC—->CnX =), we have Theorem 6. We obtain
~ A= X) e A'(X). (i) '“ZLAO(~X):ZLAP(X)? 27)
Theorem4. ~ A" (= X) = A°(X). (24) ) - ——o
Proof.ye ~ A’ (~ X) < ye A’ (~ X) (i) ~ 2L A CX)=2 A (X) (28)
oye{xeU:vCeC(A)(xeC - (Cn~X =2))}. Proof. (1) ye~Y" A" (~ X)

Because =VC e C(A)(xeC —» (Cn~ X = QD))
= V€ eC(A)(=(xeC)v (CA~ X =D))
<3CeC(A)((xeC)A(Cn~ X =)
3C eC(A)(xeC) A (C < X)). NCAX =N}

. Because
So ~A"(~ X)=A’(X). —JieM@EC eC(A)yeCA(CAX=02))

The proof of this theorem can also be obtained immediately .
from the (i) of Theorem 3. =VieM(VCeC(A)(yeCo>CnX =),

S ye{xeU:3ieM@CeC(A)xeCA(Cc~ X))}
< ye{xeU:3ieM3CeC(A)(xeC

Theorem 5. V\O/e have Therefore. ~ ZLAO(~ X)={xeU:VieM
MY A (X)=ULA(X); (25) - .
— _ (VCeC(A)xeCHCnX=2)}=)" A (X).
(i) Zi:lA ()r:) OU|—1A1 (X). (26) i ye"zirilAp(" X) o
Proof. (ye ), A (X)={xeU :3ieM yefxeU:vieM (VCeC(A)(x eC —C c~ X))}.
(3CeC(A) (xeCA(Cc= XN} Because —Vie M(VC eC(A)(xeC—»Cc~ X))
=3JieM(3C eC(A)(yeCA(Cc X)) =3ieM(3C eC(A)—(~(xeC)v(Cc~ X))
=ye A" (X)=ye UA®(X). =3ieM@CeC(A)(xeC)a(Cz~ X))
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<JieM@3CeC(A)xeCACNX ).
Therefore,

~3" A"~ X)={xeU :TieM(3IC C(A)

(xeCACANX ¢@))}=ZLA°(X).

Lemma. Under the same condition in the above theorem,
we have

M XA p(X):~ZLA°(~ X);
M YA ()=~ YA - X).

The two equations in this lemma can be easily proved
through Theorem 7.

Theorem 7. Let S =(U, AT,V, f) be an incomplete
information system and A < AT (i=12,..,m) be m
attribute subsets. Then forany X < U , we have

WS A (X)=ANARX);

(i) Y AP(X) =" A (X).

(i)  Because ZLAp(X):{XeU VieM

(VCeC(A)(xeC—>Cc X))}

o{xeU:VCeC(A)xeC—->Cc X)(i=12,..,m)}
onL{xeU:vCeC(A)(xeC >Cc X)}
<L AP (X).

Therefore, this theorem is held.

(ii) The proof of it is similar to (i).
Theorem 8. Let S=(U,AT,V,f) be an incomplete information
system and A; cAT(i=1,2,...,m) be m attribute subsets. Then for
any XcU , we have

(29)

(30)

(31)

(32)

Proof.

0 0 A ()SX YT AYX); (39)
i) YA @)=Y A@)=2, (34)
STA W)=Y AU)=U; (3)
(iii)ﬂ"(ZLN(X» =y A(X), (36)
PoA LA = YA @)
) 20 A X) == 31 AT(X), (38)
YA X)== 20 ANX). (39)
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Theorem 9. Let S = (U, AT,V, f)be an incomplete
information system and A < AT (i=12,..,m) be
m attribute subsets. Then for any XcU , we have

)Y A (X)X Y A X); (40)
(i YA @)= A @)=2, (@)
SrA U =Y AU)=U; “2)
i) 3L A" LA =2 L AYX), @
SLACLATO) =D AR e
) 20 AP X) == 2T A%(X), (45)
YA X)== 3 A(X). (46)

Table I. An IS about cars

Car | P M S X d

1 high low | full low | good

2 low * full low | good

3 * * compact | low | poor

4 high * full high | good

5 * * full high | excellent
6 low high | full * good

Example 1. An incomplete information system is shown in
Table I, where Price, Mileage, Size, Max-Speed are conditional
attributes, d is a decision attribute. For convenience, we use P,
M, S, X to represent Price, Mileage, Size, Max-Speed in short in
Table 1. Let A=AT={P,M,S,X}. We obtain:

C(A)={{1}.{2,6}.{3}, {4.5}.{5,6}}}.CA(1)={{1}}.Ca(2)=
{{2, 63}, CAR)={{3}}, Ca(4)={{4.5}}, Ca(5)={{4.5}{5.6}},
Ca(6) ={{2,6}, {5,6}}. Let X=dqo0a={1,2,4,6}. We get:

AX)={126 . A(X)={L2456 . A"(X)=
{xeU:vVCeC(A)(xeC—>(CcX)}={12}
A"(X)= {xeU:VCeC(A)(xeC > (CnX 22))} ={1,
2,4,5,6}

The optimistic approximation precision for X < U in
C(A) is | A°(X)|/| A’ (X)|=3/5=05.

The pessimistic approximation precision for X < U in

C(A) is | A"(X) | /| A" (X)|=2s5.

Example 2. Still use the incomplete information system
shown in Table I. Let A;= {P,M},A,={S,X},As={M,X}. Then

C(A1) ={{1,3, 4,5},{2,3,5,6}},C(A2) ={{1,2,6}, {3},{4.,5,6}},
C(As) = {{1,2,3}.{2,3,6} {4,5,6}}.

SrA (X)=UA(X)={1.26),
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(X)=U" A" (X)={1,23.4,56}.

(X)= {xeU:VieM(v¥CeC(A)(xeC ->Cc X))}

=mir11ﬁp(x)=@:

m

i:1AP(X): {xeU:VieM(¥CeC(A)(xeC->CnX=Q))}

g

:mlnllxp(x):{llzi4l5i6}'
The optimistic approximation precision for X < U in
with to C(A) is

multi-granulation  model

m o m 0
XA XA (X)]=36.
The pessimistic approximation precision for X —U in
with respect to C(A)

respect

multi-granulation ~ model is

3" A O A ()]0

IV. ALGORITHMS FOR APPROXIMATIONS IN
MULTI-GRANULATION MODEL

C(A) in A(M =
{L,2,...,m}) , the algorithm is referred in [13] as basic
granules, we cannot hardly design related algorithms to
compute lower and upper approximations of a given subset in
optimistic multi-granulation and pessimistic multi-granulation
rough set models proposed in the present paper.

Let U={x|i=12,..,n} We M

ﬁs))nxn(szl,Z,...,m) . where mi(js) equals 1, if

Using maximal compatible class

use

S
(m
X,X)eT , 0 otherwise, as adjacent matrix for attribute
(%, %) eT(A) j

p(S)

subset A; and a 2-dimensional xn

binary matrix

where P (v, j) =1 means that X; belongs to the v-th

maximal compatible class, O means not, v=1,2,... 1, to store all
maximal compatible classes, wherel <= (n*n)/2, but | may
be greater than n in some cases. So we set | be an enough big
positive integer. Suppose there are totally K maximal
compatible classes. After finishing computation, they are stored

in the first K rows of P.(:) ,where k <1.

Let P®,P® ...,P™ | which are obtained according to
algorithm A in [13] respectively, be respectively the maximal
compatible class matrices of A, A,,..., A, < AT . We can

firstly design the algorithm to find the optimistic
multi-granulation lower approximations of X — U .

Algorithm 1. Finding the optimistic multi-granulation
lower approximation of X, i.e.

ISSN: 1998-4464

524

Volume 12, 2018

" A'(X) ={xeU :3ieMECeC(A)xeCA(Cc X))}

Input: P® (i=1,2,....m): m matrices; Y : a coded 1xn
matrix, representing X , Y [i] =1 means x;eX, 0 means not.
Initialization: T =[0,0,...,0], an 1xn matrix;
Description:
for (inti=0; i<m; i++)
for (j=0; j<k; j++)
{ inttag=1;
for (int u=0; u<n; u++)
if (PO[[][u]==1&& Y[u]==1)
continue;
else { tag=0; break; }
if (tag==1) T =PO[j]vT;
}
Output: T, the lower approximations of X.
The time complexity of itis O (mnk).
Now we design the algorithm to find the optimistic
multi-granulation upper approximation of X — U.

Algorithm 2: Finding the optimistic multi-granulation
upper approximation of X, i.e.

ZLAO(X):{XEU :3ieM(ECeC(A)(XeCACAX D))}

Input: P® (i=1,2,...,m): m matrices; Y: a coded 1x n matrix,
representing X, Y[i]=1 means x;e X, 0 means not.
Initialization: T =[0,0,...,0] , an 1x n matrix;
Description:
for (int i=0; i<m; i++)
for (j=0; j<k; j++)
{ inttag=0;
for (int u=0; u<n; u++)
if (PY[j][u]==1&& Y[u]==1)
{ tag=1;
break ;
}
if (tag==1) T=PY[j]vT;
}
Output: T, the upper approximations of X.
The time complexity of it is O (mnk).
We then design the algorithm to find the pessimistic
multi-granulation lower approximation of X c U .
Algorithm 3: Finding the pessimistic multi-granulation

m P
X, e Y. A (X)=
{xeU:VieM(VCeC(A)(xeC —>Cc X))}. But
from the (ii) of the lemma in the above, we can calculate

ZLAP(X) by ZLAp(X)?ZLAOG X) using

Algorithm 2.

lower approximations of
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Input: P® (i=1,2,...,m): m matrices; Y: a coded 1xn
matrix, representing X, Y[i]=1 means x;e X, 0 means not.

Initialization: T =[0,0,...,0], an 1xn matrix;

Description:

a) Let Y be the reverse code of Y, that is, Y=~Y;

b) Getting the optimistic multi-granulation upper
approximation T of Y by calling Algorithm 2;

c) T=~T;

Output: T, the pessimistic multi-granulation lower

approximation of X .
The time complexity of it is O (mnk).
Now we finally design the algorithm to find the pessimistic
multi-granulation upper approximations of X — U .
Algorithm 4:  Finding the pessimistic multi-granulation

=5 "
upper YA (X)=
{xeU:VieM(VCeC(A)(xeC —>CnX =D))}.
But from the (i) of the lemma in the above, we can calculate

m P m — P m o -
Zi:lA (X) by ZHA (X):“ZHA (~ X) using
Algorithm 1.

Input: P. (i=1,2,...,m): m matrices; Y: a coded 1xn

approximation of X , i.e.

matrix, representing X, Y[i]=1 means xje X, 0, means not.

Initialization: T =[0,0,...,0], an 1xn matrix;

Description:

a) Let Y be the reverse of Y , that is, Y=~Y;

b) Getting the optimistic multi-granulation
approximation T of Y by calling Algorithm 1;

c) T=~T;

Output: T, the pessimistic multi-granulation upper
approximation of X.

The time complexity of it is O(mnk).

lower

V. CONCLUSIONS

Using maximal compatible classes as primitive granules ([9]),
this paper definesC(A) as a knowledge representing system

and the optimistic and pessimistic lower and upper
approximations based on C(A) . It extends single granulation

rough set model to multi-granulation model. It studies
properties of the two kinds of approximations in single
granulation rough set model and multi-granulation model, and
discusses the relationships of the approximations in both models.
Using the relationships of optimistic and pessimistic lower and
upper approximation in multi-granulation model and through
binary vectors and matrices, it designs algorithms to solve upper
and lower approximations at some advantages. The correctness
of the algorithms is verified by experiments through
programming and execution on computers on several data sets.
It provides a new forming granule view to solve
multi-granulation problems in multi-granulation rough set
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model in dealing with incomplete information systems. This
novel granular approach leads to enriching study methods
confronting with multi-granulation rough set models. Our next
work will be the rule generations through the approximations in
multi-granulation model with maximal compatible classes as
primitive granules.
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