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Convergence of the Euler Method In Probability
to SDEs under the Generalized Khasminskii-type
Conditions

Hui Yu

Abstract—The Euler method is introduced for stochastic
differential equations (SDEs) with piecewise continuous arguments
driven by Poisson process under the generalized Khasminskii-type
conditions which cover more classes of such equations than classical
conditions. To our known, few results are presented to such equations
in current literature. Here, three results are obtained for such
equations. Firstly, the existence and uniqueness of global solutions to
such equations are proved by 1td formula and mathematical induction.
Secondly, the Euler method with a given step-size is constructed.
Lastly, the convergence of the Euler method in probability for such
equations under the generalized Khasminskii-type conditions is
investigated by means of the continuous-time Euler method. All the
results show that on the basis of the existence of such equations, the
Euler method is convergent in probability under the Khasminskii-type
conditions. Moreover, some numerical examples are given to the
results.

Keywords—Stochastic differential equations, Poisson process,
Piecewise continuous arguments, Convergence in probability, Euler
method.

I. INTRODUCTION

HE SDEs, Poisson process and piecewise continuous
arguments are important and are applied widely in
mathematical modeling in many fields (see [1]). The explicit
solutions of SDEs with piecewise continuous arguments driven
by Poisson process can hardly be got. Therefore, it is
significative in theory and in application to investigate
appropriate numerical methods and their properties.

As far as | know, few results about convergence of the Euler
method in probability to SDEs with piecewise continuous
arguments driven by Poisson process, which are important and
widely used, were presented under some conditions. In [2-4],
the convergence of the Euler method and the implicit Euler
method is proved respectively for SDEs with Poisson process.
In [5], the exact convergence rate of the Euler method is
considered for SDEs driven by a homogeneous Poisson process
with intensity. Moreover, great progress has been made in the
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research work on the equations with piecewise continuous
arguments. In [6], the Oscillatory and asymptotic behavior are
presented for third order differential equations. Other authors
also focused on the property of periodic solutions in [7, 8].

So far, there are many SDEs with piecewise continuous
arguments driven by Poisson process, such as highly nonlinear
equations, which do not satisfy the classical conditions and
satisfy the generalized Khasminskii-type conditions (see [9]).
The primary purpose here is to fill the gap in the convergence
with the Euler method for such equations under the
Khasminskii-type conditions. To show the major aim, the
generalized Khasminskii-type conditions are presented in
section I, the existence and the property of the global solution
to such SDEs under the conditions are proved in section I, the
Euler method with a given step-size is introduced and some
properties are proved in section 1V, and the convergence in
probability of the Euler method under the generalized
Khasminskii-type conditions is proved in section V.

[l. PRELIMINARY
Throughout this paper, || is the Euclidean normin R*,d e N,
If A is a matrix, its trace norm is denoted by
|A|=trace(ATA) . L (R")and denotes the family of R*
-measurable random  variables ¢ with E|£[f<o
u, vu, =max{u, u,}, u Au, =min{u,u,}. The indicator
function is 1,(x) :{t ::: inf ® =00, ® denotes empty

set. [z] denotes the max integer which is less than or equal to
in R.

The following d-dimensional SDEs with piecewise
continuous arguments driven by Poisson process is concerned
in my paper

z

dx(t) =  (x(t), x([t D)dt + g(x(t ), x([t )W (t)
+h(x(®), X[ )N (1)

where t >0, initial value x, € L% (Q;R%)and x(t") = lim x(s).
st

The drift coefficient f:R®xR? — R, the diffusion
coefficient g :R? xR — R, and the jump coefficient
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h:RxR? — R’ are assumed to be Borel measurable
functions and the coefficients are sufficiently smooth.
A one-dimensional Brownian motion W (t) is defined on a

filtered probability space (Q“,F",(F" )., P") . A Poisson
process N(t) with intensity A is defined on a filtered

probability space (Q°, F", (F*,)., P") and N(t): N(t) - At is
a martingale. The process x(t) is thus defined on a product
space (2, F, (F)uo P), Where Q=Q" xQ° ,F=F" xF" ,(F)., =
(F)eo” x(F)we » P=P" xP? and F, contain all P-null sets. The
Brownian motion W (t) and the Poisson process N(t) are

mutually independent.
In the following, the generalized Khasminskii-type
conditions are given in the form of four assumptions.
Assumption 1 For each positive integer k , there is a
positive constant C, such that

| F )= F N vIgy) -9y P

O 2
<C(x=yl +Ix=y[)
where [x|v|y|vIx|v]y[k, Xy,XYyeR’.
Assumption 2 There is a positive constant C such that
[h(x,y)=h(x,y) F<C(x=yF +|x=y[) ©)

where x,y,X,yeR?.

Assumption 3 There exists a function V e C(R*;R,) and a
constant x such that

JmV (x) = (4)
and
LV (x,y) < u(+V(x)+V (y)) ()
where the operator is defined by
LV (x,y) =V, (x) f(x,y) +%trace(gT(X, YV 009(X, Y)) 6)
+V (X+h(x,¥)) -V (x) -V, ()h(X, y)
and x,y,x,yeR®.
Assumption 4 There is a positive constant L such that
|h(0,0) "< L (7
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In this section, the existence and the property of the global
solution to (1) under the generalized Khasminskii-type
conditions are given.

To demonstrate the existence of the global solution to (1), the
following concepts are given.

Definition 1 Let x(t) be an R -valued stochastic process.
The process is said to be cadlag if it is right and for almost all
e Qthe left limit lim x(s) exists and is finite for all t>0.

st

Definition 2 Let 7, be a stopping time such that 0<z, <T
An RY -valued F -adapted and cadlag process
{x(t):0<t<r} iscalledalocal solutionof (1)on t>0 if

there is a nondecreasing sequence {r,},., of stopping times

EXISTENCE OF GLOBAL SOLUTIONS

a.s.

suchthat 0<7, Tz, as.and
tary _ _
X(taz)=[ " F(x(s)x([s Das

7 g(x(s ), x([s )W (s)
[ RS ), X[ DIAN(S)

holds any for t>0 and k>1 with probability 1. If,
furthermore,

lIimsuplx(t) =0, 7, <T
then it is called a maximal local solution of (1) and 7z is

called the explosion time. A local solution {x(t):0<t<7z, }to
(1) is called a global solution if 7, =o.

Lemma 1 Under Assumption 1 and 4, there exists a unique
maximal local solution to (1).
Proof: For each integer k >1, we define

2| nk
|z]

z¥ = 2, 0% =0

for zeRY. And then we define the truncation functions

f (x,y) = f(x®,y")
g, (%, y) =g(x",y")
h (x,y) =h(x®, y®)

for x,yeR®and k >1. Moreover, we define the following
equation

dx, () = F, (% (1), X, ([T D)t + g, (%, (), %, ([t D)AW (©)
+h (% (1), % ([T D)AN @)
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onte[0,T].

Obviously, the equation satisfies the global Lipschitz
conditions and the linear growth conditions. Therefore
according to [10], there is a unique global solution x, (t) and its

solution is a cadlag process. And the stopping time are defined
by

and
o, =inf{t >0 x(t) 2k, ke N}
which means {c, },., is a nondecreasing sequence. We define
{xt):0<t<o,}
and
X(t)=x (), telo,,.0,), k=1 o0,=0
We can have
X(tro,) =] to“’k f(x(s), x([s"1))ds
+[ 77 g(x(s7), x([s 1)AW (s)
+ 77 h(x(s ), x([s DN(S)

forany t[0,T] and k >1 with probability 1. Moreover, if
o, <T ,then

IIim sup | x(t) > lim sup | x(o,) |= l!im sup| x, (o,) =

Therefore {x(t):0<t <o, }is a maximal local solution to
(1). To show the uniqueness of the solution to (1), let
{W:OS'[<J_®} be another maximal local solution. As the
same proof as [10], we infer that

P(X(t,0)=X(t,®), (t,w)e[0,0, Ao )xQ)=1, k=1
Taking k — oo, we get
PX(t, w)=X(t, ), (t,®)e[0,0, o, )xQ) =1 k=1

Hence x(t) is a unique local solution and then it is a unique
maximal local solution to (1).

Theorem 1 Under Assumption 1-4, there exists a unique
global solution to (1).
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Proof: According to Lemma 1, there is a unique maximal
local solution to (1) on [0,) . Therefore, in order to prove that

this local solution is a global one, it only needs to demonstrate
o, = a.s.. Using It6’s formula to V (x(t)) (see [2]), we have

dV(x(t) = LV (x(t") , x([t"]))dt
V(X Ng(E) , x([T1)dW (©)
+(V(X(E)+h(X(E) X[ D) -V (XE))ENO)

(8)

for te[0,0,).

For any positive integer k and 0 <t <1, by taking integration
and expectations and using Assumption 2 and Assumption 3 to
(8), we can have

EV(x(tra)<Coruf "BV (x(SAc) Nds  (9)

where C, = u+ (u+1)EV (x(0)) . Using the Gronwall inequality
(see [9]) leads to

EV(X(tro,))<Ce, 0<t<1 (10)
which means
EV(x(LAao,)) < Im EV(x(trno,)) <Cpe” (11)
by taking limit. Thus, from (10) and (11), we get
EV(x(tro,))<Ce”, 0<t<1 (12)
Let ¢, = ‘X‘JQL@V(X), k >1, and we obtain
6 P(o, <D <E(NV(X(0 ), «p) SEV(XUnoy)) <Ce”  (13)

by taking k — o to (13), which gives P(o,, <1)=0 . Hence we
have
P(c, >1)=1 (14)
It thus follows from (12) and (14) that
EV(x(t) <Ce”, 0<t<l.

So for any positive integer i, we repeat the similar analysis
as above, then get

EV(x(tro,))<Ce” i-1<t<i

P(o, >i)=1
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and

EV(x(t) <Ce*, i-1<t<i

where
C=pu+(u+DEV(Xx(i-1) <.

So we can get P(o, =x)=1. Therefore, (1) has a unique
global solution x(t) on [0,x).
Lemma 2 Under Assumption 1-3, for any ¢ <(0,1) and

T >0, we can find a sufficiently large integer k" such that

P(o, <T)<e, Vk>k'.

Proof: Forany T >0, there exists a positive integer i such
that i—1<T <i. Therefore, according to Theorem 1, we have

EV(X(TAg,))<Ce“ <o, k>1

which leads to

6kP(oy <T) <E(V (x(o, ))I{JKST}) SEV(X(T Agy)) <Ce”

Under Assumption 3, there exists a sufficiently large integer k”
such that

Ce”

P(o, <T)< vk >k,

<g,
Sk

IV. EULER METHOD

In this section, the Euler method is introduced to (1) under
the generalized Khasminskii-type conditions.

Given a step size At :l €(0,1), me N, , the Euler method
m

applied (1) computes the approximation

Ximsrir = Kyt + F(X Xim)At+9g(X Xim)AW,

km+I km+1

15)

km+I km+l?

+h(X

km-+1

ka)A N km-+I

m+|

where X, = X(0), X, ® X(ten1 )y Linsy = (KM+ DAL, AW,

km-+I

w (tkm+l+1) -W (tkm+l) v ANwnu =N (tkm+l+1) -N (tkm+l) k=01,
-, 1=0,1,---,m-1.

The continuous-time Euler method is given by
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X = Xo+ [ 1(Z,(8),Z,(s)ds+ [ 9(Z,(5), Z,($))dW (s) )
16

+ [ Z, (). Z,($)dN(s)

where Z, = X, Z

km+11 =2

= Ximr 1€ [nars tanosa)-

In order to analyze the Euler method, two lemmas are given
firstly.

Lemma 3 Under Assumption 1, 2 and 4, for anyT > 0and
At €(0,1), we can find a positive constant K, such that the
continuous-time Euler method (16) satisfies

EIX (t)-Z, (t)? < KAt
Where0<t<T Ao, A p,, p=inf{t>0: X(t) |2k}, k=>1.

Proof: For 0<t<T Ao, Ap,, k=1, there exists two
positive integer k, | such that t e [(km+I)At, (km+1+1)At) ,
(16) can leads to

XO-Z,0) = X + [ F(Z,0.Z,@)ds

+ f ‘ 9(Z,(t), Z,(t))dW (s) @an

km+1

[, hEZ0.Z,0HN () - X

By taking expectations, the martingale properties and the
Cauchy-Schwarz inequality to (17), we get

EIX (t)-Z, ()
<3ME( i | £(Z,(1),Z, (1)) Pds
t km-+1 ) (18)

+3E[ 1920, 2,(0) Fds

t
+3E[ 19(Z.2,0.v) fds
It follows from Assumption 1 and 2 that

t 2
E[ 11(Z.1).2,0)lds
t 2 t 2
SZEL |f(Zl(t),Zz(t))—f(0,0)|ds+2EIl | £(0,0) ['ds
<4k’C At+2]| f(0,0) ] At

Eji [9(Z,(t), Z,(t)) °ds < 4k*C, At +2| g(0,0) |* At
and

Eji [ 9(Z,(t),Z,(t),v) [ds < 4k*C At + 2At | g(0,0) |’
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From the above four inequalities, we have
EIX (t)-Z,0) <K, (K)At, 0<t<T Ac, Ap,, k21
Where

K, (k) = 24kC, +12k*C +6] f (0,0)
+6/9(0,0) [ +6 | h(0,0) [* .

Lemma 4 Under Assumption 1-4, for any &< (0,1) and

T>0, we can find a sufficiently large integer k™ and a
sufficiently small At such that

P(p. <T)<&, VAt<At
Proof: Applying 1t8’s formula to V (X (t)) , we have

dV (X (1)) = LV (X (t), X ([tD)dt
+a(X (1), X ([t], Z, (t), Z, (t))dt
+V, (X(1))9(Z, (1), Z, (t)dW (t)

+(V(X(®)+h(Z,(1), Z, ) -V (X O)IN ()

(19)

where the function a(x,y,Z,,Z,):R‘xR’xR‘xR? >R is
defined by

a(x,y,Z,,Z,)
=V (x)(f(Z,.2,)- f(x,y))

+%trace(gT (Z1,Z Vo (0(Z1,Z,) =97 (% YV, ()g(X,Y))

+V, 0)h(x,y,v) -V, (x)h(Z,,Z,,v)
+V(x+h(Z,,Z,,v))-V(x+h(x,y,Vv)))

From Assumption 1-3, it is obvious that

a(x,y,Zl,Zz)ng(|x—Zl|+|y—Zz |) (20)

where L, >0. when 0<t<T, k>1, it follows from Lemma
3 and (20) that

B[ a(X (), X ([s]). Z,(5).Z,(s))ds
<LE[ " 1X(s)2,(s) [ds+ LE[ ™1 X([s])-Z,(s) | ds on
<L [ EIX6ApIZ(s A p) ) 2ds+0

<L, T /K, (K)At

Therefore, by means of taking expectations and integration to
(19), we can have

ISSN: 1998-4464 255

Volume 13, 2019

EV(X(trp,))
= EV(X,)+E| to“'* LV (X (s), X ([s]))ds

FE[™ a(X(6), X (D). Z,(5),Z,(s))ds

<SEV(X,)+ LT K, (K)At

+E[ 7 u(@+V (X(5) +V (X [sD)ds (22)

When 0<t<1, k=1, it follows from (22) that

EV(X(tap)) <a, +LTJK (K)At

+UE[ V(X(s A p,)ds

where o, = u+(u+DEV(X,) <. the Gronwall

inequality to (23) , we get

Using

EV(X(trp)) < (e + LT K (K)At)e", 0<t<1, k>1 (24)
by taking limit, which leads to
EV(XUAp,)) = limEv (X(tA ) < (e, + LT K (K)At)e*  (25)
From (24) and (25), we obtain
EV (X (t A p) < (e + LT K, (k)AL )e" (26)
Let v, = ‘iyrEkV(Y), k=1, p, =lim p,. It follows from that
o P(p, <1 <EV (X (o)) ep)
<EV(X(@Ap,)) < (e + LT /K, (K)At)e”
which gives that P(p, <1)=0, that is,
P(p, >1)=1. (27)
In (26), by taking k — oo and using (27), we have

EV (X (1) < (a, + LT [K, (K)At)e* <o, 0<t<1, k>1.

For any positive integer i, we repeat the similar analysis as
above, then we have

EV(X(tap)) < (o +LTJK (K)At)e”  (28)
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where i-1<t<i, k>1, & = u+(u+1)EV (X (i-1)) < .

ForanyT > 0, there exists a positive integer i such that
i—1<T <i. It follows from (28) that

uP(p <T)<SENV (X (P ory)

< 29
<EV(X(T A p)) < (e + LT K (K)AL)e*, k>1 #9)

Moreover, for any &< (0,1) , there are a sufficiently large

integer k" and a sufficiently small At such that

a,e”
<

&
<= 30
v. 2 (30)
k
and
e”L*T,/Kl(k*)Atf c
k SE (31)
D .

k

So, from (29)-(31), we can obtain that

P(p. <T)<e&, VAt<AL.

V. CONVERGENCE IN PROBABILITY

In this section, we firstly give the following lemma in order
to prove the convergence in probability of the Euler method (15)
under the generalized Khasminskii-type conditions (2)-(7).

Lemma 5 Under Assumption 1, 3 and 4, forany T >0 and

At € (0,1) , we can find a positive constant K, (k) such that (1)
and (16) satisfy

E(supX(t Ao, Ap)—X(tAao, Ap)P) <K, (K)AL, k>1

0<t<T

Proof: For 0<t'<T and k >1, it follows from (1) and
(16) that

E(sup (A0, A p) = X (EAa A )

taoy Apg

(F(x(s7), x([s 1) = F(Z4(8), Z,()dsf)
+3E(supf U Q) X5 D) - 9(Z,(8), Z,(S))AW (S)F)

+3E(sup| J'

o<t<t

< 3E(sup |_[

ostst' ¥ 0

taoy Apg

(h(x(s7), X([s 1)) ~(Z,(5). Z, (M)A N (s)F)

0

By means of the Cauchy-Schwarz inequality, (2), (6) and
Fubini’s Theorem, we can have

ISSN: 1998-4464

256

Volume 13, 2019

Esup [, (£ () X([5 D)~ £ (24(9).Z, ()l
<E(sup [ ] (s ) x(0s 1)

= F(Z,(5). Z,(s) [ ds)

<2TCE([" " [x(s) - X(9)F ds)

+2TCE([ "X (5)-Z,(9)F )

+2TCE([ ™ x5 D) - X (D F ds)

+2TCE([ X ([s) - Z,(9)F ds) (32)

<47C, [ E(sup | X(U Aoy, A p )~ X(U A, A p,) F)ds

0<u<s

+2T2C, K, (k)At

Moreover, using the property of martingale of dwW (t) and

dN(t) , We get

ECsup """ (9(x(s7), X([s 1) - 9(Z,(), Z,(9))dW (5))

o<t<t’

<16C, [ E(sup | X(U Ao, A p )~ X(Una, A p,) F)ds

O<u<s

+8TC, K, (K)At

(33)

and

ECsup [ (h(x(s"). x([s 1) - N(Z,(5), Z, (AN (S)F)

o<t<t

<16C[ E(sup [X(unc, A p )~ X(Unc, ap)[)ds

O<us<s

+8TCK, (K)At

(34)

Therefore, from (32)-(34), we have the result

E(supX(t Ao, Ap)—X(tAao, Ap)P) <K, (K)AL, k=1

0<t<T

where

K, (k) = (6T °C, K, (k) + 24TC, K, (k) + 24TCK, (k))
-exp(12T °C, +48TC, +48TC).

In the following lemma and theorem, we demonstrate the
convergence in probability of the Euler method (15) under the
generalized Khasminskii-type conditions (2)-(7).

Lemma 6 Under Assumption 1-4, for any T >0 and

sufficiently small £, ¢ € (0,1) , we can find At™ such that

P(sup [x(t) = X (t)F >¢) <&, At<At.

0<t<T
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Proof: For sufficiently small ¢, ¢ € (0,1) , we give the
definition that

Q={w:sup x(t) - X O] = ¢}

0<t<T
According to Lemma 2 and Lemma 4, we can find k" and
At; such that

&
P(O'k* ST)SE
and
P(o,- sT)sg, VAt <AL,

which give

P(Q) <PQN{o,. Ap.>TH+P(c,. Ap,. <T)
<PQN{o,. Ap.>TH+P(c,. <T)+P(p,. <T)

<PQ N{o. rp. >T})+2?g

where At < At; . Moreover, it follows from Lemma 5 that

cP(Q N{o,- rp->T})
< Ell, . ory S0P (O~ XOF)

<E(supx(tro,. Ap,.) —Y(t AC APy )

0<t<T

<K, (K")At
where At < At . Therefore, we get
P@QN{o,. Ap,.>T} < % VAL < At
From the inequalities above, we can obtain
P(Q)<e, VAt<AL

where At” = min{At;, At,}.

Theorem 2 Under Assumption 1-4, for any T >0 and
sufficiently small £, ¢ € (0,1) , we can find At™ such that

P(x(t)—Z(t)? 2¢,0<t<T)<g, At<At

Proof: For sufficiently small ¢, ¢ € (0,1) , we define
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Q={a:xt)-ZM)F >¢,0<t<T}

we repeat the similar analysis as Lemma 6 and then have
. - 2¢
P(Q) <P(QN{o,. Ap.>T}) +?
Moreover, we get

sP(QN{o,. A p.>T)

< E(x(T) —ZU)IZMJK,WK, o13)

<EX(T Ao Ap.)—Z(T Ao, /\pk*)|2

< 2E( sup XtAc. Ap.)-X(tro. Ap. )
+2E|Y(t ANOAP:)—Z(T A AP, )

< 2K, (KAt + 2K, (KAt

According to Lemma 3 and Lemma 5, for sufficiently small At,
we obtain

P(QN {0, Ap >TH <
which leads to

P(Q) <e.

VI. NUMERICAL EXAMPLE
In this section, we analyze the following example |
dx(t) = (x(t7) + x([tD)dt + (2x(t™) + x([t"]))dW (t) (35)
(it ) N(t)

where d=m=r=1, 1=8.
Let V(x) =| x|, we have

LV (X, Y) = 2x(X + y) + (2X+ y) + V2 y° 1
<85(1+ x> +Yy?)

It is obvious that (35) does not satisfy the classical conditions
but satisfies the generalized Khasminskii-type conditions (2)-
.

On the basis of Theorem 1 and 2, (35) hasa unique global
solution and has its Euler method

257
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X X + (K + X )AL+ (22X + X )AW,

+ X AN

km+l+1 — m+|

(36)

km-+I

which is convergent in probability.

=X At

km+1 ?

Let Z, and the sample number is 10°.

:—5,

In Matlab, the Brownian motion W (t) and Poisson process
N(t) are simulated by the Matlab commands
Winc = sum(dW(R*(j-1)+1:R*j))
and
Ninc = sum(dN(R*(j-1)+1:R*j))
where
BROW-=randn(1,L)
dw = sqrt(dt)*BROW
POISSON=poissrnd(lambda,1,L)
dN=dt*POISSON

L=2"5, j=1,2, ...,L, R=2.
In Fig.1, the trajectories of (35) and (36) are described in

mean in Matlab. The observations show that the numerical
example is consistent with the results of Theorem 2 in my

paper.

A t=1/25 for example 1
0.35 T T T T T T T

o

E|z

Fig. 1. Trajectories of (35) and (36) in mean
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