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Control based on Closed-loop Subspace
Identification
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Abstract—In order to deal with nonlinear, time-varying, and
multivariable constrained characteristics in closed-loop industrial
processes, a multivariable constrained adaptive predictive control
(CAPC) method based on closed-loop subspace identification is
proposed. The state-space model is obtained through the closed-loop
subspace identification algorithm, which is regarded as the system
model. The algorithm is implemented online to update the R matrix
with a receding window. By comparing the prediction errors before
and after updating, it considers whether or not to update the system
model. The model is then used to design the model predictive
controller, which involves the solution of a quadratic program solving
multivariable constraints. This paper presents a comparison between
the performance of the proposed control method when applied to a
2-CSTR system, and that of an open-loop subspace CAPC method.
The superiority of the proposed method is illustrated by the simulation
results.

Keywords—Closed-loop Subspace Identification, Multivariable
constraint, Adaptive Predictive Control, 2-CSTR
Model predictive control (MPC) has been an attractive
subject in the control theory field for decades. It has
become more established in the industry as the one of the
choices for control architecture, especially with the
improvement of computational capabilities of processors [1-4].
The traditional industrial predictive control is based on the
input-output model, and includes both parametric and
nonparametric models. In order to improve the control
performance, a state space model should be adopted so the

modern filter theory and the design method of controllers
developed in recent years can play a role [5-7]. However, MPC
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was unable to obtain the accurate state-space model among the
complex industrial targets due to the limitation of the identified
method. The subspace identification method has changed this
situation substantially; the control workers may be completely
relieved from the tedious modeling via this mechanism. The
accurate state-space model can be obtained when there is
enough process input and output data [8-9].

In practice, it is often necessary to perform identification
experiments on systems operating in a closed loop. This is
especially true when open-loop experiments are not allowed due
to reasons of safety (unstable processes) or production
(undesirable open-loop behavior). System identification from
closed-loop data is thus a relevant topic [10]. The identification
of the subspace matrices from closed-loop data has also
received attention from several researchers [11]. It has been
found that the regular open-loop subspace identification
algorithm yields a biased estimate when applied to closed-loop
data [12]. This paper expands upon some recent ideas for
developing subspace methods that can perform well on data
collected in a closed-loop condition. Here, a method that aims at
minimizing the prediction errors in several approximate steps is
proposed. The steps involve using constrained least squares
estimation on models with different degrees of structure, such as
the block-Toeplitz model, and reduced rank matrices.

The batch form is employed for data processing in a basic
subspace identification algorithm. The acquired input-output
data is processed as a whole. It is adverse to the online
implementation and adaptive identified application. Due to the
time-varying nature of industrial processes, online model
assessment is necessary for determining whether model
re-identification is needed [13]. At present, there are two ways
to conduct online adaptive subspace identification; one is the
recursive identification method [14], and the other is the
receding window method [15]. The primary obstacle to the
implementation of adaptive subspace identification is
developing online QR and SVD decomposition algorithms. A
QR decomposition procedure is proposed by simultaneously
applying data updating and downdating, and outperformed
traditional algorithms in terms of computational efficiency.
Multivariable constraints arise due to physical limitations,
quality specifications, safety concerns, and limiting the wear of
the equipment [16]. The prediction capability of MPC is useful
in anticipating constraint violations and correcting them in an
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appropriate way [17].

In this paper, by online updating the R matrix with a receding
window, the state-space model can be obtained from
closed-loop data. It considers whether or not to update the
system model by comparing the prediction errors before and
after updating. The model predictive controller is then designed,
and solves an optimization problem online; MPC tools allow for
the solution of control problems with multivariable constraints
on input and output. The salient features and the main
contribution of the proposed method can be summarized as:
> It is applicable for closed-loop systems. The closed-loop

model can be obtained with QR and SVD factorization.

» It provides an attractive method for online adaptive
implementation. The adaptive model is obtained by
updating the modified R matrix online.

» It is an acceptable solution to the multivariable constraint
problem via quadratic programming.

The paper is organized as follows. In Section 2, the
closed-loop subspace identification algorithm is given. Section
3 provides the online adaptive implementation. The constrained
adaptive predictive control method is highlighted in Section 4.
The simulation results are presented and discussed in Section 5.
Finally, Section 6 presents the conclusions.

Il. THE CLOSED-LOOP SUBSPACE IDENTIFICATION ALGORITHM

Given a general state-space system of order n in innovations
form:

x(k +1) = Ax(k) + Bu(k) + Ke(k) 1)
y(k) = Cx(k) + Du(k) +e(k)
with input u(k)eR™ , output y(k)eR', state x(k)eR",
Kalman filter gain K , and innovation sequence e(k) .

The aim is to identify the system matrices AeR™" ,
BeR™™, CeR"", and DeR"™ using the finite closed-loop
input-output data sequences {u(k)}sz1 and {y(k)}szl.

Let us first introduce some preliminary notation. The vectors
of stacked inputs, outputs, and innovations are defined as

Yy (k+f-0]
uTk+ f-0)] @)

yi(k)=[y" (k) y'(k+D)
up(k)=[u"(k) uT(k+1)

e, (K)=[e"(k) e"(k+1) e'(k+f-]

where f >n isaninteger chosen by the user. In addition, define

- 3)

It is well known that we can rewrite Eq. (1) as follows:
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x(k +1) = Ax(k) + Bu(k) + Ky (k) @
y(k) = Cx(k) + Du(k) +e(k)

Let us now turn to the idea of the method of this paper. First,
we will use Eq. (4) to form the subspace data model:

y; (k) =Tx(k) + Hu, (k) + Gy, (k) +¢, (k) ()
where
C D 0 0
_ | CA _ CB D 0
r=| . , H= : S
~f-1 ~f-2~ ~f-3~
CA CA B CA B D
0 0 0
_ CK 0 0
G= : : .. : (6)
CA’k CA’k - 0

Consider the Hankel representation:

Yk,i,j :Fixk,j + HiUk,i,j +GiYk,i,j + Ek,i,j (7)
where
C D 0 0
CA CB D
ri = . ’ Hi = . ’
CA” CA’B CAB - D
0 0 0
CK 0 -0
Gi = : : . : (8)
~i-2 ~i-3
CA K CAK -0
and the Hankel matrices from input-output data
Yoo Yka Yirja
are Yk'i'j _ yk:+1 yk:+2 yk:+j and
Yiria Y Vi jeicz
U, U uk+j—1
u u R |
Ui = ket Tz . . The state vector
uk+i—l l"Ik-¢-i uk+j+i—2

X =[xk Xt Xkﬂ-J- E, i ; is the Hankel matrix of

the noise value.
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It is now necessary to define two Hankel matrices for
inputs and outputs: one of past values, given by U, ; and Yy, ;,

J
The

instrumental variable in the subspace method is chosen as a
combination of past inputs and outputs:

W = Yo 9
v, €))

Multiplying Eq. (7) from the right by projection operators
IT and IT, to remove the terms HU, ., and E,; ;

1
Uiij

results in:

and another of future values, given by Umi‘j and ij .

-1 .1
IL'LTJONYLZLJHU#MHW = Mlﬁri XiyjHUkL‘i‘jHW (10)

This is solved in the usual way using the RQ decomposition:

U, j Ui,Zi,J R, O 0 0 1:

W' _ Uo,i j _ Ry R, 0 0 2 | (11)
Yi ", YO,i,J RSl R32 R33 0 Q{

o Yi,Zi,J R41 R4z R43 R44 4

We can therefore obtain:

0, =[R,, R43]{gﬂ=ri%,,— (12)

3

To find an estimate of the column spaces of I'; and Xij, we
take the SVD of O, :

SEIAVAY
0 =[U, U ]{ ' }{ ' } (13)
S VR AVA
Given the linear system
i1, A B i
X Ly _ &,J + Pu (14)
Yk,i,i C D Uk,i,j Py
the least square method is used to obtain
A B sl TA BTN T
{ =arg min Xia) —{ } X (15)
c b Yk,i,j CD Uk,i,j E
ISSN: 1998-4464

Volume 14, 2020

and the system matrices (A,B,C,D) can be estimated.

However, it is performed “offline.” To implement “online,” we
should update the R matrix.

0 2i-2
T 1 T 1
y T T T T T T T
0 1 / i i+1 2i
f 1
u T T T T
0 1 2i-1

Fig. 1 The online implementation of a receding window

I11.  ONLINE ADAPTIVE IMPLEMENTATION

In adaptive control, model parameters are required to be
updated online. In this paper, the updating law is based on a
receding window, as illustrated in Fig. 1, and the explication can
be seen in [15].

Let
G=[G G, - Gj]eR‘“” (16)
Where
uc
Gc =| W, =[glc g2c"'g4ic]T ,1<ce< J (17)
Ye
Suppose a new set of input and output data vector is
uj+1
Gj+1 = Wj+1 :[91(j+1) 92(j+1)"'94i(j+1)]T (18)
yj+1
In the receding window approach, the input and output data
of the current process are augmented and the oldest data is
discarded. The new data G, ,, is then added to the G matrix in
the last column, and the new G’ is
G'=[G, G, - GM]e]R4in (19)
The key of QR decomposition in the receding window is to
obtain the decomposition results of G’ from the results of G
via a series of appropriate transformations. The QR
decomposition of G’ is

126
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G/ — RIQ!T
Introduce intermediate matrices R* =[R, R, -

], B=[R R']. Define a and b, as the i

(20)
Ri+1] c R4+
and A=[R R,

rows of A and B , respectively: a =[r, 6.1

’

bi :[ril hi '“ri'(j+1)]'
According to the QR decomposition, then

. R 1_TROT & 1_alQ O
R _[Rl RZ RJ+1] |:RQ R]+1j| A|:OT |:|

21
:|:|:\)1 R/QvT]:B | 0" ( )
0 Q!T

According to the orthogonality of Q and Q', we can obtain
AAT =BB’ (22)

by expanding Eg. (21), the variables of R’ can be obtained:

(23)

T
K {aiaf—rif —Zrﬂ
k=1
1 =
rij’ = r_,|:aia;'r —Fhal— ;rn;rj,k:|

i

(24)

The above method adds new data at each time while
simultaneously deleting the oldest data. It would result in the
whole window losing information, and would produce greater
prediction error [18]. The existence of online disturbance
influences identification precision. Therefore, we must decide
whether or not to use the new R’ matrix to update the model
with the inspection strategy of model precision. This strategy
depends on the prediction error.

Calculate the following prediction error before updating the
model:

ess, = ||Yk - 9k|k—1|| (25)

where vy, is the process output at k time, §,, , is the output at

k-1 time that predicts k time before updating, and |- is the

2-norm.
Similarly, the prediction error after updating the model ess,

can be also introduced:
€ss, = ||yk - 911\1«1" (26)
where ,, , is the output at k -1 time that predicts k time

after updating.
While ess, <ess,, maintain the R matrix and the system

model invariably. However, when ess, >ess, , use the new R’
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matrix to update the system model. At the next sample time,
when the new data arrives, recycle the above process.

IV. MULTIVARIABLE CONSTRAINED ADAPTIVE PREDICTIVE
CONTROL

The model predictive control strategy is an interesting
alternative for the control design method. It allows for the
incorporation of not only reference trajectories, but also
multivariable constrains control signals and outputs. It is used to
implement an indirect adaptive control method using the online
subspace algorithm with MPC tools. These MPC tools allow for
the solution of control problems with multivariable constraints.
A block diagram of the proposed system is illustrated in Fig. 2.

Measured outputs
Constraints ABC.DK, %o Subspace L —
b > MPC Design “ Identification
MPC
Parameters
Yy
u
RN u y
Controller > Plant
Controlled outputs

Fig. 2 The structure of the multivariable constrained adaptive
predictive control system

Constraints on the inputs and outputs of the system are based
on the physical limits of the process being controlled. The limits
fall into the following categories:

Ui < u < Uinax
Au < AU <Au 27
ymin < y < ymax

as the purpose is to optimize the cost function through the set of
future control variables AU, , the effects of these constraints on

AU, must be determined.
Given F, =[I, | LR =[L 1, 1, 1], we can

write Eq. (27) as a model predictor:

m Im

qumin < U f < qumax
F.Au., < AU, <FAu.. (28)
FI ymin < Yf < FI ymax

After determining the constraints on AU, , these constraints
can be incorporated into a matrix inequality:
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Tm [ qumax - quk

_Tm quk - qumin

L, AU < F,AU . 29
_Im e _FmAumin ( )
TILu Flymax _TI LWAWp - Flyk
_T| Lu | _TI LWAWp + FI Y — FI Yimin |

I, 0 0 I, 0 - 0
where T =" " |, T=' ' . |, and

Im

[ Ayk—P+l 1

m m

A
AW = Yi

] , with P and M being the prediction and
Auk—MJril

Au,
control horizons, respectively. L, and L, are the subspace

prediction matrices, and can be obtained from the least square
method [19]:

2

i 30
min (30)

AW
- )

F

where AY, is the set of future output variables.

We are looking for a cost function of a standard quadratic
objective

J:lAUIhAUerAUIf
2

(31)
where h=(T,L,) Q(T,L,)+R,
f =(TL,) Q(T.L,AW, + Fy(k)-Y,), Q and R are weighting

matrices, and Y, is the reference output. Equation (24) also can
be denoted as

AAU, <b (32)

This inequality can be solved by a quadratic programming
(QP) algorithm [20], which can be defined in MATLAB as

AU, =quadprog(h, f,Ab) (33)

After adding the first control variable Au, of AU, to the
previous plant input u, , the new plant input is u,,, =u, +Au, .
Measure the new plant output vy, , , update AW, , and repeat the
calculation to solve the optimization.
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V. SIMULATIONS

The 2-CSTR system is a system that incorporates nonlinear,
time-varying, and multivariable characters. The approach of
multivariable constrained adaptive predictive control is applied

Feed 1 Feed 2

—» -
Cooling ~ Cooling
ater Out Water In

Cooling
Water In

Cooling
Water Out

CSTR2 Product

Fig. 3 2-CSTR plant

to a 2-CSTR process. The process is schematically presented in
Fig. 3. A full description of the system can be found in [21-22].
The control problem is to maintain both tank temperatures at
desired values. The inputs are two cooling-water flowrates,

denoted by u=[Q,,,,Q..]" ,and the outputs are two tank outlet

temperatures, denoted by y =[T,,T, 2]T .

ol' "o
The nonlinear differential equations of this system can be
described as follows:

d
Vldi)il =-KVx + Q|1(C|1 - X1)
dx
Vlditz =AHK VX + Q|1(r|1 - Xz) _Ual(xz - X3)
dx
VJ1d7t3:ch1(Tcw1_X3)+Ua1(xz _Xs) (34)
dx
Vzdi{l =-K\V,x, + Q|2(C|2 - X4) + KVlX:l\M

dx,
Vcht5 = AHK,V, X, +Q,2(|'|2 - Xs) _Uaz(xs - Xe) + Kv1X2\/\71

dx
Vszit6 = chz(rcwz - Xe) +Ua2(X5 - Xe)

where K, =K exp(-E/Rx,) and K, =K exp(-E/Rx;) . The
six states are x, =C,, (outlet concentration of CSTR1), x, =T,
(outlet temperature of CSTR1), x, =T, (cooling water outlet
temperature of CSTR1), x,=C,, (outlet concentration of
CSTR2), (outlet temperature of CSTR2), and
Xs = Tewo, (cooling water outlet temperature of CSTR2). The

system stability analysis can refer to paper [21].
The input constraints are

X5 :Toz

A
A

0.8[m/s]
0.8 [m%/s]

005 < Q,, <

35
0.05 chZ ( )

IN
IA
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Tol(K)

online adaptive model of Tol |
offline fixed model of Tol
*rf

3631

362 L L
0 50 100 150
Time(0.1s)

Fig. 4 The online and offline models of T,

68

To2(K)

online adaptive model of To2 |
offline fixed model of To2

362

361
0

L T
50 100 150
Time(0.1s)

Fig. 5 The online and offline models of T,
The input Q,, was chosen to be a Gaussian random signal

that shifts by +20% . The lengths of the samples and sampling
time were set to 300 and 0.1 s, respectively, and 150 samples
were used to verify the identification accuracy. The
comparisons in Fig. 4 and Fig. 5 demonstrate the responses of
the online adaptive model and the offline fixed model of T, and

T

0o

,, respectively, where “rf” is the process output.

The online and offline prediction errors in Fig. 4 and Fig. 5
are defined as

(36)

where N is the number of samples, and vy is the

“one-step-ahead” predicted output. The prediction error of the
validation data set is provided in Table 1, and the adaptive
algorithm reduces the error considerably.
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Table 1. The prediction errors of the validation data set

Outputs Online Offline
T, & =2.0958 & =0.8013
T, £, =1.8045 &, =0.9403

129

The online adaptive models were then used to design the
predictive controllers. The parameters of the proposed

369

368

367

366

Tol/K

365

364

CSCAPC []
OSCAPC
Rf

363

! ! ! T T
500 600 700 800 900 1000
t/0.1s

! ! ! !
100 200 300 400

Fig. 6 The tracking performances of T,

367.5

367

366.5

366

365.5

To2/K

365

364.5[ i

el

; CSCAPC
363,51

L L L L L
200 300 400 500 600
t/0.1s

Fig. 7 The tracking performances of T,

closed-loop subspace CAPC (CSCAPC) method are set as
follows. The prediction horizon P =10, and the control horizon
M =3. To turn the weighting matrices, Q =1.5*1,, andR=1.

In total, 100 seconds are conducted in the simulation. For
comparison, an open-loop subspace CAPC (OSCAPC) method
is used to control this system, and the parameters are selected to
be the same as those set in the previous method. In the set-point
test, the performance of outputs using the CSCAPC method is
better than that of the OSCAPC method, as demonstrated in Fig.
6 and Fig. 7 where “Rf” is the setting trajectory.

363

! ! T
0 100 700 800

VI.

In this paper, the design of a multivariable constrained
adaptive predictive controller based on closed-loop subspace
identification is addressed. The system matrices are identified

CONCLUSION
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via online closed-loop subspace identification, and a constraint
handling method is then introduced to handle constraints for
input and output variables. The proposed controller is
successfully applied to a 2-CSTR process. It is demonstrated to
be more efficient than the open-loop subspace CAPC, and the
excellence of the proposed controller is explained. In an
extension, this controller can be further applied to 2-D system,
and the application of neural network to the controller will also
be an interesting and meaningful topic.
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