
 

 

 

Abstract—The running time of high-speed train is 

generally not late, and it can run normally in most cases. 

However, when severe weather conditions, train 

components and equipment, accidents or emergencies 

occur, it will lead to train operation delay and traffic 

congestion. Therefore, when an accident occurs, we need 

to adjust the train time or route timely and accurately. 

As an important algebraic system, max-plus algebra is 

widely used in the field of industrial production control. In 

industrial production, the most production mode is the 

discrete system , but the characteristics and the ability of 

discrete systems depends on the periodic of system and the 

number of workpiece produced by the system in unit time, 

and the characteristics of the system are closely related to 

the properties of the matrix, especially, the eigenvalues and 

eigenvectors of the matrix in the sense of max-plus algebra. 

Therefore, this paper studies the max-plus algebra theory 

and the solution of eigenvalues and eigenvectors of matrices 

in the sense of max-plus algebra, establish the operation 

time matrix to optimize the train operation adjustment 

model of high-speed railway, and analyze the failure 

propagation model.     

Keywords—max-plus algebra, eigenvalue, eigenvector, 

strategy optimization, failure analysis.  

I. INTRODUCTION 
n recent years, industrial and academic circles have begun to 
study various kinds of discrete event systems (DES), such as 
flexible manufacturing, remote network, parallel processing, 

traffic control and so on. The French G.Cohen et al. Proposed 
the theory method of max algebra in 1985, because of its simple 
algorithm, it was applied to solve the discrete event dynamic 
system, It can be used to transform discrete events in ordinary 
meaning into linear events in max-plus meaning.  

The domestic and foreign scholars have also studied it. Fard 
[1] analysis production scheduling of manufacturing systems by 
 

 

max algebra method, established automatic scheduling 
mechanism, the process route matrix and equipment part 
manufacturing time matrix are compatible, through the 
optimization of simulated annealing algorithm, make it jump 
out of local optimal solution so as to achieve the global optimal 
solution. Chen Jin etc.[2]investigates the solvability of max-
plus mixed linear inequality systems. By applying the 
characteristic for the solvability of max-plus linear equation 
systems and the maximum solution of max-plus mixed linear 
inequality systems, they present a necessary and sufficient 
condition for the solvability of max-plus mixed linear 
inequality systems. Based on the single route model, according 
to the max algebra theory, Lu Zhiwei[3] designed the terminal 
convergence route model, and the conflict of aircrafts 
convergence in the same altitude is solved. It can avoid conflict 
of intersection point of two linear routes, and a-chieve conflict 
free 4D trajectory prediction. Zhou X.[4] studied the matrix and 
vector of the interval coefficients with maximal additive 
algebras, and gave a polynomial algorithm for the identification 
of three types of tolerance interval eigenvectors. Bai Z[5] 
triggers the dynamic of the timing event graph by analyzing the 
maximal additive algebras, and finally builds the class of timing 
discrete events. 

Through the study of the above scholars, we can conclude 
that max-plus algebra can be used in many aspects, such as 
resource allocation, railway system scheduling, optimal control 
of production lines, image processing and so on. However, 
there is a lack of analysis of system failure in the above studies, 
because all the events have the possibility of accidents, so the 
study of system failure is also a necessary protective measure. 
Therefore, this paper studies the high speed railway adjustment 
model of strategy optimization and failure analysis based on 
max-plus algebra The adjustment and optimization of the train 
delay are carried out, and at the same time the failure condition 
is analyzed to eliminate the risk.   

II. MAX-PLUS ALGEBRA 

Definition 1.  In the max-plus algebra, the main operations are 
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maximization and addition, Defined as follows 

 baba ,max   

a b a b    

for  ,a b R   , where =-  . The structure ( , , )R    is 

called the max-plus algebra, denoted by maxR , Note that the 
zero element of the max-plus addition is =-  , and the 
identity element of the max-plus multiplication is 0e  . 

The max-plus algebra also has some properties 

The commutative law for addition is 

abbaRba  ,, max  

The associative law of addition is 

   cbacbaRcba  ,,, max  

The commutative law of multiplication is 

      cbacbaRcba  ,,, max  

The distributive law is 

        cbcacbaRcba  ,,, max  

III. OPTIMIZATION STRATEGY OF HIGH-SPEED RAILWAY TRAIN 
RUNNING ADJUSTMENT MODEL  

High-speed trains generally do not late at run-time, in most 
case, it can run normally, but when there is a poor weather 
conditions, train parts equipment, an accident or emergency, 
this leads to the delay of the train running and the traffic jam. 
So when a sudden accident occurs, we need to adjust the time 
or route of the train. Generally, there are two ways to adjust the 
sudden accidents of high-speed trains. One is to adopt the 
method of going along late, and the other is to adopt the method 
of overtaking [6] (two). The adjustment of the train and the role 
of the dispatcher's actions depend only on the state of the 
current situation and the measures taken by the dispatcher, and 
there is no direct link to the situation before. The adjustment is 
similar to the characteristics of Markov decision making, so the 
Markov decision process model  can be established[7]. 

 )},(),,/(),(,,{ araPAST eee               (1) 

T is the set of all decision points. S is the set of common 
conflict states of trains in high-speed railway. A  is the set of 
all actions. P is probability distribution. r is the payment. 

A. Two Adjustment Measures of High Speed Train under 

Sudden Accident 

After the train is delayed, we should consider it according to 
the time, status and other factors of the train. Generally, two 
measures will be taken: one is to adopt the postponing trains, 
and the other is overtaking trains. 

The three states of postponing trains are follows. When the 
state is two trains with the same speed, the front train i is late, 
while the train j  in the rear of the train i is not late, and the 

delayed time of train i at the station 1k  is wt , for the rear 

train j , you can adjust the distance between the two trains, It 
can be reached as soon as possible without traffic accident, and 
its adjustment time is xt . Since the adjustment can be adjusted 
by adjusting the station's dwell time at the station and the 
running time of the interval, to restore its normal pass [8], so 
we can take the postponing trains strategy, as shown in Figure 
1. 

 

tw tx
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Fig. 1 Adjustment of train running at same speed 

 

 When the state is two different speed trains, the front train is 
a high-speed train, the rear train is medium speed train, the 
delay time of the front train i  at station 1k  is wt , and the 
time between the expected arrival time of the train i  and the 
actual arrival time of the rear train j  is xt . Assume that the 

minimum time interval is mt  between two different trains 

arriving at the same station. When the x mt t ,  the rear train 

does not need to be adjusted. When x mt t , it should be 
adjusted according to the minimum time interval time. 
Therefore,  we can also take the postponing trains strategy, as 
shown in Figure 2. 
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Fig. 2 Adjustment of high and medium speed train running 

 

When the state is Two different speed trains, the front train 
is a medium speed train, and the rear train is a high-speed train. 
The front train i  is delayed at station 1k  , so it causes a 
conflict with the rear train j  in the driving area. In this case, 
the rear train can only be adjusted by the postponing trains 
strategy, and this adjustment will severely restricts the speed of 
the rear train j , and the effect will be continue in the next 
driving region, but if the later time does not exceed the 
maximum acceptable time, and the rear train is also late, the 
method will make the value of xt is more and more small, so 
we can also take the postponing trains strategy, as shown in 
Figure 3. 
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Fig. 3 Adjustment of medium and high speed train running 

 

    When the train appeared that serious delay exceeds the 
maximum time and the rear vehicle does not appear late or 
rarely occurs, we will no longer use the postponing trains 
strategy. At this time we need to consider the rear train 

overtaking the front train. There are two kinds of situations to 
consider, one is to overtake at the station K , the other is to 
overtake at the station 1K  , At which station, depending on 
the train's reward, the higher reward is the optimal adjustment. 
At the same time, the minimum interval time for the departure 
of the train is Idd , 0t is the time difference between the 
expected arrival time of the rear train and the front train at 
station i , it is divided into two situations. 

When Iddt 0 , the train overtaking action at  station K  
and station 1K   as shown in Figure 4, it can be seen from the 
figure overtaking action at  station K  and station 1K   can 
solve the conflict, then we need to calculate the reward 1T , 2T

of the two kinds of the behavior ,that is, the weighted total time 
of train i and train j in the interval, 

 )()( 01 iffddiddjj tIIltItlT           (2) 

 )()( 02 ffddiiddij IItltItlT           (3) 

When Iddt 0 , the train overtaking action at  station K and 
station 1K   as shown in Figure 5, it can be seen from the 
figure, in this case, if the rear train overtaking action at station 
K , we only need to adjust the train i , without the need to adjust 
the train j , and then calculate the  1T , 2T  in the case, 

 )( 01 iffijj tItltlT                  (4) 

 )()( 02 ffddiiddij IItltItlT         (5) 

 Let 21 TT  , we can get 
ddji

ji

j
Itt
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l
t 


 )(0

 

   Let 21 TT  , we can get 
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j
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 )(0 , 21 TT  , if the rear train j

overtaking action at station K , the weighted total time is small, 
so the train should j overtaking action at station K . When 

ddji

ji

j
Itt

ll

l
t 


 )(0 , 21 TT  , that is if the rear train j

overtaking action at station 1K  ，the weighted total time is 

small, so the train should j overtaking action at station 1K  . 

     

From the above we can see that in the process of high-speed 
railway train operation adjustment ，  different situations 
require different treatment, in general the conflict between the 
two trains are solved by adjusting the speed of trains and routes, 
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ultimately  the train operation is optimized without affecting the 
operation of the train. 

B. The Strategy Optimization based on Max Plus Algebra 

Suppose there are K  stations and N trains in a section 
within the period of adjustment, and the following matrices are 
defined. 

The overtaking matrix )1(, )(  KNkioO , and the matrix 

element kiO , is the data in line i , column k , and take the train 

number of the ith  position in the time sequence of the kth  
operation interval, },,1{ Ni  , }1,,1{  Kk .  As shown 
in Figure 6, matrix the first column data 1,2,3 of the overtaking 
matrix corresponding to train number 1,2,3in the first operating 
interval according to the time sequence. The second column 
data 2,1,3 corresponding to the train number 2,1,3 in second 
operating interval according to the time sequence. Thus, the 
position of the train 1 and the train 2 is changed in order. This 
is because the train 1 at the station 2K   is overtaked by the 
train 2. In turn, the train overtakin matrix in the whole section 
can be obtained.  

The arrival and departure matrix )22(, )(  kNkixX of the 

train i at the station K , 12, kix is the arrival time of the train  i

at the station K , kix 2, is the departure time of the train  i at the 

station K , }1,,1{  Kk . The time delay in the 

propagation of partial failure, 1t to 4t as shown in Figure 4. 
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Fig. 4 The train runs between different stations 

   The corresponding matrix is 
















133
312
221

 

The minimum stopping time matrix KN

istop

k

stop tt  )( , of the 

train  i at the station K , istop

kt
,  is the minimum stop time of the 

train  i at the station K , },,1{ Ni  ， }1,,1{  Kk . 

   The standard running time matrix )1(
, )(  KN

irun

k

run tt  

including the additional time of stops  between station K  and 

station 1K  , irun

kt
,  is the standard running time of the train 

between station K and station 1K  , },,1{ Ni  , 
}1,,1{  Kk . 

    Based on the maximal plus algebra and matrix operations 
which are given above, we can quickly calculate the train 
departure time by the state e to the state 1e of all trains in 
different station under the condition of  determinate overtaking 
sequence and non-conflict train [9]. 

kx 2,1 and 12,1 kx is the arrival time and the departure time of 

train 1 at station K , and 1,ix  is the departure time of each train 
at the departure station , They are calculated by the following 
formula. 

 


















1,
12,112,1

1,
12,12,1

1,1 0

stop

kkk

run

kkk

txx

txx

x

              (6) 

;,...,2 Kk  NiiIx ffi ,,2);1(1,   

The calculation formulas of the arrival time ko ki
x 2,,

 and the 

departure time 12,1,  ko ki
x  of the subsequent train at station K  

are respectively as follows 

 ),max( 2,
,

12,2, ,1

,

,, ddko

orun

kkoko Ixtxx
ki

ki

kiki


       (7) 

NiKk ,...,2;2,...,2,1   

 ),max( 12,
,

12,12, 1,1

1,

,1, ffko

ostop

kkoko Ixtxx
ki

ki

kiki
  




  (8) 

NiKk ,...,2;2,...,2,1   

The formula for the arrival time 22,1,  ko Ki
x

of the follow-up 
train at the final station K  is 

),max( 22,
,
132,22, 1,1

1,

1,1, ddKo

orun

KKoKo Ixtxx
Ki

Ki

KiKi
  




 (9) 

Ni ,...,2  

kiy ,  is the scheduled arrival time of train i  at the final 

station K , formula of the total weighted delay time of all trains 
is defined as the follows.  

 


 
N

i

KiKiiall yxlt
1

,22, )(                       (10) 
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IV. STEADY STATE CHARACTERISTICS OF THE SYSTEM 
Considering the convenience of passengers to use urban rail 

transit trains and the actual absorption effect of stations for non-
uniform distribution of passenger flow,  the uniform level of 
departure and arrival interval is improved to avoid too small 
station trains from the perspective of the average effective 
travel time of passenger flow. It is an important objective to 
improve the operation service level that the headway between 
departure and arrival results in overload of delayed trains and 
under-load of subsequent trains, for example, the number of 
passengers who can be absorbed by subsequent trains is lower 
than expected due to the short collection time of subsequent 
passenger flow. Therefore, it is of great significance to study 
the uniform distribution of station tracking interval between 
trains in urban rail transit system. 

The stability of system state evolution process refers to the 
boundedness of the evolution process and the convergence of 
the finite beat of its equilibrium state. It is shown that the 
boundedness of the evolution process can always be guaranteed, 
so the stability problem comes down to whether the evolution 
process can converge to its equilibrium state in a finite number 
of beats. The equilibrium state is a periodic process, which is 
usually called periodic steady state. The mathematical 
definition of stability is given as follows. 

The linear system on maximal algebra [10] is 

        
CkXkY

BkUAkXkX

)()(
)()1()(




            (11) 

Where A(k) and B(k) are coefficient matrices, and C(k) is 
constant which does not change with k. X(k) is state vector, Y(k) 
is output vector and U(k) is input vector. 

For any initial value 

 ),...,1(,,],...,[ 00010 nixxxX i

T

n        (12)    

 if    and the square root is in the sense 

of  maximal algebra, then the system (11) is said to be stable 
with 

the component . if it is stable for all components, then it is 
determined that the system is weakly stable.. If 

,  is a constant, it is determined that 
the system (11) is stable. 

Under the periodic input control, the state quantity of the system 
must enter the periodic steady state with period one after a 
limited transition batch. When the system is in the equilibrium 
state, each station or section is occupied by a train at an average 
interval of  or  for all stations or sections, which depends 
on the departure interval of the train and the maximum value in 
the time matrix T , which is the tracking interval between trains. 
Therefore, uniform departure can ensure the uniform 

distribution of arrival departure interval of trains in the station, 
and the arrival departure interval of train depends on the 
departure interval of train and the maximum value of time 
matrix T. 

V. ANALYSIS OF FAILURE PROPAGATION PROCESS UNDER 
MAX-PLUS ALGEBRA 

The optimization strategy of high speed train adjustment 
model is studied, however, it could not have toward the best 
direction for a special case, so the study of failure propagation 
process will make us nderstand the situation in advance, so as 
to make accurate judgments in emergencies. Therefore, this 
paper will study the failure propagation process under max- 
plus algebra. 

The failure propagation process consists of two aspects. The 
logical chain relation of failure propagation is that the 
description of the failure system A includes the other failures 
A1 and A2 that directly cause the system A to occur, and the 
subsequent failures A3 and A4 caused by the system A, as 
shown in Figure 5. 

 

 

Fig. 5 Logical chain relation of failure propagation 

 

Definition 1: failure propagation matrix is NN   matrix. N  
is the type of local failure system in the system. if the ith  kind 

of failure occurs, and after delay ijt , the jth  kind of failure 

occurs, then   ijs tji  , , if the ith  kind of failure occurs, it 

will not affect the occurrence of the jth  kind of failure, then

   jis ,  ,   is the additive zero element in the max-
plus algebraic law. 

Thus, the failure propagation process is a logic of "or", that 
is, any failure of the previous stage can result in the occurrence 
of the latter failure. The iterative calculation should take the 
minimum cumulative time of the multiple propagation paths. 
iterative calculation should be minimum of multiple 
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propagation paths on the accumulative time. Therefore, the 
min-plus rule is used to describe the propagation process of 
failure: an initial state is started, and the final failure 
propagation state is iteratively obtained by the maxi-plus 
algorithm. The system state is represented by a N dimension 
vector 

  TNXXXX ,...,, 21                   (11) 

where iX  indicates the initial time of the ith kind of failure, 

let   ixiX  , if the failure has not occurred, then   iX . 

the time of occurrence of the failure is unknown 0X  represents 

the initial state of the failure, kX  indicates the state after the 

k iterations, X is the final state.The rule of matrix 
multiplication in max-plus algebra is used to express the change 
of the system state of failure through one pass. 

 kSk XX 1                             (12) 

The system state changing process of failure which has been 
passed over many times can be expressed by the power 
operation of the max-plusl algebra. 

 SSS

k

S             (13) 

The final state of the system is the superimposed of multiple 
transfer process effects. [22].  X  is the final state 
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N

SSSS 
     (14) 

Among them, E is the unit matrix in the sense of max-plus 
algebra, its diagonal element is multiplication zero element, and 
the rest elements are  . 

For the system of Fig. 2, the failure propagation matrix is 

 


































4

3

21

t

t

ttS

 

It is assumed that the initial state of the system is that A1occurs 

at the time 0t , i.e.: 

  TtX  ,,,,00                   (15) 

According to equation (54), the final failure status is obtained 

 
 Tttttttttt

XXXX

410310100

210

,,,,    


     (16) 

A. The Failure Control Process based on Maximum Algebra 

This example introduces the max-plus algebra to describe the 
failure process in the system. Similar to the failure propagation 
process, the failure control process also includes two aspects: 
logical chain relation and time delay. Define a similar matrix 

E  to describe these two attributes. 0Y represents the initial 

state of the failure control process, 0Y  is set based on the final 
state of the failure propagation process. 

If   iX  (indicating failure has never occurred), then 

  iY0  (indicating that the failure does not exist). 

If   TiX  (the failure occurs at time T ), then   iY0

(indicates that the failure exists at the initial state and vanishing 
moments are uncertain). 

If the initial value is set  that the failure i disappears at the 
moment 0 , then   00 iY . After determining, 0Y  , the final 
state Y of failure control can be obtained by the following 
cyclic iteration 

 kEk YY 

'
1                                (17) 

    ,  min '
11 kkk YYY                   (18) 

Among them, formula (17) is the standard max-plus iterative 
operation, and the Min operation in formula (18) is to deal with 
the influence of the special state in the iterative process. The 
control process of the failure is "and" logical process, only 
when a failure of the front stage all disappeared, the failure will 
disappear, iterative calculation should be to maximize the total 
time of multiple control path, so we use the max-plus algebra 
rule to describe the failure propagation, when the elements 
 are generated in an iterative operation, if the previous state 

is a determined value, the subsequent state should hold the 
value. 

For example systems shown in Figure 6, the failure control 
matrix is set as 

 


































3

21E

 

Note that SΦ  and EΦ  are asymmetric 

 
4(5 3)S t ，                                 (19) 

    35，E                                 (20) 

Formula (13), (14) indicate that A can trigger A4, but A 
disappears without causing the A3 to disappear. This is an 
important characteristic of failure in the propagation process. 
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The method presented in this paper can be used to analyze this 
kind of characteristics. 

Assuming that the A1 vanishes at time 0 , the initial state of 
the failure control process is 

  TY  ,,,,00                      (21) 

By using (52) and (53) iterations, the final state of the failure 
control process can be obtained 

  TY  ,,,, 210100           (22) 

B. Failure Analysis Method based on Max-plus Algebra 

The steps of failure analysis based on max-plus algebra are 
as follows. 

Step1. According to the system security function, determine 
the system hazards that need to be analyzed, that is, the 
dangerous failure of the system boundary. 

Step2. According to the method proposed above, the failure 
exposure time is calculated, and the system hazards are 
controlled by (23). 

hsf PSThXhYhT  )()()(                      (23) 

Among them, h is the system boundary risk failure index 
number that is to be analyzed, hPST indicates the process safety 
time of the failure process, that is, tolerable dangerous output 
duration.  hX  is obtained by formula (21),   hY  is obtained 
by formula (22) and (23). 

Make an explanation of (23) from two aspects. If no harm 
occurs, then   kY ,   kX ,     hPSTkXkY  , 
the content is satisfied (23). 

If a hazard occurs,  kX is the delay time when the hazard 
occurs,  kY indicates the delay time when the hazard is 
controlled, and meeting (23) represents risk within the system 
acceptable range, otherwise, system risk will not be accepted. 

Through the analysis of the failure of the train we can draw: 
This method can analyze the failure propagation mechanism in 
the whole system in the case of multi-module collaboration 
system with complex interaction, the quantitative failure 
propagation and control analysis are carried out to effectively 
identify the system risks and provide relevant functions and 
parameter constraints for subsequent engineering design. 

VI. CONCLUSION 
In this paper, according to the max-plus algebra method, the 
adjustment model of high-speed railway train is optimized. The train 
adjustment mode in different cases is analyzed, and the running time 
matrix is established., calculate the arrival and departing time of all 
trains at different stations, and then get the optimal adjustment 
method.. Then, taking into account all the trains have emergency, we 

analyzed the failure and dissemination under max-plus algebra sense, 
thus The quantitative failure propagation and control analysis can be 
carried out to identify the risk of the system. 

After all, train operation adjustment is a large and complex subject 
with many influencing factors and strong applicability. For the actual 
technical system of train operation command automation system, the 
work done in this paper can only be regarded as the most basic 
research, and there are still many problems to be discussed in depth. 
Moreover, with the development of high-speed railway from the 
research stage to the planning and design stage, some preconditions are 
constantly changing, so the research on train operation adjustment 
must be deepened and expanded accordingly. In this paper, the train 
operation process is divided into several arrival and departure events 
to deal with, as for the train operation in the section is not considered 
in detail. With the determination of high-speed railway signal system 
and line direction, it is necessary to further improve the research on 
train operation organization in the section. Train operation adjustment 
is a work with high intelligent requirements. Although some intelligent 
methods are introduced in this paper, it is not enough from the practical 
level. It is necessary to further improve the intelligent level to reduce 
the man-machine dialogue operation, so as to improve the automation 
degree of train operation adjustment and better meet the timeliness 
requirements of high-speed railway train operation adjustment. 
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