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I. INTRODUCTION
ESPRIT (Estimation of Signal Parameters via Rota­
tional Invariance Technique)[1] is an algorithm that
is based on subspace method. This eigenstructure­
based technique has gained much attention and has
been proven to be an effective approach in direction­
of­arrival (DOA) estimation. The straightforward im­
plementation of ESPRIT can be attributed to the sen­
sor array’s inherent translational invariance, taking
advantage of the rotational invariance of the signal
subspaces. However, the presence of mutual coupling
in an antenna array leads to the degradation of the di­
rection finding performance of ESPRIT [2, 3, 4].

Previous studies introduced modifications to ES­
PRIT, in order to mitigate the effects of mutual cou­
pling. In [5, 6, 7, 8, 9, 10, 11], the mutual cou­
pling from the empirical data are compensated before
applying the ESPRIT algorithm and requires prior
knowledge of the exact mutual coupling matrix.

Similar to the algorithm adopted in this paper,
[2, 12, 15, 16, 17, 18, 19, 20, 21], discard the anten­
nas from either end of the uniform linear array. Data
from the overlooked antennas are not fed to ESPRIT.
Only data from the trimmed array or the middle an­
tennas are further processed and would have an array
manifold that is suited for ESPRIT due to their rota­
tional invariance mathematical structure. However,
such method presumes that the mutual coupling ma­
trix follow a Toeplitz and banded algebraic structure.

Uniform linear array is mainly used for beamform­
ing and direction­of­arrival estimation. The array is
composed of identical and equally spaced dipoles po­
sitioned along a straight line with uniform feed sys­
tem. Electrically short (i.e. L < λ

10 ) and long dipole
antennas can be used for direction finding. Electri­
cally long dipoles have been investigated for direction
finding in [22, 23, 24] but those dipoles’ perpendic­
ularity precludes the mutual coupling effects investi­
gated in this paper.

This paper will not only address the issue on the
Toeplitz and banded properties of the mutual coupling
matrix, but will also investigate the effects of varying
the electrical length of the dipoles with identical prop­
erties and orientation in a uniform linear array.

II. ULA’S DATA MODEL FOR A UNIFORM
LINEAR ARRAY OF SENSORS THAT ARE
NOT ELECTROMAGNETICALLY COUPLED
ConsiderK number of identical isotropic sensors, ly­
ing on the x­axis, with a uniform spacing of ∆, an
identical orientation, and no electromagnetic coupling
among them. Suppose a narrowband plane­wave s(t),
of wavelength λ and power P , impinges upon the
aforementioned array at a direction­of­arrival (DOA)
of θ ∈ [0, π) defined with respect to the array axis.
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This s(t) would register a complex­phase shift of
ej2π

xℓ
λ
u at the kth sensor, relative to an hypotheti­

cal sensor at the x­coordinate’s origin. In the above,
u := sin(θ) denotes the Cartesian direction­cosine
along the x­axis,

The entire array’s observed data, at the time t, may
be represented as aK × 1 vector,

z(t) :=︷ ︸︸ ︷ z1(t)
...

zK(t)

 =

a(θ) :=︷ ︸︸ ︷
ej2π

∆

λ
u

...
ej2π

∆

λ
Ku

 s(t) +
n(t) :=︷ ︸︸ ︷ n1(t)
...

nK(t)

, (1)

where nk(t) refers to the complex­valued zero­mean
additive white noise at the k­th sensor at time t and
possesses power Pn. The above data model has
only one incident signal, so that the subsequent de­
velopment may focus on the impact of inter­antenna
electromagnetic coupling on ESPRIT­based direction
finding.

With N snapshots taken at the distinct instants of
{tn, n = 1, . . . , N}, the entire data set may be repre­
sented as aK ×N matrix,

Z := [z(t1), . . . , z(tN )] . (2)

The direction finding (DF) problem aims to esti­
mate all θ from Z.

III. REVIEW OF ESPRIT
The ESPRIT algorithm [1] has its key algorithmic
steps summarized below for the degenerate case of a
single­source scenario.

(i) From the dataset Z in (2), form the K ×K data
spatial correlation matrix ZZH , where the super­
script H symbolizes the Hermitian operation.

(ii) Compute the principal eigenvector e of ZZH .
ThisK× 1 principal eigenvector spans the rank­
1 signal subspace of the data spatial correlation
matrix.

(iii) Delete the top element of the K × 1 vector e to
form an (K − 1)× 1 vector, e1.

(iv) Delete the bottom element of theK × 1 vector e
to form an (K − 1)× 1 vector, e2.

(v) Compute ψ := eH1 e2.

(vi) Compute û :=
̸ ϕ

2π∆/λ as the estimate of the inci­
dent emitter’s Cartesian direction­cosine u.

(vii) Compute θ̂ := sin−1 u as the estimate of the in­
cident emitter’s direction­of­arrival θ.

Step (iii) above corresponds to ignoring the lead­
ing sensor’s data, whereas step (iv) above corresponds
to ignoring the trailing sensor’s data. That is, these
two steps form two (K − 1)­sensor subarrays out of
the overall K­sensor array. The former and the latter
would, respectively, have the (K − 1) × 1 subarray
manifolds,

a1(u) =
[
ej2π

∆

λ
u, · · · , ej2π

∆

λ
(K−1)u

]T
, (3)

a2(u) =
[
ej2π

∆

λ
2u, · · · , ej2π

∆

λ
Ku

]T
, (4)

where the superscript T denotes a transposition.
These two subarrays’ manifolds are mathematically
identical except for a “rotational invariance” of
ej2π

∆

λ
u, which embeds the to­be­estimated parameter

of u.

IV. PROBLEM FORMULATION
Consider the z­directed uniform linear array lying
on the x­axis with K number of identical dipoles,
with uniform spacing, an identical orientation and ele­
ments are electromagnetically and mutually coupled.

Assuming that the coupling of each dipole is af­
fected by the K − 1 dipoles,where K is the number
of dipoles, the mutual coupling matrix, C, which is
non­Toeplitz and non­banded, is of the form

C =


c1,1 c1,2 . . . c1,K
c2,1 c2,2 . . . c2,K
...

... . . . ...
cK,1 cK,2 . . . cK,K

 (5)

The mutual coupling matrix in (5) is obtained by
a “method of moments” (MoM) approximation (also
known as the “boundary element method” (BEM) ap­
proximation of the solution of theMaxwell equations.
This “method of moments” approximation software
used is the “EMCoS Antenna VLab”.

Under electromagnetic coupling, the linear ar­
ray of antennas would give an array manifold of
a(C)(θ) := Ca(θ). This “coupled” array manifold
would give a(C)

1 (u) and a(C)
2 (u), as counterparts to

a1(u) and a2(u) of (3)­(4). In general, no scalar ψ(C)

exists, such that ψ(C)a(C)
1 (u) = a(C)

2 (u).
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Under an idealization ofC as Toeplitz and banded,
C would equal

C(TB)

=



c0 c1 . . . cQ 0 . . . 0
c−1 c0 . . . cQ−1 cQ . . . 0
...

... . . . ...
... . . . ...

c−Q c−Q+1 . . . c0 c1 . . . 0
0 c−Q . . . c−1 c0 . . . cQ
...

... . . . ... . . . ...
...

0 . . . 0 c−Q . . . c−1 c0


,

(6)

giving a(TB)
1 (u) and a(TB)

2 (u), as counterparts to
a1(u) and a2(u) of (3)­(4). Even for this Toeplitz and
banded special case ofC, no scalar ψ(TB) would gen­
erally exists such that ψ(TB)a(TB)

1 (u) = a(TB)
2 (u).

To restore the “rotational invariance” mathemati­
cal structure in a(C)(θ), [17] suggests discarding the
data collected by the array’sQ number of leading an­
tennas and Q number of trailing antennas. These 2Q
are called “auxiliary” or “dummy” antennas.

To understand why this scheme would be effec­
tive: Suppose Q number of “coupled” antennas, at
either end of the linear array grid, have their data ig­
nored. The remaining (K − 2Q) “coupled” antennas
may be formed into two (K − 2Q− 1)­antenna sub­
arrays. These two (K − 2Q − 1)­antenna subarrays
may be selected out from the overallK­element array
by the two (K − 2Q− 1)×K selection matrices,

J1
= [0(K−2Q−1)×Q, I(K−2Q−1), 0(K−2Q−1)×(Q+1)],

J2
= [0(K−2Q−1)×(Q+1), I(K−2Q−1), 0(K−2Q−1)×Q].

These two (K − 2Q− 1)­element subarrays of “cou­
pled” antennas have the subarray manifolds,

a(Q)
1 (u)

= J1C(TB)a(u)

=


c−Qψ

0 + c−Q+1ψ
1 + . . .+ cQψ

2Q

c−Qψ
1 + c−Q+1ψ

2 + . . .+ cQψ
2Q+1

c−Qψ
2 + c−Q+1ψ

3 + . . .+ cQψ
2Q+2

...


a(Q)
2 (u)

:= J2C(TB)a(u)

=


c−Qψ

1 + c−Q+1ψ
2 + . . .+ cQψ

2Q+1

c−Qψ
2 + c−Q+1ψ

3 + . . .+ cQψ
2Q+2

c−Qψ
3 + c−Q+1ψ

4 + . . .+ cQψ
2Q+3

...



where ψ = exp(j2π∆
λ u) as before, and

J1C(TB) =


c−Q . . . cQ 0 . . . 0
0 c−Q . . . cQ . . . 0
...

...
...

...
...

...
0 . . . c−Q . . . cQ 0

 ,

J2C(TB) =


0 c−Q . . . cQ . . . 0
...

...
...

...
...

...
0 . . . c−Q . . . cQ 0
0 . . . 0 c−Q . . . cQ

 .
It is obvious that a(Q)

2 (u) = ψa(Q)
1 (u) regardless

of the value of u. In other words, a rotational invari­
ance (ψ) is restored despite Toeplitz/banded electro­
magnetic coupling among the antennas, but it is be­
tween the two (K − 2Q − 1)­element subarrays ob­
tained from the overall K­element array by ignoring
Q number of “auxiliary”/“dummy” antennas at either
end of the linear array grid.

The above formulation will be applied to varying
dipoles’ electrical lengths in order to know its effects
on the direction­of­arrival estimation under mutual
coupling.

V. SIMULATION
In order to obtain the numerical values of (5), the
uniform linear antenna model is set up and run in
VLab. Throughout the simulation, dipoles have a di­
ameter of 0.6λmillimeters, a feeding gap of λ

50 . They
are center­driven by a one­volt source with a load
impedance of zo = 50 ohms, and mechanically in
free­space. λ refers to the wavelength.

For the test case of a linear array ofK = 11 iden­
tical dipoles spaced uniformly apart by ∆

λ = 0.5,
the above VLab computation produces K × K mu­
tual coupling matrix C for varying electrical dipole
lengths: L

λ = 0.30, 0.50, 0.65, 0.80, 0.95.
Fig. 1 and Fig. 2 show the three­dimensional

plots of the real and imaginary parts of C from VLab
at L

λ = 0.65 and L
λ = 0.80, respectively. If writ­

ten in matrix form, Cs are symmetric matrices and
not Toeplitz and banded, for all L

λ . As the symmetry
is along the diagonal, the impedance of the diagonal
elements are called the “self­impedance”, while the
impedance of the elements off the diagonal are called
the “mutual impedance”.

For direction­of­arrival estimation, there is only
one incident source, incident from the far field, emit­
ting a narrowband signal whose baseband­equivalent
amplitude envelope is modeled as symmetrically
complex­value Gaussian and temporally uncorre­
lated. The signal­to­noise ratio (SNR) is 20 dB. Each
icon in Fig. 3 represents 100 independent Monte
Carlo trials, each of which involves 500 time samples.
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(a)

(b)

Figure 1: (a) Real and (b) imaginary parts ofC at Lλ =
0.65

The direction­of­arrival estimation performance is
measured by the root mean square error (RMSE) in
(7).

RMSE =

√√√√∑K
k=1

(
θk − θ̂k

)2
K

(7)

where K denotes the number of elements in the
uniform linear array, while θ and θ̂ denote the true
direction of arrival and the estimate, respectively.

VI. RESULTS AND DISCUSSION
Using the ESPRIT­based algorithm in [17], Fig. 3
shows the results of the direction­of­arrival estima­
tion. The “root mean square error” per L

λ is plotted
against the “number of auxiliary sensors”.

(a)

(b)

Figure 2: (a) Real and (b) imaginary parts ofC at Lλ =
0.80

Two cases are considered here. The first case is
when C = C(TB), i.e. C is presumed as Toeplitz
and banded. The second case is when C ̸= C(TB),
i.e. C is VLab’s coupling matix. The first case is
reflected on the curves with solid lines in Fig. 3.
They are based on a C(TB) obtained by least­squares
fitting VLab’s C values to the C(TB) mathematical
form. The second case is presented by the curves with
dashed lines in Fig. 3.
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Figure 3: The root mean square error versus the number of auxiliary sensors at L
λ = 0.30, 050, 0.65, 0.80, 0.95.

Figure 4: The root mean square error versus the number of auxiliary sensors at L
λ = 0.95.
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For the case when C = C(TB), good performance
in direction­of­arrival estimations is expected since
the Toeplitz and banded the mutual coupling matrix
is presumed. For all L

λ , the root mean square error
improves when fewer “auxiliary” sensors considered
decreases. Fewer auxiliary antennas results to a larger
mid­array aperture. This is valid because in sensor
array direction finding, more accurate direction­of­
arrival (DOA) estimates and more robust resolution
of closely spaced emitters would be produced if the
antenna array aperture is larger.

Increasing the L
λ improves the root mean square

error, thus improving the performance of direction­of­
arrival estimation. The performance improved from
an order of magnitude of−4 to−6 atQ = 0, and from
an order of magnitude of−4 to−5 atQ = 4 across all
L
λ . This observation is correct, since longer electrical
dipole lengths would warrant a larger “effective area”
of the antenna array, thereby capturing more power
from a given electromagnetic field.

When the algorithm in [17] is fed with a more re­
alistic data, i.e. C ̸= C(TB), the direction­of­arrival
estimation performance is very poor across all L

λ in
Fig. 3. Fig. 4 shows the worst performance where
the two curves differ by 3 to 5 orders of magnitude.
The increase in L

λ , in this case, would not merit fur­
ther analysis since the presumed model of the mutual
coupling matrix being Toeplitz and banded is not fol­
lowed, in the first place.

VII. CONCLUSION
Varying the electrical dipole lengths in the uni­
form linear array improves the performance of the
direction­of­arrival estimation as longer dipoles col­
lectively provides larger aperture or receiving cross
section of the antenna array. This translates to more
power being captured by the array. As far as dis­
carding the mutual coupling data from both ends of
the uniform linear array, fewer dipoles considered as
”auxiliary” antennas would translate to a larger mid­
array aperture, which in turn produce more accurate
direction­of­arrival estimates.

This paper also presented the serious consequence
of mis­modeling the mutual coupling matrix as both
Toeplitz and banded. Feeding the ESPRIT­based al­
gorithm in [17] with a more practical data results to an
inaccurate direction­of­arrival estimation. The next
step is to develop a mathematically tractable coupling
model that is valid and can be used in the effective
mitigation of electromagnetic mutual coupling among
the antenna array elements.
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