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Abstract—The present paper discusses the development of fixed-
point Hestenes’ singular value decomposition (SVD) algorithm of
symmetric matrices in computing eigen faces for image process-
ing applications. Steps for developing fixed-point algorithm from
floating-point version are discussed. Quantization noise propagation
model for computationally intensive sections of the algorithm are
derived and validated. The results are compared with the dou-
ble precision floating-point version of the algorithm. Accuracy is
measured in terms of number of accurate fractional bits, signal-
to-quantization-noise-ratio (SQNR), orthogonality and factorization
errors. Results show that the constant fixed-point format performs
better than variable one in terms of number of accurate fractional
bits when the variables have close ranges. Variable fixed-point
format implementation exhibits an overall better performance. A case
study has been presented where variable fixed-point Hestenes’ SVD
algorithm with three different wordlengths (WLs) is used as an image
processing tool to compute eigen faces from one male and one female
face database.

Keywords—Constant fixed-point format, covariance matrix, eigen
faces, error propagation, fixed-point SVD, signal-to-quantization-
noise-ratio (SQNR), variable fixed-point format, wordlength (WL).

I. INTRODUCTION

PREDOMINANTLY in all signal and image processing

applications covariance matrix is used as an efficient fea-

ture descriptor. Several signal and image processing algorithms

are based on subspace based method involving computation

of eigenspace (singular values and singular vectors) of the

covariance matrix. SVD plays an important role in finding

singular triplet of these matrices. Principal component analysis

(PCA), pattern recognition in signal and image processing are

few examples where SVD is primarily used [1], [2], [33] and

[34].

SVD of a dense matrix Am×n can be stated as

A = UΣV T (1)

where Um×m and Vn×n are orthogonal (or unitary) matrices

and their columns are called left and right singular vectors

respectively. Σ is a diagonal matrix and contains all singular

values along its diagonal in a non-increasing order. For a

symmetric matrix m = n, U and V span the same vector

space. Hence computation of either U or V is sufficient. For

symmetric matrices, eigenvalue decomposition and singular

value decomposition are closely related as follows [4] and

[6]:

Suppose A is a symmetric matrix, with eigenvalues λi and
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orthonormal eigen vectors ui so that A = UΛUT is an eigen-

value decomposition of A, with Λ = diag[λ1λ2...λn], U =
[u1u2...un] and UUT = I . Then an SVD of symmetric

matrix A is, A = UΣV T , where diagonal elements of Σ i.e.

σi = abs(λi) and vi = sign(λi).ui where sign(0) = 1. For

symmetric positive definite matrices eigenvalue decomposition

(EVD) and SVD leads to the same decomposition.

There are several algorithms for SVD as stated in literature

[3]-[6]. Classical Jacobi algorithm for SVD is known to be

accurate among all. However, being a two-sided version it is

one of the slowest algorithms. Fixed-point format of Jacobi

SVD algorithm has been implemented using CORDIC (COor-

dinate Rotation DIgital Computer) and is faster as compared

to its floating-point counter part [9]. Hestenes’ algorithm is

a variant of one-sided Jacobi’s algorithm and is discussed in

[7]-[8]. Being a one-sided version the time of computation is

lesser than two-sided Jacobi’s algorithm. To implement this

algorithm in embedded platform and reconfigurable hardware,

development and analysis of fixed-point version is necessary.

Although numerical linear algebra algorithms like SVD and

other signal processing algorithms are designed with floating-

point data types, they are finally implemented in fixed-point

architectures to reduce cost, chip size, power consumption

and latency [32] and [35]. With the wide spread application

of embedded computing in the last ten years, fixed-point

algorithms have gained considerable importance. Therefore,

we have taken up a case study for the development of fixed-

point Hestenes’ algorithm. We have developed the fixed-point

version of the algorithm in constant and variable fixed-point

format. A fixed-point format of a number can be represented

as mQn, Qm.n or Qn, where m is the number of integer

bits or integer wordlength (IWL) and n is the number of

fractional bits or fractional wordlength (FWL). In constant

fixed-point format representation, definition of IWLs is same

for all variables and remains static throughout the program.

This type of representation is suitable for algorithms in which

variables have close dynamic ranges. In variable fixed-point

format representation, definition of IWLs are assigned to

variables based on their statistics and remain same throughout

the program. Both the fixed-point formats are implemented in

C/C++ and SystemC environments. We have also evaluated

the numerical accuracy of the fixed-point algorithm using bit-

true (fixed-point) simulation and analytical based approach.

Signal-to-quantization-noise-ratio (SQNR), number of accu-

rate fractional bits, orthogonality and factorization errors are

used to evaluate accuracy from bit-true simulation results.

Quantization noise source and error propagation model for

computationally intensive parts of the algorithm have been
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TABLE I
HESTENES’ ALGORITHM FOR SVD

V = I . . .

repeat until convergence c = 1√
1+t2

, s = t.c

for p = 1 : (n− 1) end
for q = (p+ 1) : n J=I

α = A(:, p)TA(:, p), β = A(:, q)TA(:, q) J(p, p) = c, J(q, q) = c, J(p, q) = s, J(q, p) = −s
γ = A(:, p)TA(:, q) A = A.J , V = V.J
if γ = 0 endfor
c = 1; s = 0 endfor
else for k = 1 : n

ζ =
(β−α)

2γ
σi = ||A(:, k)||

t =
sign(ζ)

(|ζ|+
√

1+ζ2)
end

contd . . . U = AV Σ−1

studied analytically. In a case study this fixed-point SVD

algorithm has been utilized as an image processing tool to

extract the dominating feature vectors or eigen faces of male

and female subjects. Errors with respect to double precision

floating-point algorithm are also presented.

The rest of the paper is organised as follows. Section II

discusses Hestenes’ algorithm for floating-point platforms.

Conversion of floating-point to fixed-point procedure along

with various fixed-point formats have been discussed in sec-

tion III. Section IV presents the numerical accuracy evalu-

ation using fixed-point simulation and analytical approach.

Section V presents a case study of computing eigen faces

using fixed and double precision floating-point Hestenes’ SVD

algorithms. Section VI discusses generalization of the fixed-

point SVD algorithms in Tensor space. Fixed-point simulation

results are stated and analyzed in section VII.

II. FLOATING-POINT HESTENES’ ALGORITHM

A. Floating-point representation
Nowadays almost all floating-point processors use IEEE 754

data format to represent real numbers using finite precision

arithmetic. According to this format real number is represented

using sign, exponent and mantissa (SEM) bits. For a single

precision 32-bit wordlength, 1-bit is reserved for sign, 8-bit

for exponent and the remaining 23-bit for mantissa. A math

co-processor is used to convert data in this format. C/C++,

MATLAB and other programming environments have support

for floating-point data type.

B. Hestenes’ Algorithm
Hestenes’ algorithm is based on one-sided Jacobi’s algo-

rithm. A symmetric matrix of size n × n is used to generate

an orthogonal rotation matrix V so that the transformed

matrix A′ = AV = W has orthogonal columns. Now if we

normalize each non-null column of matrix W to unity, we

get the relation W = AV = UΣ = U · diag(σ1, σ2, ..., σn),
A = UΣV T , V =

∏n
i=1 Ji and singular values of A are

σi = ‖ a′i ‖2, where A′ = [a′1a
′
2 . . . a

′
n] (Table I).

III. FLOATING TO FIXED-POINT CONVERSION

A. Fixed-point representation
A fixed-point number is represented as an integer multiplied

by a two’s power with negative exponent ‘e’. The exponent ‘e’

Fig. 1. Fixed-point representation

is considered as the number of digits after virtual binary point

to represent fractional part. This fictitious binary point is also

known as Q point. Thus the fixed-point format can be termed

as mQn, Qm.n or Qn, where m is the number of integer bits

and n is the number of fractional bits. In SystemC fixed-point

data is represented using the following attributes [21].

< wordlength, integer wordlength,

quantization mode, overflow mode >
(2)

Wordlength, integer wordlength are the parameters which

influence the performance of fixed-point algorithms. The

WordLength (WL) is the total number of bits required to

represent a fixed-point number and depends on the architecture

of the processing platform. The Integer WordLength (IWL)

and Fractional WordLength (FWL) are the number of bits

to the left and right of the virtual binary point respectively.

Finite wordlength effects such as overflow and quantization

are two serious concerns while converting a program from

floating-point to fixed-point format [22]. These occur due to

insufficient IWL and FWL respectively. Quantization mode

includes rounding and truncation. Overflow or underflow is

protected by means of saturation or wraparound process.

Fig. 1 shows an example of a signed fixed-point number

representation using (m + n + 1)-bit, where m is the IWL

and n is the FWL. The range for such a fixed-point number

can be estimated as

−2m ≤ Range ≤ (2m − 2−n) (3)

Dynamic ranges and resolutions for the Q notation with

different wordlengths are shown in Table II. It is well known

that the fixed-point format have better precision than floating-

point because the fixed-point format can represent numbers

with more significant bits than floating-point with the same

wordlength [23]. There are various representation of fixed-

point numbers such as unsigned, signed and 2’s compliment

format. In this paper, we have used signed fixed-point format.
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TABLE II
DYNAMIC RANGES AND RESOLUTIONS FOR DIFFERENT FIXED AND

FLOATING-POINT NUMBER FORMATS

Type Min Max Resolution
Fixed-point

24-bit (Q23) -1 0.999999999 1.1920×10−7

32-bit (Q31) -1 0.999999999 4.6566×10−10

64-bit (Q63) -1 0.999999999 1.0842×10−19

Floating-
point
(normalized)

32-bit -3.4028×1038 3.4028×1038 1.1755×10−38

64-bit -1.7783×10308 1.7783×10308 2.2251×10−308

TABLE III
FIXED-POINT FORMATS OF DIFFERENT ARITHMETIC OPERATIONS

Operations Fixed-point
formats of the
operands

Fixed-point format of
the result

Addition/Substraction a(m1, n1),
b(m2, n2)

IWLresult =
max(m1,m2)

Multiplication a(m1, n1),
b(m2, n2)

IWLresult = m1 +
m2 + 1

Division a(m1, n1),
b(m2, n2)

IWLresult = m1 +
n2 + 1

B. Fixed-point arithmetic

Hestenes’ algorithm involves basic arithmetic operations

like addition, subtraction, multiplication, division and square

root. Different fixed-point formats of operands and results are

shown in Table III.

C. Different fixed-point formats

Hestenes’ algorithm has been implemented in two fixed-

point formats mentioned below.

1) Constant

2) Variable

1) Constant fixed-point format: Since ANSI C or C++ do

not support fixed-point data types, a new fixed-point data type

along with fixed-point arithmetic operations have been con-

structed. When a floating-point algorithm is converted to fixed-

point format using constant fixed-point format representation,

all variables with float or double data types are converted to

new fixed-point data type ‘Fixed’. The new data type ‘Fixed’

for all variables are assigned with a single definition of IWL

which remain same throughout the program. Optimum IWL is

selected corresponding to minimum error. Being an iterative

process selection of optimum IWL is expensive. This format

can be useful for algorithms with less number of variables

having close dynamic ranges.

SystemC based fixed-point data types used for this format

are listed below [16].

sc fxtype params param(WL, IWL, q mode, o mode);
sc fxtype context c(param);
sc fix fast var;

The first two syntaxes are assigned at the beginning of the

program with the information of WL, IWL, quantization and

overflow mode. The last syntax is used to declare the variables.

2) Variable fixed-point format: When variables have

different ranges, it would be insignificant to apply constant

fixed-point format. This provides motivation to represent our

fixed-point algorithm in variable format. Range estimation

plays a significant role in estimating optimum integer

wordlengths for variables. These IWLs remain same

throughout the program. We have constructed fixed-point

data type for variable type representation in C/C++. SystemC

supports variable fixed-point data type listed below [16].

sc fixed fast < WL, IWL, q mode, o mode > var;

a) Conversion Process: To convert any floating-point

algorithm to constant fixed-point format, float and double

data types are converted to ‘Fixed’ data type using operator

overloading characteristics of C/C++ and SystemC. Constant

IWL definition is assigned either in the header file (C/C++)

or in the beginning of the program (SystemC). Selection of

optimum IWL is an iterative process and is done at a minimum

error.

For variable fixed-point format, the conversion of floating-

point algorithm into fixed-point format involves range es-

timation, computation of optimum integer wordlength and

simulation of fixed-point algorithm. The development steps

of variable fixed-point format is shown in Fig. 2.

It can be observed that IWLs of this format are computed

from statistics (sum, number of data, mean, standard deviation,

maximum, minimum and kurtosis) of the variables obtained

from range estimation process. The floating-point algorithm

is then converted to fixed-point format with optimum integer

wordlengths. The fixed-point algorithm is then tested for

desired accuracy. Implementation of fixed-point algorithms in

ASIC, FPGA, etc. requires wordlength optimization [19] sub-

ject to accuracy constraint. However, wordlength optimization

step is not required for uniform wordlength processors (DSP

and ARM platforms). In this paper, the fixed-point Hestenes’

algorithm is simulated using 24, 32 and 64-bit wordlengths.

Fig. 2. Block diagram of floating-point to variable fixed-point conversion
process

INTERNATIONAL JOURNAL OF CIRCUITS, SYSTEMS AND SIGNAL PROCESSING

Issue 6, Volume 7, 2013 314



b) Range estimation: Range estimation is one of the

important steps in fixed-point algorithm development [12].

Ranges of the variables are computed to find the optimum in-

teger wordlength for fixed-point conversion. There are mainly

two approaches for range estimation: analytical approach [14],

[15] and statistical approach [17], [10] and [11]. Analytical

approach does not require simulation and hence it is faster. On

the other hand they involve more conservative wordlengths.

Simulation based approaches do not require any model. A

slightly modified algorithm is able to track and update the

statistics of the variables. Operator overloading characteristics

of C/C++ are used in this case. A new class has been defined to

compute the current results and track the variables using linked

list. When simulation is completed, statistics of the variables

are used to compute the optimum integer wordlengths. After

the range estimation is complete a search algorithm is applied

to find out the optimum wordlength for less quantization

error. A useful survey of such search algorithms are discussed

in [20]. Floating-point to fixed-point conversion, used in this

paper utilizes a simulation based statistical approach to find

out the optimum integer wordlength. Since the wordlength is

fixed in case of different DSP and ARM platforms, computed

IWLs decide the Q formats of the variables. For a computed

IWL=8, the FWL for a 32-bit system will be 23 (taking sign

bit as an extra bit). Once the IWL and FWL (or Qm.n) are

computed, the results are used to develop the bit true fixed-

point format of the algorithm in SystemC or other platforms.

IV. NUMERICAL ACCURACY EVALUATION OF

FIXED-POINT HESTENES’ ALGORITHM

Accuracy of any fixed-point algorithm is important as it

affects the selection of optimized wordlength. Acceptability

of fixed-point algorithm is also governed by its accuracy and

performance (latency, power consumption and area). There are

two approaches to evaluate the accuracy i) simulation based

and ii) analytical.

A. Fixed-point simulation based approach

Numerical accuracy and application performance of a fixed-

point specification can be directly obtained from bit-true

simulation. Large number of samples or input data is used

to run the algorithm for number of times to obtain better

accuracy. Total execution time for such fixed-point simulation

is computed using (4) [19].

Ts = τNsmpNopNi (4)

where, τ is simulation time for one sample or input data,

Nsmp is number of samples, Nop is number of operations

in the algorithm description and Ni is number of times

the accuracy is evaluated. In this work, simulation of fixed-

point Hestenes’ algorithm is performed in SystemC 2.2 and

C/C++ platform using operator overloading characteristics of

object oriented language. The simulation time is significantly

larger in both the cases. Accuracy of fixed-point algorithm

can be quantified in terms of signal-to-quantization-noise-ratio

(SQNR) [13], number of accurate fractional bits, orthogonality

and factorization errors [(5)-(8)].

SQNR(dB) = 10log10

E(| ffloat |2)
MSE

= 10log10

E(| ffloat |2)
E(| ffloat − ffixed |2)

(5)

where MSE is mean-square-error.

Number of accurate fractional bits is given by,

Number of accurate fractional bits

= −log2[abs(max(ffixed − ffloat))]
(6)

where [abs(max(ffixed−ffloat))] represents maximum abso-

lute error between floating-point and fixed-point results. ffixed
and ffloat are fixed and floating-point results obtained.

Orthogonality (Oerror) and factorization errors (Ferror) are

also taken into consideration for accuracy evaluation of the

fixed-point Hestenes’ algorithm.

Orthogonality and factorization errors are given by,

Oerror =‖ In − UTU ‖2 (7)

Ferror =‖ A− UΣV T ‖2 (8)

where, U is the orthogonal matrix, each column of which

corresponds to singular vectors, A is the symmetric matrix

and Σ is the singular value matrix.

B. Analytical Approach

While simulation based approaches lead to large execution

time, analytical methods consume much less time. However,

they are applicable to limited class of systems [18]. In this

section an analytical approach is adopted to estimate the

quantization error for computationally intensive parts involv-

ing square, square root and division operations in Hestenes’

algorithm. The model is constructed with quantization noise

source and its propagation through the arithmetic operations

to the final output.
1) Quantization Noise Model:

a) Quantization noise source: Quantization noise arises

when data are represented or stored using finite precision

arithmetic. During this process excess bits are eliminated

and the data is approximated using finite number of bits or

wordlength. In an algorithm these errors propagate through

fixed-point arithmetic operations and are accumulated at the

output. Quantization noise is assumed to be uncorrelated

with the signals and also uncorrelated among themselves.

There are mainly two types of quantization errors truncation

and rounding. In case of truncation all bits after b bits are

discarded. Hence for a positive number the quantized value

is always less than the actual value resulting in a negative

error. Rounding is similar to truncation except the case that

a 1 is added with the LSB to round up or down. Mean

and variance of various quantization modes are presented in

Table IV. Ranges of different relative errors during various

quantization modes are shown in Table V [24], [25] and [26].

In Table IV and V q is quantization step and is equal to

q = 2−b, k is the number of bits eliminated from β-bits during

quantization and b is the number of bits for fractional part.
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TABLE IV
MEAN AND VARIANCES FOR QUANTIZATION MODES

Quantization
modes

Conventional
rounding

Convergent rounding Truncation

Mean q
2
(2−k) 0 q

2
(1− 2−k)

Variance
q2

12
(1− 2−2k) q2

12
(1 + 2−2k+1) q2

12
(1− 2−2k)

TABLE V
RANGE OF RELATIVE ERRORS

Type of Quantiza-
tion error

Number represen-
tation

Range of relative error

Truncation Positive −(2−b − 2−β) ≤ εt ≤ 0

Sign magnitude 0 ≤ εt ≤ (2−b − 2−β)

Rounding All numbers − 1
2
(2−b − 2−β) ≤ εr ≤

1
2
(2−b − 2−β)

b) Quantization noise propagation: During a floating

to fixed-point conversion process, depending on the FWL

assigned to each variable some bits are eliminated due

to rounding or truncation. This elimination of bits under

various modes results in quantization noise. This noise

propagates and produces unavoidable error in the output.

Therefore, if a propagation model is developed for various

arithmetic operations, it can serve as a basis for evaluation of

fixed-point specification accuracy and this could further help

in optimizing wordlengths for fixed-point architectures [19].

We consider an operation f with two inputs x and y and

z = f(x, y) as the output. The floating-point values of the

inputs and output are x, y and z with their fixed-point values

as x̂, ŷ and ẑ after quantization. The quantization noises

associated with inputs and output are bx = x̂− x, by = ŷ− y
and bz = ẑ − z. The propagation model can be developed

using Taylor series [19].

ẑ = f(x̂, ŷ)

= f(x, y) + (x̂− x)
∂f(x, y)

∂x
+ (ŷ − y)

∂f(x, y)

∂y

+
1

2
[(x̂− x)2

∂2f(x, y)

∂x2
+ 2(x̂− x)(ŷ − y)

∂2f(x, y)

∂x∂y

+(ŷ − y)2
∂2f(x, y)

∂y2
]

(9)

Computationally intensive operations
Square operation
The quantization noise propagation model for square operation

using Taylor series is,

f(x̂) = f(x) + 2(x̂− x)
∂f(x)

∂x
+

1

2
[2(x̂− x)2

∂2f(x)

∂x2 ]

= f(x) + 2(x̂− x)x+ (x̂− x)2

(10)

The propagation model for square can also be derived easily

as,

ẑ = x̂ŷ ⇒
{

ẑ = (x+ bx)(x+ bx)
= x2 + 2bxx+ b2x

The fixed-point simulation results for square operation shown

TABLE VI
QUANTIZATION ERROR FOR SQUARE OPERATION

Floating-
point
values

Fixed-point format Values
after
quanti-
zation

Ranges

z = x2

x = 3.75
z =
14.0625

sc fixed < 8, 2, SC RND > x
sc fixed < 8, 4, SC RND > z

x̂ =
−0.25
ẑ =
0.0625

−2 ≤ x ≤
1.984375 (x
is rounded
to -0.25)

TABLE VII
QUANTIZATION ERROR FOR SQUARE ROOT OPERATION

Floating-
point
values

Fixed-point format Values
after
quanti-
zation

Ranges

z = 2
√
x

x = 3.7
z =
1.9235

sc fixed < 8, 3, SC RND > x
sc fixed < 8, 2, SC RND > z

x̂ =
3.6875
ẑ =
1.92028

−4 ≤ x ≤
3.96875
(so x is
rounded to
3.6875)

in Table VI can be validated as follows,

ẑ = x̂2 ⇒
⎧⎨
⎩

ẑ = x2 + 2bxx+ bx
2

= 14.0625− 15− 15 + 16
= 0.0625

Square root operation
The noise propagation model for square root operation is

derived using binomial series as,

ẑ =
2
√
x̂ ⇒

⎧⎪⎨
⎪⎩

ẑ =
√
x+ bx

= x
1
2 (1 + bx

x )
1
2

= x
1
2 + bx

2x
1
2
− b2x

8x
3
2
+

b3x

16x
5
2
− . . .

The fixed-point simulation results shown in Table VII are

validated as,

ẑ =
2
√
x̂ ⇒

⎧⎪⎪⎨
⎪⎪⎩

ẑ =
√
x+ bx

= x
1
2 (1 + bx

x )
1
2

= (3.7)
1
2 (1 + 3.6875−3.7

3.7 )
1
2

= 1.92028

If we increase the terms in w (− b2x

8x
3
2
+

b3x

16x
5
2
− . . .) in the

above derivation, we observe that the terms do not affect the

value (ẑ) as they are quite small in magnitude.

Division
The noise propagation model for division can be expressed

using α1, α2 and w as,

ẑ =
x̂

ŷ
⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ẑ = (x+bx)
(y+by)

= y2(x+bx)
y2(y+by)

=
xy(by+y)
y2(y+by)

+
bxy(by+y)
y2(y+by)

− byx(by+y)
y2(y+by)

+
xb2y−bxbyy

y2(y+by)

= x
y + 1

y bx − x
y2 by +

xb2y−bxbyy

y2(y+by)

= f(x, y) + α1(x̂− x) + α2(ŷ − y) + w
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TABLE VIII
DIVISION

Floating-
point
values

Fixed-point format Values
after
quan-
tiza-
tion

Ranges

z = x
y

x = 2.5
y = 3.75
z =
0.6667

sc fixed < 8, 2, SC RND > x
sc fixed < 8, 2, SC RND > y
sc fixed < 8, 6, SC RND > z

x̂ =
−1.5
ŷ =
−0.25
ẑ = 6

−2 ≤
x, y ≤
1.984375
(so x is
rounded to
-1.5 and y
to -0.25)

The above derivation can be simplified as,

ẑ =
x̂

ŷ
⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ẑ = (x+bx)
(y+by)

ẑ − x
y = (x+bx)

(y+by)
− x

y

ẑ = x
y +

ybx−xby
y(y+by)

= f(x, y) + u

The fixed-point simulation results for division shown in

Table VIII can be validated as follows,

ẑ =
x̂

ŷ
⇒

⎧⎨
⎩

ẑ = f(x, y) + α1(x̂− x) + α2(ŷ − y) + w
= 0.6667− 1.0667− 0.7111 + 5.6889
= 6

Example from Hestenes’ algorithm
The above models are used to derive noise propagation model

for a computationally intensive step of Hestenes’ algorithm

(Table I) given by,

ζ =
(β − α)

2γ
(11)

The quantization noises corresponding to α, β and γ are bα,

bβ and bγ respectively. The noise propagation model for (11)

can be derived and validated (Table IX) as,

ζ̂ ⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

= β̂−α̂
2γ̂

= 1
2 (

β̂
γ̂ − α̂

γ̂ )

= 1
2 [(

β
γ +

bβ
γ − βbγ

γ2 +
βbγ

2−bβbγγ
γ2(γ+bγ)

)−
(αγ + bα

γ − αbγ
γ2 +

αbγ
2−bαbγγ

γ2(γ+bγ)
)]

= 1
2 [(0.150 + 2.365× 10−5 + 1.868× 10−6+

3.179× 10−10)− (10.1880− 1.729× 10−5+
0.00012 + 1.365× 10−9)]
= −5.01905

2) Output Noise Power and SQNR: During a fixed-point

conversion process, the output error due to quantization is a

random variable and hence treated as noise. This noise not

only results from the input quantization, but also occurs due to

cast operation. The output noise power has been analytically

derived for one computationally expensive step in Hestenes

algorithm (11). The quantization noise corresponding to output

(ζ̂) is given by

bζ = ζ̂ − ζ (12)

From (5) it is clear that noise power corresponding to the

output noise bζ is equal to its second order moment (E(bζ
2)).

The second order moment is calculated from the mean and

variance shown in Table IV. The output noise power obtained

is 2.3449× 10−8

SQNR can be found out analytically using the output noise

power expression.

SQNRana ⇒

⎧⎪⎨
⎪⎩

= 10log10
E(|ζfloat|2)

E(|ζfloat−ζfixed|2)
= 10log10(

|−5.019014|2
2.3449×10−8 )

= 90.3112

where E(| ζfloat |2) is the signal power i.e. square

of the floating-point value of ζ from Table IX and

E(| ζfloat − ζfixed |2) is the noise power i.e. the second order

moment of noise bζ (E(bζ
2)), calculated analytically. For both

cases (fixed-point simulation and analytical) the signal power

remains same, whereas, the noise power (Pn) in the first case

is calculated directly from the square of the mismatch of ζ and

ζ̂ (13), whereas in the second case the noise power ((E(bζ
2)))

is calculated using Table IV. The fixed-point simulation result

of ζ and ζ̂ are shown in Table IX.

Fig. 3. Block diagram showing the process of eigen face computation

Pn = (ζ − ζ̂)2 (13)

where ζ is the floating-point value. Therefore, SQNR under

fixed-point simulation is,

SQNRsim ⇒
{

= 10log10(E(|ζ|2)
Pn

)

= 102.8863
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TABLE IX
EXAMPLE FROM HESTENES’ ALGORITHM

Floating-point values Fixed-point format Values after
quantization

Ranges

α = 24158.666016
β = 355.693909
γ = 2371.279541
ζ = −5.019014

sc fixed < 32, 29, SC RND > α
sc fixed < 32, 29, SC RND > β
sc fixed < 32, 30, SC RND > γ
sc fixed < 32, 19, SC RND > ζ

α̂ = 24158.625

β̂ = 355.75
γ̂ = 2371.25

ζ̂ = −5.01905

−268435456 ≤ α ≤ 268435455.99999
−268435456 ≤ β ≤ 268435455.99999
−536870912 ≤ γ ≤ 536870911.99999
−262144 ≤ ζ ≤ 262143.99999

The relative error of estimation for SQNR is given as

Er =| SQNRana − SQNRsim

SQNRsim
|= 0.1222 (14)

V. FIXED-POINT HESTENES’ SVD ALGORITHM FOR

COMPUTATION OF EIGEN FACES

The fixed-point Hestenes’ SVD algorithm could be used

for signal and image processing applications in embedded

platforms. In a case study we have used the algorithm to

compute eigen faces from an Indian Face Database [31]. Five

images each of size 640× 480 have been collected separately

from one male and one female Indian Face Database. In

each case images have been down sampled (50 × 38) and

converted to gray scale images. These images are used to

construct the covariance matrix. Fixed-point Hestenes’ algo-

rithm decomposes the covariance matrix into singular triplets

(Fig. 3). Singular vectors thus formed are the eigen faces

(Fig. 8 and 10) and could be used in pattern recognition, image

compression and other image processing applications. Errors

associated with these eigen faces are also shown in Fig. 9 and

11. Results of double precision floating-point algorithm has

been considered as the reference.

VI. GENERALIZATION OF FIXED-POINT TENSOR SVD

Using the inherent elegance of matrix formulations, SVD

has played an important role in advances being made in the

area of digital signal processing, systems and control. An

increasing variety of signal and image processing issues in-

volve manipulation of data using higher-order vectors, tensors,

multidimensional arrays, etc. With immense development in

the fields of higher-order statistics for multivariate stochastic

processes, higher-order tensors are gaining more importance

[27]. One of the solution for tensor SVD has been discussed

in [28], where the 3-d array is transformed to 2-d and then

SVD is applied to this 2-d array. A hybrid scheme by com-

bining Genetic algorithm and Nelder-Mead method has been

proposed in [30] for SVD of multidimensional arrays (tensors).

The concept of positive singular value decomposition has

been discussed in [29]. Fixed-point development of tensor

SVD algorithm would help in real-time applications using

embedded platforms like FPGAs, ARM, etc. The fixed-point

Hestenes’ algorithm in constant and variable static formats

can be used for solving tensor SVD as discussed in [28] (3-d

array is transformed to 2-d and then SVD is applied to the 2-d

array).

VII. RESULTS AND DISCUSSION

The advantage of floating-point over fixed-point is its large

dynamic range and constant relative accuracy. However, the

precision is better in fixed-point format. Fixed-point algorithm

does not require extra hardware or power and hence it is

cheaper to implement. Fixed-point processing is faster as it

involves integer arithmetic. However, limited wordlength and

dynamic range affects the accuracy.

Accuracy of fixed-point algorithm has been evaluated in

terms of number of accurate fractional bits, SQNR, orthog-

onality and factorization errors. Fig. 4 shows the variation of

accurate fractional bits (6) for a 5 × 5 matrix with different

condition numbers. As mentioned earlier, the constant fixed-

point format of the algorithm exhibits better accuracy due to

close dynamic ranges of the variables. However, the variable

fixed-point format implemented in SystemC shows better

SQNR (5) trend compared to others proving overall efficiency

[Fig. 5]. Orthogonality and factorization errors [(7), (8)] are

also found to be negligible in such an implementation [Fig. 6-

7]. Thus it is clear that the results obtained from SystemC

based implementation of variable fixed-point Hestenes’ algo-

rithm approaches the results of floating-point version. Constant

fixed-point SystemC implementation is also in close vicinity

with the accuracy of variable format implementation. In the

case study discussed in section V, covariance matrix is formed

from a set of five images of size 50×38, down sampled from

a set of color images of size 640× 480 and finally converted

to gray scale images with pixel values between 0–255. Fixed-

point SVD algorithm decomposes this covariance matrix into

singular triplets. The singular vectors thus obtained are the

eigen faces (Fig. 8 and 10). The fixed-point results with 32

and 64-bit show the minimum error trend (Fig. 9 and 11).

Fifth singular values as well as vectors are tiny and hence

the corresponding eigen faces appear to be black compared to

others.

VIII. CONCLUSION

This paper discusses the development of fixed-point

Hestenes’ algorithm in different formats and their accuracy

evaluation using bit true simulation and analytical approach.

Fixed-point Hestenes algorithm has also been applied in an

image processing algorithm to compute eigen faces. It is

observed that constant fixed-point format algorithm performs

better because of close dynamic ranges of the variables.

However variable fixed-point format implementation exhibits

an overall better performance. Noise propagation model for

square, square root, division and a computationally intensive

part of Hestenes’ algorithm are derived and validated. Ac-

curacy is evaluated based on number of accurate fractional
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Fig. 4. Variation of number of accurate fractional bits with condition numbers

Fig. 5. Variation of SQNR with condition numbers

Fig. 6. Orthogonality error in floating and fixed-point formats

Fig. 7. Factorization error in floating and fixed-point formats

Fig. 8. (a) Male images and eigen faces using (b) Double precision floating-
point (c) 24-bit, (d) 32-bit and (e) 64-bit fixed-point

Fig. 9. Error in male eigen faces
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Fig. 10. (a) Female images and eigen faces using (b) Double precision
floating-point (c) 24-bit, (d) 32-bit and (e) 64-bit fixed-point

Fig. 11. Error in female eigen faces

bits, SQNR, orthogonality and factorization errors. Eigen

face computation uses variable fixed-point SVD algorithm.

The error trend shows that 32-bit and 64-bit wordlength are

better for this image processing application. Error using 24-bit

wordlength is also under considerable limit.

It is evident that this algorithm can be implemented in fixed-

point architectures for embedded applications.
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