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Signal Processing Evaluated by Allan and
Hadamard Variances
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Abstract—Laser spectrometry offers high sensitivity and broad
dynamic range, permitting monitoring of concentrations from trace
values to the saturation level. Such techniques are increasingly used
for field laser applications in industry and research. Photoacoustic
spectrometry has been used as an in situ method for observation of
actual concentrations combined with high spatial and time resolution.
Photoacoustic spectrometry is based on the photoacoustic effect and
in conjunction with lasers has already been used in monitoring of
industrial trace gas components at ppb concentrations. It has been
proven that the characteristic of laser frequency/wavelength stability
is critically important for evaluation of metrology system
performance when the function principle is based on photoacoustic
spectrometry. In particular, the long-term stability range,
corresponding to noise in the hundreds of hertz to kilohertz
bandwidth, strongly affects the measurement final accuracy at the
reported measurement rates. We reported trace gas measurements
performed by photoacoustic technique and we determined the time
domain stability criteria for laminar and turbulent flows measured in
the street canyon model. The preliminary evaluation of the instrument
performance was performed by in situ measurements of unstable O
and stable CH3OH light pollutant concentrations. Further, the
instrument has been adapted to in situ measurements of C,HsOH
trace gas concentrations. We have determined optimal averaging
times for Oz, CH3OH and C,HsOH measured at static operation
connected to wind tunnel. The Allan and Hadamard variance
methods were used for stability analysis.

Keywords—Allan variance, Hadamard variance, Photo-acoustic
spectroscopy, Trace gas sensing

HE photo-acoustic spectrometry is selective, sensitive, and

nondestructive laser-based analytical method. This method
has been steadily more employed to physical modeling of trace
amounts of pollutant gases present in the atmosphere.
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The output data of all spectrometric measurements are often
obscured by various noises which negatively influence the
instrument sensitivity.

An improvement of sensitivity of the photo-acoustic
spectrometer depends on the determination of optimal
integration time. Allan variances method becomes a standard
procedure for evaluation of optimal integration time of the
tunable diode-laser absorption instrument. In the present
contribution an approach for investigation of optimal
integration time for CO, laser photo-acoustic spectrometry is
described for the minimum detectable concentration of Oj
CH3;0H and C,HsOH molecules.

Photo-acoustic spectrometer with CO, laser used for field
applications in industry and research was adapted for detection
of two light atmospheric pollutants (CH3;OH, C,HsOH).

Two- and three-sample variances of the photoacoustic signal
have been utilized to test the short- and long-term stability of
the spectrometer based on the mathematical evaluation of the
calculated signal-to-noise ratios of absorption spectra. An
approach for studies of the influence on the optimal averaging
time as well as the comparison of different variance families
for the minimum detectable concentrations is described in [1].

While the stability characterizations of tunable diode-laser
absorption instruments by Allan variance have been published
starting from 1993, the information on the application of Allan
and Hadamard variances on CO, laser photo-acoustic
spectrometry and other techniques for trace gas concentration
measurements is rather scarce.

In 1989 was the Allan variance first utilized on photo-
acoustic spectrometer with CO, laser using Lamb-dip from a
photoacoustic cell [2]. CO, laser was used to optically pump a
CH3OH laser stabilized at the center of the CH;OH absorption
line. The frequency stability of the CO, laser was measured in
terms of the Allan variance as o(t) = 3 x 10 V2 (1<1<100
s).

Later, the stability tests of photo-acoustic spectrometer with
tunable diode laser were described based on a cantilevered
technique for sensitive detection of molecular oxygen [3]. The
detection limit obtained was 5000 ppm.

The third study was on CO, detection using near infrared
(NIR) diode-laser based wavelength modulation photoacoustic
spectroscopy. An integration time of app. 100 s was selected
for the detection-limit [4].

PREVIOUS STUDIES
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There have been also other laser-based detection systems for
gas phase detection tested by the Allan variance method. It
was presented the measurement of atmospheric N,O and CH,4
using mid-infrared quantum cascade laser combined with
astigmatic multipass cell. From the Allan variance analysis of
0.06 ppb of N,O and 0.7 ppb of CH, they obtained the optimal
integration times of app. 100 and 200 s [5].

Similarly in 2007 measurements of atmospheric N,O and
CH, was presented using quantum cascade laser spectroscopy.
Obtained optimal integration time was app. 200 s for app. 0.5
ppb of N,O, and app. 2.9 ppb of CH,[6].

In 1996 the analysis of 0.075 ppm NO was described. It was
measured by quantum cascade laser combined with astigmatic
multipass cell with the optimal integration time calculated as
app. 80 s. detected the value of app. 0.01 mmol atmospheric
concentration of OCS by quantum cascade laser combined
with white-type multi-pass cell. From the measured calculated
results it was derived optimal integration time 138 s [7].

The photoacoustic spectrometer used has been described in
detail [10],[11],[12],[13]. Briefly, it consists of a single-pass
absorption system connected with the aerodynamic tunnel. By
laser modulation unit modulated IR photon beam emitting
from CO2 laser was externally modulated by chopper. The
beam was directed into the photoacoustic cell and after the
passing the cell it was focused to the pyro-detector. For the
control of the position of emission lines of CO, laser was used
spectral analyzer (type 16-A, Optical Engineering Inc.).
Cylindrical photoacoustic cell (inner diameter 8 mm, length
380 mm) was temperature stabilized (app. 30 °C). Acoustic
wave was detected in the absorption cell by using the electret
microphone placed in the middle of the full length of the
absorption cell. Measured modulated signal was demodulated
by lock-in nanovoltmeter (type 232, UNIPAN, Warsaw,
Poland). The measured concentration of the methanol was
generated by permeation method. As permeation standards
were used methanol and ethanol (light pollutants; company:
Sigma Aldrich; purity: 99.7%). Both methanol and ethanol
samples were generated by permeation method. Permeation
standards were placed in the temperature stabilized chamber
(23.0 £ 0.6 °C). A constant flow rate of carrier gas (3.1 + 0.1
m.s-1) passed through a chamber. Flow rate was measured
with the sample drawn through a photoacoustic tube and then
through the flow meter. The flow of the buffer gas through the
chamber was regulated to small constant flow rate value
approximately 1 m.s”' and was pumped into the photoacoustic
cell together with the measured sample. From the cell it was
directed into the pump through the flow rate regulator. Whole
experiment i.e. modulation frequency of the chopper and
modulation frequency of the CO, laser and the acquisition of
the data was computer controlled. For the long time scan
measurements were selected isolated line of CH;0H, C,Hs0OH
at CO, laser emission line of wavenumber 1045.0413 cm™ (9P

(22)).

EXPERIMENT
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IV. ANALYSIS

The analysis procedure made by variance based method
for laser-based systems has been described in detail by [1].
The measured data are often affected by systematic effects
such as frequency offset and linear frequency drift that, if not
properly estimated and removed, will distort the power
spectral density estimate which is an important characteristic
for determining different noise types. In such a case instead of
the frequency measurement the time domain measurement
takes place over a finite time interval. For a formal description
of the stability of described spectrometer in the time domain
we assume a recorded set of N time-series data referring to
amplitude or frequency stability represented by x; (i =1 ... N)
elements. These data sets are usually described by its average
value A and the variance o° In general, the N elements of the
original data set can be divided into M subsets containing k
elements (M = N/k). For each of these M subsets average
value A, and a simple variance o,> can be calculated. The
calculation of the expected value for the time average of
simple Allan (two-sample) variance <c?a(k)>t is defined for a
set of m-1 independent measurements to obtain a more precise
estimate for the detection limit. The assumption for this
calculation is that data set is sorted according to the
measurement time.

Subset average value for measured elements Aq(k) is given by:

1k
A (k) :IZ X(s-1)k+1 @
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Allan variance for measured elements <o’s(k)>t is defined as:
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<a?a(K)>t is the time average of Allan variance [a.u.]; As is the
arithmetical mean of elements [a.u.]; k is a nhumber of averages
[-]; mis a number of subsets; N is a total number of elements
[-]; T is integration time [s]; s, | are the indexes (s =1, ..., m —
land1=1, ..., k).

The Hadamard (three-sample) variance examines the third
difference in elements, equivalent to the second difference of
the time-averaged frequencies over three successive adjacent
time intervals. As a spectral estimator, the Hadamard
transform has higher resolution than the Allan variance, since
the equivalent noise bandwidth of the Hadamard and Allan
spectral windows are 1.2337N't™ and 0.476t™ respectively.
For the purposes of time-domain frequency stability
characterization, the most important advantage of the
Hadamard variance is its insensitivity to linear frequency drift,
making it particularly useful for the analysis of rubidium
atomic clocks. It has also been used as one of the components
of a time-domain multi-variance analysis.
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Hadamard variance for measured elements <o?y(K)> is
defined as:

m-2

2 1 2
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<c?4(K)>, is the time average of Hadamard variance [a.u.], AS
is the arithmetical mean of elements [a.u.], k is a humber of
averages [-], m is a number of subgroups, N is total number of
elements [-], t is an integration time [s], s, | are the indexes (s =
1,...m=2andl=1, ... k).

In the frequency domain the data is often affected by
systematic effects such as frequency offset [14]. Therefore, the
frequency stability is more easily specified through the
characterization in the time domain.

For the simple Allan variance, the transfer equation has the
form:

1 4 . .
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For the simple Hadamard variance, the transfer equation has
the form:
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The mathematical form of power spectral density estimate:

S,(f)=Yh, f* ©)

a is an integer that runs from -2 to 2, h, is the transfer function
proportional to the power of a.

The frequency domain is characterized by five noise
categories: (1) white phase noise, (2) flicker phase noise, (3)
white frequency noise, (4) flicker frequency noise and (5)
random walk frequency noise [14]. This model adequately
describes most of the observed noise processes. These five
noise categories are grouped into three parts, thus the integral
calculation can also be spread into three independent parts and
the result is the sum of these fractional calculations:

2
<GH (k)>T = Cuhite—noise T Cr/¢ T zcdriﬂ,ara (7

<02A(k)>t is the Allan variance [a.U.], Cynite-noise 1S @ constant
characterizes white noise [a.u.], ¢y is a constant characterizes
flicker noise, Cynqt" Characterizes the type of the system
drift [-], T is the integration time.

V. RESULTS AND DISCUSSIONS
The results of application of both approaches are analyzed
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in terms of system stability and detection limit. The system
stability is an important figure of merit as it determines the
maximum allowable time in which statistically independent
data may be averaged in order to reduce noise and thus
improve the detection limit.
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Fig. 1 Methanol concentration in ambient air recorded during wind
tunnel large scale measurement (mass flow rate of approx. 1.0 m.s™!)
- ,trends” on 1000 s time-scale
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Fig. 2 Ethanol concentration in ambient air recorded during the wind
tunnel large scale measurement (mass flow rate of approx. 1.5 m.s™")
- ,trends“ on 1000 s time-scale

An ambient time series is shown in Fig. 1-2, where sample of
both methanol and ethanol have been recorded at 1045.0413
cm for about 1000 s. By using the equations 4-5 we are able
to make the transformation of the time domain spectrum into
the frequency domain and vice-versa.
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Fig. 3 Frequency dependence of methanol concentration in the
Fourier spectrum - ,trends“ in the inertial 100 s subrange.
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Fig. 4 Frequency dependence of ethanol concentration in the
Fourier spectrum - ,trends* in the inertial 100 s subrange

Frequency spectrum of the time series is not displayed. From
the pre-evaluation expected random walk noise (o = -5)
frequency dependence in the inertial subset is expected. A
closer look into short intervals of the time series resolved at
1045.0413 cm™ for 100 s time interval is shown in Fig. 3-4. At
this scale (non-linear and linear) short-term ‘trends’ can be
observed due to turbulence in the inertial subset and therefore
a similar behavior with respect to averaging can be expected as
for the long-term drift already discussed. Such behavior is
especially depicted in Fig 4 by the dashed line. A closer
analysis of the time series between 300 s and 400 s in Fig. 4
with equivalent mass flow rate indicate a different
concentration trends in compare to Fig. 3. As a consequence
further long-term dependence should provide the information
about this instability in the over all stability analysis.
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Fig. 5 The o/t plot for the methanol measurements includes
features in of the frequency spectrum above, but also provides
information about the long-term (1000 s) behavior.
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Fig. 6 The o/t plot for the ethanol measurements includes
features in of the frequency spectrum above, but also provides
information about the long-term (1000 s) behavior

The time-domain characterization based on a two-sample
variance using an o/z plot shown in Fig. 5-6 provides the same
information as the spectral characteristics of turbulence in the
frequency domain. There is no turbulence (not frequency
dependent process) resolved for averaging intervals below 20 s
(F° <> ©*%) depicted by continually decreasing line. First small
turbulence is resolved for averaging interval for 20-40 s and
appears as a drift seen on a time scale at this inertial sub-range.
The small high-frequency damping can also be identified for
short (40-60 s) integration times. For increasing averaging
times (90-200 s) flicker noise from the laser and electronic
components dominate and the two-sample variance remains at
approximately constant level (f* <> t°). White noise dominates
at longer integration time because fast fluctuations contribute
less to the variance and averaging leads to a decreasing
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variance. At the approximately 132 stime scale the two-
sample variance approaches the white noise limit. Fig. 9,11
give an estimate of the ultimate sensitivity which can be
achieved as a function of integration time. Further turbulences
are resolved for averaging interval at approximately 150-200 s,
300-350 s and 400-450 s and appear as a drift seen on a time
scale with higher o value than average.
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Fig. 7 The results of full analysis for 1000 data points and all-
averages, all-number of subsets

For calculation of fully resolved Allan and Hadamard
variances for 1000 s time interval we repeated the following
procedure. First, we have pre-evaluated the measured data sets
for methanol using software ALAVAR 5.2. Using this
software with the limited time resolved output (1, 2 4, 8, 16,
32, 64, 128, 256) without possibility to change the number of
averages (k) and subsets (m) all of the plots appeared as partly
resolved. As a result of this pre-analysis we obtained the
approximate assignment of optimal integration times and
approximate assignment of noise figures. Consequently these
datasets for individual measurements were analyzed by all-
averages all-number of subsets analysis using the algorithm
described in an analysis part above (see equations 1-7). By
repeating this procedure we evaluated a total of 10 data sets
obtained at a time interval of 1000 s and obtained an averaged
value of optimal integration time by two different procedures
lying in the interval from 120 to 140 s. According to Fig. 7,
Hadamard variance is convergent for o > -5, unlike the Allan
variance, which is convergent for a > -3 (from the last term of
equation 7). Thus it would be possible to use the Hadamard
variance to probe for noise beyond random walk frequency
modulation.

Moreover, the Hadamard variance is unaffected by linear
frequency drift. This makes it an excellent tool for
investigating of those noise types, whose signatures are similar
to and often confused with linear drift. Both Allan and
Hadamard variances are not sensitive to the deterministic
content.
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Fig. 8 First-stage Allan-plot for blind measure (upper curve),
laminar flow (app. 1.0 m/s) of ethanol (lower curve)
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Fig. 9 Second-stage Allan-plot for optimal integration time of
346 s

In Fig. 8-9 is shown an example of a data set evaluated by the
Allan variance calculation obtained at a time interval of 2000 s
(upper curve for blind measure) and 1000 s (lower curve for
laminar flow). The obtained optimum integration times are
characteristic for a given instrument at given experimental
conditions and reflect the overall system stability. They were
obtained on the basis of Allan variance and lie in the minimum
of the Allan-plot. At low integration times White noise
(«o’a(K)> ~ 1/t) dominates. After the optimal integration time
the influence of the linear drift «°A(K)>; ~ ta, a = 1-2) starts.

The Allan-plots in Fig. 8-9 are the main results of the testing
of considered flows systems applied in the photoacoustic
detection of ethanol. The optimal integration time (as a result
of 4 measurements at the given experimental conditions) for
laminar flow lies at interval value of 100 s - 200 s and the
optimal integration time for turbulent flow lies at interval value
300 s - 400 s. The difference between the laminar and
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turbulent flows is approx. 100 s - 300 s. If the data are
acquired with the integration time equal to the optimum
integration time the system drift will less significantly
influenced the quality of output data. After such a drift
correction the data can be stored and analyzed again in the
terms of Allan variance and made into second stage Allan-plot.
Fig. 8-9 gives an estimate of the ultimate sensitivity, which can
be achieved as a function of integration time. In Fig. 8a the
measured Allan variance is of positive slope if the measured
integration time is higher than 844 s.
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Fig. 10 First-stage Allan-plot for blind measure (upper curve),
laminar flow (app. 1.2 m/s) of methanol (lower curve)
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Fig. 11 Second-stage Allan-plot for optimal integration time of
189 s

The measured Allan variance is of negative slope when the
measured integration times are lower than 346 s. These slope
changes in the inertial integration time interval, in which
wavenumber fluctuates according to the type of noise,
dominate the Allan-plot. The similar trend could be recognized
in Fig. 8 (lower curve) shows the second stage Allan-plots for
optimal integration times with white noise dominated part of
Allan-plots with the typical decreasing tendency (dashed line).
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The white noise is suppose to be produced in the tested system
mainly by detectors sensor and with the knowledge that the
value of white noise depends upon the temperature of the
circuit could be the possible slope tendency explained by the
thermal fluctuations and the respective change of the
movement velocity of charged particles in the sensor. Or
alternatively by the non-uniform arrival of acoustic waves at a
detector sensor caused the fluctuations that might be counted
[1]. Which of these two alternatives dictates the slope of white
noise depends on the actual conditions influencing the white
noise generation.

VI.

This study conducted with the previous studies [1], [15]
introduces step-by-step development of a methodology for the
evaluation of the optimal integration times. It was
demonstrated that both o/t plots provide information about the
optimum averaging time for tested detection systems. A
principle of approach and the preliminary study on the O,
CH3;0OH and C,HsOH molecules analyzed by two- and three-
sample variance for the minimum detectable concentration of
pollutant (down to ppb) is shown. This permit makes a
systematic comparison for derived integration time parameters
of different e.g. C,Hy.1X (n=1-2, X=0H) environmental
pollutants analogues. The concept of Allan and Hadamard
variance has been utilized for the stability and sensitivity
analysis of described experimental apparatus. Calculated
variances plotted as a function of integration time (t) give the
first stage o/t plot. The o/t plots demonstrate the noise
influences on the investigated system (see Fig. 7). The optimal
integration times for the detection of trace-gas concentrations
were determined by the combination of Allan and Hadamard
variance methods. The analysis of Allan and Hadamard
variances was demonstrated on a detection of gaseous CH;OH
and C,HsOH by CO, laser photo-acoustic spectrometer with a
given noise curve in the time domain. The analyzed signal was
subtracted from the reference one, time dependent time
fluctuations were obtained, and Allan and Hadamard variances
were calculated. The presented approach contributes to the
analysis of performance of a CO, laser detection systems
described and it is possible to improve the signal to noise ratio
in one order. The o/t plots provide information about the
optimum averaging time for the tested system. It is the case of
detection of species under different flow regimes.

CONCLUSION
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