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Analysis of fast recursive least squares
algorithms for adaptive filtering

M. Arezki, A. Benallal, P. Meyueis, A. Guessoum and D. Berkani

Abstract—In this paper, we present new version of numerically
stable fast recursive least squares (NS-FRLS) algorithm. This new
version is obtained by using some redundant formulae of the fast
recursive least squares (FRLS) algorithms. Numerical stabilization is
achieved by using a propagation model of first order of the numerical
errors. A theoretical justification for this version is presented by
formulating new conditions on the forgetting factor. An advanced
comparative method is used to study the efficiency of this new
version relative to RLS algorithm by calculating their normalized
square norm gain error. It will be followed by an analytical analysis
of the convergence of this version and we show, both theoretically
and experimentally, their robustness. The simulation over a very long
duration for a stationary signal did not reveal any tendency to
divergence.
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I. INTRODUCTION

N general the problem of system identification involves

constructing an estimate of an unknown system given only
two signals, the input signal and a reference signal. Typically
the unknown system is modelled linearly with a finite impulse
response (FIR), and adaptive filtering algorithms are
employed to iteratively converge upon an estimate of the
response. If the system is time-varying, then the problem
expands to include tracking the unknown system as it changes
over time. The system identification problem has numerous
applications in control systems, digital communications, and
signal processing, and a recent survey of adaptive filtering
algorithms highlights the rich diversity of techniques available
in the literature [1]. Adaptive filtering has been, and still is, an
area of active research, playing important roles in an ever
increasing number of applications [1], [2]. Numerous
algorithms for the solution of the adaptive filtering problem
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have been proposed over the years. The recursive least
squares (RLS) algorithms are used in a broad class of
applications. The RLS algorithm solves this problem, but at
the expense of increased computational complexity. A large
number of fast RLS (FRLS) algorithms have been developed
over the years, but, unfortunately, it seems that the better a
FRLS algorithm is in terms of computational efficiency, the
more severe is its problems related to numerical stability [3].
Several numerical solutions of stabilization, with stationary
signals, are proposed in the literature [S5]-[10]. In the
following section, we propose a new version of numerically
stable FRLS (NS-FRLS) algorithm. This new version is
obtained by using some redundant formulae of the fast
recursive least squares FRLS algorithms. Numerical
stabilization is achieved by using a propagation model of first
order of the numerical errors [5], [8]. We provide a theoretical
justification for this version by formulating new conditions on
forgetting factor. It will be followed by an analytical analysis
of the convergence of this version and we show, both
theoretically and experimentally, their robustness.

II. FRLS ALGORITHMS

The main identification block diagram of a linear system
with finite impulse response (FIR), by adaptive filtering using
an adaptation algorithm, is represented in Fig.1.

Wt

Unknown System

we 2
Adaﬁﬁé Filter

/

Fig. 1: System identification block diagram

The output a priori error €, of this system at time n is:
g,=d, -9, (1)
where
Jo =WaiX, @)
is the model filter output, X, =[X,_1sXn_gswer Xy ps1 ]T is a

vector containing the last L samples of the input signal X,
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T . .
W, = [Wl,n—lﬂwln—l’ ...,W,_‘,H] is the coefficient vector of

the adaptive filter and L is the filter length. We assume that
the desired signal from the model is:

T
dn =Vp WXy 3)
T .
where W, = [Wopn»Wopt 25 ees Wopt L] is the unknown
system impulse response vector and V,, is a stationary, zero-

mean, and independent noise sequence that is uncorrelated
with any other signal. The superscript describes
transposition. The filter w, is calculated by minimizing the

weighted least squares criterion according to [1]:
LI 2
3o (W)=Y 2" (d —wix;) )
i=1

where A denotes the exponential forgetting factor (0<A<1).
The recursive solution is written as follows:

W, =W, +0, & (5)
where g, represents the adaptation gain, given by:
gn:RHIXn: nkn (6)
(S — e
RLS FRLS
with
n .
Rn :zln_lxix.ir :ﬂ'Rn—l+XnX: (7)

The quantity R, is the L-by-L sample covariance matrix of

the input signal X, . The variables y, and En respectively
indicate the likelihood variable and normalized Kalman gain
vector. This latter is calculated, independently of the filtering
part W, by a FRLS algorithm using forward/backward linear

prediction analysis over the signal X, [1]. The calculation

complexity of a FRLS algorithm is of order L. This reduction
of complexity, compared to that of RLS algorithms, which
have a complexity of order L, have made all FRLS algorithms
numerically unstable.

III. NUMERICALLY STABLE FRLS ALGORITHM

In this section, we present a new version of numerically
stable fast recursive least squares (NS-FRLS) algorithms. This
new version is obtained by using some redundant formulae of
the fast recursive least squares FRLS algorithms. Numerical
stabilization is achieved by using a propagation model of first
order of the numerical errors [5], [8].

A. Proposed Approach

Any adaptive algorithm can be seen as a nonlinear dynamic
system in discrete time, which is theoretically written in the
form of state:

®n =flos 1%, ] (8)
where the function f[.] depends on the structure of the
algorithm. The vector ¢, containing all quantities (scalar and

vectorial) of the recursive variables of FRLS algorithms
corresponding to the analysis, by forward and backward linear
prediction of order L, of a signal X, .
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In finite precision, system (8) is written as:
q’n :f[(’l\)n—l;xn]_i'e(n) (9)
where the vector ¢, is calculated by the algorithm in the

presence of the instantaneous numerical errors represented by
the vector e(n).

The introduced error will be noted Ag, :
Ao, :(bn 0, (10)
this is a vector containing the errors in the states of the system.

Using the following assumptions:
e Analysis of the errors to the 1* order:

Ag,=F(N)Ae¢,  +e) (1)
where F(n) represents a transition matrix for the error

propagation, it is expressed by:

F( = 210X

(12)

O=¢n_;

This assumption makes it possible to obtain a linear system of
propagation depending on time.

e Calculation in infinite precision:

Ag,=F(nAo,,

e The solution existence of the least squares

We can write the state vector of the errors at the time n as
follows:

e(n) =0
(13)

T T T|T
Atpn=[A<pﬁ AQy A(Ptn’] (14)

Aa Kk Ab
Atpﬁ‘{A "}, Agy {Ak“} Agy { “} (15)
@y A7/n Aﬂn

represent respectively the errors cumulated up until the time n
in the forward, Kalman and backward recursive variables. The
(3L+3)x(3L+3) dimensional matrix F(n) given by:

F1(n) Fi,(n) Fi5(n)

F(n)=|F, (n) Fy(n) Fy(n)

Fy1(n) F5, (n) Fys(n)

represents the propagation matrix of the errors.

The stability of system (13) depends on the study of the matrix
properties. Then, if all of the eigenvalues of the matrix F(n)

where

(16)

are less than one in magnitude, the algorithm is numerically
stable locally about its optimum solution.
B. Numerical Stability

Using some redundant formulae of FRLS algorithms, we
can calculate differently the backward a priori prediction

errors in tree ways: T,

is given by definition using the
backward prediction b, and the input signal; T, is calculated
by using in its formula the backward prediction error variance

B, and E,_* 1o the (L+1)™ coefficient of the normalized
Kalman gain vector E[Hm of order L+1; F'' is calculated

by using in its formula the likelihood variable y,, the forward
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. . T+
predictor error variance «, and K, ,.

By making the difference between these backward a priori
prediction errors, we have defined a variable called
divergence indicator &, [8]:

_ ¢ =0 theory
‘n=h =T {7:0 practical {17
where
P =[(0— )Ty + gy (18)
with
0< pu, <1 (19)

In practice, the variable &, that depends of the recursive

variable is never null, due to the precision of machines used.
This variable, theoretically null, does not modify the structure
of the algorithm. Also, its introduction in an unspecified point
of the algorithm modifies its numerical properties. We define

three backward a priori prediction errors (T, Fnﬂ and Fnb ),

theoretically equivalents, which will be used to calculate the
variables y,, S, and b, respectively. By introducing our

variable into the algorithm and using suitably the scalar
parameters (u”, u?, ") and M, the propagation matrix
F(n) is modified to obtain the numerical stability.

A version of numerically stable (NS-FRLS) algorithms [9]
is given in Table I. The resulting stabilized FRLS algorithms
have a complexity of 8L. Let us note that for u =0
and 1’ = 1# = 1 =— 1, the algorithm corresponds to the FTF
(Fast Transversal Filter) [4], numerically unstable.

C. Analysis Prediction Part

The study of the stability of matrix for the numerical errors
propagation F(n) in all its general case is a very difficult task

because of its complexity. However, for version that we
developed, we can deduce that the matrix F,,(n)has all its

eigenvalues lower than one and that the matrix F;(n) is null.
We can thus say that the matrices F,(n) and F,(n) can be
made negligible by choosing of a forgetting factor A very
close to one. In this case, the matrix F(n) is very similar to a

lower triangular matrix per blocks; we could therefore write
F(n) as follows:

(n) 0L+1 OL+1
(n) Fy (n) 0,
(n) Fy» (n) Fy3(n)

Thus we can approach the errors cumulated until the time n in

Fi
F(n) =|Fy (20)
Fs

Kalman A(pﬁ and backward A(pﬁ recursive variables by:

A(Pﬁ =F,, (NAe E—l +T, [A(Pﬁ—l] (21a)
A(I’lr)m =F5 (n)A(pﬁ—l +T, [A(pﬁ,l A ﬁ*1] (21b)

where T, [.] and T, [.], non explicit functions, which do not
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depend on A@¥, and A@’_, respectively. The matrices

F,, (n) and F5;(n) can be written as follows:

Fzz(n):{Mk(n) OL} (22a)

* c,(n
Fw(n){M"(”) u } (22b)

* Cﬂ(n)
with

c, (M =(p,0,") +(1+247 p)p, 0, 1-6,") (23)
ol :% (24); gn :% (25)
Mo =16 —c,MRx x| (26)
cy (M) =(1+x)-2(1-6,"Y1+u")  (26b)

¢y =2{+2(1-u)1-0,"u” -7 A-6H | 27)
U = A0 - )R -0, )7 = kK 28)
where M, (n)called companion matrix with eigenvalues equal

to the poles of the backward predictor b,_,, the quantities (*)
do not influence on the study and |, represents the identity
matrix.

By taking the following expression:

T LT -l
Kl =LK =42 LR LanaXiin

where the vector q,, =[0,0, ...,0,1]T makes it possible to

+
L+1,n

(29)

extract the (L+1)" component from a vector of (L+1) order
and by using the following approximation:

Klopn = —-(1-2")q I+1R[L1,X XLitn (30)
with R,y = E{XLH,nXLLn}, where E{.} denotes expected

value. A forgetting factor 4 close to one make it possible to
weaken the influence of a vector u(n), and to approach the

numerical errors in the calculation Aq)ﬁ and A(pﬁ by first

order models deduced respectively from F,,(n) and F5;(n):

Ay, =C,(MAy,, +p,(N) (31a)
Ab, =M, (nAb,_, +p,(n) (31b)
ABy =Cz(MAB, + Py () (31c)

By assuming that the perturbation terms (p,(n),
Py(n)and p4(n)) remain limited. The choice of the control

parameters, so that the system is stable, amounts to studying
the scalars gain (¢, (n),C,4(n)) and matrix gain M (n) . More

precisely, it is necessary that these gains are lower than one.
There are an infinity number of solutions for the choice of the
control parameters from these equations and for each solution
there is a stability condition on A .

The analysis using the mean behavior of system (21) does
not make it possible to find the true stability condition,
because the numerical errors can be of null mean but of
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unlimited variance. Let us calculate the variance of Ab,, for
that we use the statistical approach, E{Ab JAb} }: O ronlL s We

can write:
E{Ab,Ab | = E{6;")? JE{Ab, AbT |}
—E{0;" ¢, (MB{RY X, X" JE{Ab, ,AbT |
_E{gﬁl Cp (”)}E{Abn—lAbLl }E{R N XaXn }T
+E{c§(n)}E{R;1xnxz Ab, Ab! (R;'xan )T}
+E{p,mpi M} (32)

We assume that the elements of disturbing vector p,(n) are
sequences of white noise, mean-zero and of known variance

o> . We notice that the variablesd,and R, are slow

Pp

variable quantities compared to the input signal X,. And we

assume that the components of vector Ab, are independent

between them and independent of the various theoretical
variables given in the algorithm. Moreover, the input signal is
Gaussian  variables,

a sequence of uncorrelated

E{xnxg}:RXX:aflL, and the wvariable 6, has an
asymptotic value 4 and E{R;'x,x|=(1-)I, [12]. We
can write:

2 _ a2 2 -1 2
CronlL =4 0 ppnalL =24 (1-D)Cy ol

+c (1= o HM+op 1, (33)
with
Cy =(1+4®)-20- 21+ 27) (34)
where
H(n) =E{xanAbn71Abean} (35)

isa (LxL) square matrix whose elements are given by :

L L
hij = z zE{Abk,n—lAbm,n—lxn—kHXn—m+lxn—i+lxn—j+1} (36)

k=1m=1
By developing the expression (36), we find:
L
hj=2 [O-ib,n—l E{Xﬁfku}E{ananij}

2
+ O Ab,n-1 E{ankn Xn—i+1 }E{Xn—i+1 Xn—j+1 }

}E{Xn—i+lxn—j+1 }] (37)

2
+ O-Ab.n—l E{Xn—k+1 Xn—j+1

If i#] > h;=0;andifi=] =

2 2 S 2
hii = GAb,n—lo_x kZ:I[E{Xn—kH}_'_ 2E{Xn—k+lxn—i+l }] (38)
We get:
2 4 P
L+2) i=
hij ={O_Ab,n—1 Oy ( + ) - J (39)
0 1# ]
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Finally, we obtain the following expression:

2 _ 2 2
O abn = G O Ab,n-1 +O—pb (40)

where

G=27-2c,2"(1-2)+c2(1-2)°(L+2)  (41)

By assuming that o2 is limited, the stability condition of

Py
equation (40) is given by the solution of the following
inequality:

|G|<1 (42)
By studying the stability of system (40) for a suitable choice
of the control parameters, then expression (41) will be a
function of 4 and L only. For appropriate choices we selected
the following control parameters:

u =0, 4 =p®=1and 0<pu <1 (43)
By applying condition (42), we get:
S 4L +5 1 1 (44)
4L +7 2L+3.5
These conditions can be written in another simpler form:
A= 1—L (45)
pL

where the parameter p is a real number strictly greater than 2

to ensure numerical stability.

D. Analysis Filtering Part

The analysis uses the common independence assumption
that the current input signal vector is statistically independent
of the current coefficient vector of the adaptive filter [1]. We
define the weight-error vector at time n as:

AW, =Woy =W, (46)

The output a priori error &, can be written as:

g, =V, +XI AW, (47)
The recursion in (5) on the coefficient error vector is:
Aw, :[IL_an:]AWn—l_gnVn (48)

The mean behavior of the RLS coefficient error vector can
now be determined by taking the expected value of both sides
of (48) and using the independence assumption to yield [1]

E{Aw, }= E{[I L—Ry'X X ]Awnf1 }— E{R XV, } (49a)
We obtain:

E{Aw, }=1E{Aw,_, }

The steady-state solution of (49b) is:
If 1<l = E{AW(x0)}=0,; from which we obtain the

steady-state mean coefficient vector of the RLS adaptive filter
as:

(49b)

Efw(e)} =w, (50)
The mean square error MSE(n) = E{En2 } can be written as:
MSE(n) =2 +te|R o Efaw, ,aw? ] (51
We obtain:
MSE(n) = o + o} E{||AW,H I } (52)

where E{vﬁ }— o,

=0, tr[.] represents the trace operator and |.||
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denotes the 2-norm vector.

Table I: New version of numerically stable fast recursive least squares
(NS-FRLS) algorithm

Initialization:
Wy =a,=by =k, =0.;7,=1 a, :ﬂLEo; Bo =Eq;

2 —
* 100
Variables available at the discrete-time index n:

E, 2o

an—l;bn—l;kn—l;yn—l;an—l;ﬂn—lgwn—l :
New information: X, and d,, .

- Prediction Part:

Modeling of X, and X,_,

= T
€y =Xy —an Xy
U+
Rinn=| —{ 0
Lin =~ =g
I(L+1,n Kni

a, =an +§n7/n—1kn—1 >

+ ;
ﬂ'an—l —an

_ 2
an =Aan + 708,
- _ T .
M =Xo_L _bn—lxn >
=f, _ L+ . =h _ g-L+l L+ .
M’ =ABn K T =4 V@K ins

Numerical Stability
— —f, =1
Sn =Ty —[(1—pe)T° +psy' 1
- - - b
=T +u” &y rnﬁ:rn +/uﬂ Sni Ty =Ty +u &y

bn :bn—l +Fnb7nEn >

= 2
ﬂn :ﬂ’ﬂn—l +7n(rnﬂ) >
- Filtering Part:
= T
&n :dn “Wn_Xps

Wp =Wpn +gn7nkn-

We define the normalized misalignment in dB as follows:

"Awn ?
—|2 (53)

[w

NM (n) =10log,,E

opt

which measures the mismatch between the true impulse
response and the modeling filter. For that, we need to
determine the next expressions:

Efaw,aw! b= Efaw, awT, [-Efaw, awT JEG x|
—E{gnxﬁ}E{Awn_lAwﬁ_l}
+E{gnx§Awn71Angan}+E{gng:}E{vﬁ} (54)
where
Elg,07 = ERIxXIR; | = (1- 2Ry
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So,
02
E{aw,aw] }= 22 Efaw,_ aw] +(1-2)7 221, (56)
O-X

By taking the trace of both sides of (56), we find:

2
o,

ufEaw, aw? = 2 ufEfaw, aw?, f+a- oL 67)
X

Finally we can write the mean square norm coefficient error

vector as:

efjaw,

2
? }: 2 E{||Awn_1 I }+ 1-2* 2oL (s8)
GX
The stability of the recursion (58) is guaranteed if 4 < 1.

IV. SIMULATIONS

To confirm the validity of our analysis and demonstrate the
improved numerical performance, some simulations are
carried out. In order to evaluate the numerical stability of the
different algorithms, all simulations were performed in 32-bit
single-precision floating-point representation. The input signal
X, used in our simulation is a white Gaussian noise, with

mean zero and variance one.

A. Prediction Part

We are only interested in right process of the prediction
part algorithm because divergences only concerns the
prediction part; the filtering part is robust compared to the
numerical implementation, it only requires a forgetting factor
lower than one [2] and the right functioning of the adaptation
gain (6) provided by the prediction part. It is stable if the latter
one is. For that, we evaluate for the good behavior of the
divergence indicator (&, — 0) and the likelihood variable

(0 <y, £1). We define thereafter the normalized square norm

gain-error in dB by:

E{l ag |’}

Eilg.[”

where Ag, :(Rglxn —y.k ) is gain-error vector. Variable

NGE(n) =10log, (59)

NGE(n) makes it possible to measure the mismatch between

the gains R,'x,and y,k, calculated by RLS and NS-FRLS
algorithms respectively. For a suitable choice of the
parameters, we checked the validity of the numerical stability
condition on A given by equation (45). In addition, if this
condition is not satisfied then the proposed algorithm
diverges.

For a filter of order L=32 and x, =0.5, Fig.2 and Fig.3, show

the evolution of variables y,,, &, and NGE(n) correspond to

the case numerically unstable (p<2) and numerically stable
(p>2) respectively.
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Fig. 2: Evolution of the variables y,, , &, and NGE(n)
forL=32,p=1.95, u4,=0.5

14000

During the first iterations, the likelihood variable y,
(Fig.2a) is almost constant (asymptotic value), then it starts to
oscillate, to finish with a divergence. The divergence indicator
&, (Fig.2b) increases indefinitely until total divergence of the
algorithm. For the normalized squared norm gain-
error NGE(n) (Fig.2c), we notice that it diverges well before
the other variables; it increases indefinitely until the total
divergence of the algorithm. Fig.3 illustrates the stability of
this version, where the divergence indicator &, remains very

weak, and the likelihood variable y,, fluctuates around its
optimal value. We notice that variable NGE(n) converges

and remains stable (simulations were run for more than 10’
samples). The algorithm was tested successfully by
simulations at very long term and for different orders of filter
to improve the stability of the algorithm.
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Fig. 3 Evolution of the variables y,,, &, and NGE(n)
forL=32,p=3,u4,=0.5

B. Filtering Part

We try to estimate an impulse response W, of length
L=32 the same length is used for the adaptive filterw,,.
Performance of the estimation is measured by the mean square
error  MSE(n) and normalized misalignment NM (n). The
reference signal d, is obtained by convolving W with X,

and adding a white Gaussian noise signal v, with the signal-
to-noise ratio (SNR) is equal to 50 dB. We run the NS-FRLS
algorithm with a forgetting factor A (45) where p=3. Fig.4
illustrates the behaviour of the mean square error MSE(n)
obtained from simulations and determined from the theoretical
expression in (52). From this plot, we observe that simulation
and theoretical curves agree very well. Fig.6 plots the
normalized misalignment NM(n) as obtained from the

theoretical analysis (53) and from simulation results. It can be
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seen that, for adaptive filter, there is a good agreement
between the actual behavior of the algorithm and that
predicted by the theoretical expression. Note that the noise
effect does not severely degrade the performance of adaptive
estimator. This indicates that the proposed algorithm is robust.

o ‘ : : : : : '
-10
-20

-30 i~

MSE(n), dB

40

50

£0
0 2000 4000 6000 ] 14000 16000

n, lterations

Fig. 4: Comparison of theoretical and simulation curves
of the MSE(n) for L=32,p=3, u,=0.5

10000 12000

20k

-30

N (), dB

A0 b-

A0

-60

70 i I I I I I i
0 2000 4000 G000 8000 10000 12000 14000
n, lterations
Fig. 5: Comparison of theoretical and simulation curves

of the NM (n) for L=32,p=3, ,=0.5

16000

V.

We have analyzed the numerical properties of the stabilized
FRLS algorithm by using a propagation model of first order of
the numerical errors. We have presented new version of a
numerically stable fast recursive least squares (NS-FRLS)
algorithm. The condition of stabilization was shown to be
capable of maintaining a good convergence performance by
way of computer simulations. This algorithm thus modified is
stable numerically for a suitable choice of the control
parameters and the forgetting factor. The introduced variable
NGE(n), allowed us to compare and to show the stability

CONCLUSION

evolution of the algorithms. Simulation experiments related to
the mean square error and the normalized misalignment
proved well the validity of the analysis.Numerical stability
was checked by simulation over very long duration of
stationary signal and for different orders of filter.
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