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Optical ZCZ Code Generators
Using Sylvester-type Hadamard Matrix

Takahiro MATSUMOTO and Shinya MATSUFUJI

Abstract— In this paper, we propose the construction of two code
generators for optical ZCZ codes of Zcz = 4n−2 with positive n and
Zcz = 1 using the Sylvester-type Hadamard matrix, which are called
ROM-type and non ROM-type code generators. The optical ZCZ code
is a set of pairs of binary and bi-phase sequences with zero correlation
zone. An optical code division multiple access (CDMA) system using
optical ZCZ code can remove co-channel interference and influence
of multi-path. This ROM-type code generator can be constructed
by a ROM and an up-counter. Similarly, the non ROM-type code
generator can be constructed by an up-counter and logic gates. The
ROM-type and non ROM-type code generators are implemented on
a field programmable gate array (FPGA) corresponding to 600, 000
logic gates, and the non ROM-type code generator can reduce logic
elements and memory bits than the ROM-type code generator, and
can operate faster than the ROM-type code generator.

Keywords— Optical communication, Optical ZCZ code, Optical
CDMA system, Code generator, Field programmable gate array.

I. INTRODUCTION

THE optical code division multiple access (CDMA) sys-
tem can expect a high speed communication to be able

to use a wide band [1], [2], [3]. An optical CDMA system
using the optical ZCZ code, which is a set of pairs of binary
and bi-phase sequences with zero correlation zone [4], [5],
[6], [7] can remove co-channel interference and influence of
multi-path.

We proposed the compact construction of a bank of matched
filters [8], [9], [10], [11] for optical ZCZ codes in a receiver.
But we have not proposed the construction of a code generator
for optical ZCZ codes in a transmitter yet.

In this paper, we propose the construction of two code
generators for optical ZCZ codes of zero correlation zone
Zcz = 4n−2 with positive n and Zcz = 1 using the Sylvester-
type Hadamard matrix, which are called ROM-type and non
ROM-type code generators [12], [13], [14]. The ROM-type
and non ROM-type code generators for optical ZCZ codes of
Zcz = 4n − 2 with positive n and Zcz = 1 are implemented
on a field programmable gate array (FPGA) corresponding to
600, 000 logic gates.

In Section II, we introduce optical ZCZ codes and its
correlation properties, and explain the upper bound on zero
correlation zone, and describe the construction of optical ZCZ
codes with Zcz = 4n − 2 and Zcz = 1 using the Sylvester-
type Hadamard matrix. In Section III, we describe the optical
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M-ary/DS-SS system using an optical ZCZ code , and the
construction of two code generators, which are called a ROM-
type and a non ROM-type code generators, respectively. In
Section IV, we describe results of implementation of ROM-
type and non ROM-type code generators on FPGA, and
compare them.

II. OPTICAL ZCZ CODE

A. Definition of Optical ZCZ Code

Let aj
N be a bi-phase sequence of length N whose elements

take 1 or −1, written as

aj
N = (aj

N,0, a
j
N,1, · · · , aj

N,i, · · · , aj
N,N−1), (1)

aj
N,i ∈ {1,−1}.

Similarly, let âj,d
N be a binary sequence of length N whose

elements take 1 or 0, written as

âj,d
N = (âj,d

N,0, â
j,d
N,1, · · · , âj,d

N,i, · · · , âj,d
N,N−1), (2)

âj,d
N,i ∈ {1, 0},

d ∈ {1, 0},

where i denotes i mod N . Let A be a set of pairs of bi-phase
sequences, aj

N ’s, and binary sequences, âj,d
N ’s , written as

A = {(a1
N , â1,d

N ), (a2
N , â2,d

N ), · · · , (aj
N , âj,d

N ),

· · · , (aM
N , âM,d

N )}. (3)

A periodic correlation function between sequences aj
N and

âj′,d
N at shift i′ is defined by

ρ
aj

N
,âj′,d

N
,i′

=
N−1∑
i=0

aj
N,iâ

j′,d
N,(i+i′) mod N . (4)

In this paper, the above correlation function ρ
aj

N
,âj′,d

N
,i′

is
called the auto-correlation function for j = j′ and the cross-
correlation function for j ̸= j′. The set is called an optical
ZCZ code[4], [5], [6], [7], if the periodic auto- and cross-
correlation functions satisfy

ρ
aj

N
,âj′,d

N
,i′

=


w ; i′ = 0, j = j′, d = 0
−w ; i′ = 0, j = j′, d = 1
0 ; i′ = 0, j ̸= j′,
0 ; 1 ≤ |i′| ≤ Zcz,

(5)

with w =
∑N−1

i=0 âj′,d
N,i < N . The optical ZCZ codes are

bounded by M ≤ N/(Zcz + 1), where M is the number
of sequences in a sequence family and is called family size.
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B. Construction of Optical ZCZ Codes with Zcz = 4n − 2

Let bN1 be the Legendre sequence [15] of length N1 =
4n1 − 1 with positive n1 or an M-sequence of length N1 =
2n1 − 1 with n1 ≥ 2, whose elements take 1 or −1, written
as

bN1 = (bN1,0, bN1,1, · · · , bN1,i, · · · , bN1,N1−1), (6)
bN1,i ∈ {1,−1}

with
∑N1−1

i=0 bN1,i = 1. A binary sequence b̂N1,i ∈ {1, 0} of
length N1 is given by

b̂N1,i =
1 + bN1,i

2
.

The periodic correlation function between bN1 and b̂N1 is given
by

ρbN1 ,b̂N1 ,i′ =
N1−1∑
i=0

bN1,ib̂N1,(i+i′) mod N1

=
1
2

(
1 + ρbN1 ,bN1 ,i′

)
=

{
wb ; i′ = 0
0 ; otherwise

(7)

with

ρbN1 ,bN1 ,i′ =
N1−1∑
i=0

bN1,ibN1,(i+i′) mod N1

=
{

N1 ; i′ = 0
−1 ; otherwise

(8)

and

wb =
N1 + 1

2
. (9)

Let HN2 be the Sylvester-type Hadamard matrix of order
N2 = 2n2 with n2 ≥ 1 , written as

HN2 = [h0
N2

, h1
N2

, · · · , hj
N2

, · · · , hN2−1
N2

]T , (10)

hj
N2

= (hj
N2,0, h

j
N2,1, · · · , hj

N2,i, · · · , hj
N2,N2−1), (11)

hj
N2,i ∈ {1,−1},

where the symbol T denotes the matrix transposition, which
is defined by

HN2 = HN2
2

⊗ H2, (12)

H2 =
[

1 1
1 −1

]
, (13)

where the operation ⊗ denotes the Kronecker product. hj
N2

is called a Sylvester-type Hadamard sequence. On the other
hand, a binary sequence ĥj,d

N2,i ∈ {1, 0} of length N2 is given
by

ĥj,d
N2,i =

1 + (−1)dhj
N2,i

2
. (14)

The periodic correlation function at i′ = 0 between hj
N2

and
ĥj′,d

N2
except j = j′ = 0 is given by

ρ
hj

N2
,ĥj′,d

N2
,0

=
1
2

N2−1∑
i=0

{
hj

N2,i + (−1)dhj
N2,ih

j′

N2,i

}
= (−1)d 1

2
ρ

hj
N2

,hj′
N2

,0

= =

 wh ; j = j′, d = 0
−wh ; j = j′, d = 1

0 ; j ̸= j′
(15)

with
N2−1∑
i=0

hj
N2,i = 0, (16)

ρ
hj

N2
,hj′

N2
,0

=
N2−1∑
i=0

hj
N2,ih

j′

N2,i

=
{

N2 ; j = j′

0 ; j ̸= j′
(17)

and

wh =
N2

2
. (18)

If N1 and N2 are relatively prime, i. e., gcd(N1, N2) = 1, a
bi-phase sequence aj

N = (aj
N,0, aj

N,1, · · · , aj
N,i, · · · , aj

N,N−1)
of length N = N1N2 is produced by

aj
N,i = bN1,i mod N1 · h

j
N2,i mod N2

. (19)

Similarly, a binary sequence âj,d
N = (âj,d

N,0, âj,d
N,1, · · · , âj,d

N,i,
· · · , âj,d

N,N−1) of length N = N1N2 is produced by

âj,d
N,i = b̂N1,i mod N1 · ĥ

j,d
N2,i mod N2

. (20)

The periodic correlation function between aj
N and âj′,d

N except
j = j′ = 0 is given by

ρ
aj

N
,âj′,d

N
,i′

=
N−1∑
i=0

aj
N,iâ

j′,d
N,(i+i′) mod N

=
N−1∑
i=0

{
bN1,i mod N1 · b̂N1,(i+i′) mod N1

}
·
{

hj
N2,i mod N2

ĥj′,d
N2,(i+i′) mod N2

}
=

{N1−1∑
i=0

bN1,i mod N1 · b̂N1,(i+i′) mod N1

}
·
{N2−1∑

i=0

hj
N2,i mod N2

ĥj′,d
N2,(i+i′) mod N2

}
= ρbN1 ,b̂N1 ,i′ρhj

N2
,ĥj′,d

N2
,i′

=


w ; i′ = 0, j = j′, d = 0,
−w ; i′ = 0, j = j′, d = 1,
0 ; i′ = 0, j ̸= j′,
0 ; 1 ≤ |i′| ≤ N1 − 1,

(21)

with

w = wb · wh =
(N1 + 1)N2

4
. (22)
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Therefore a set of M pairs of a bi-phase sequence aj
N and

a binary sequence âj,d
N is an optical ZCZ code with Zcz =

N1 − 1 = 4n1 − 2 and M = N2 − 1 = N/(Zcz + 1) − 1.
As an example, we generate an optical ZCZ code of N =

N1N2 = 3×4 = 12, Zcz = N1−1 = 2 and M = N2−1 = 3.
Let

b3 = (+, +,−)

and

H4 =


h0

4

h1
4

h2
4

h3
4

 =


+ + + +
+ − + −
+ + − −
+ − − +

 , (23)

where + and − denote +1 and −1, respectively. From
Equation (19), we can generate bi-phase sequences, aj

12’s, as
follows, respectively.

a1
12 = (+,−,−,−, +, +, +,−,−,−, +, +),

a2
12 = (+, +,+,−, +,−,−,−,−, +,−, +),

a3
12 = (+,−,+, +, +, +,−, +,−,−,−,−).

Similarly, let

b̂3 = (+, +, 0)

and

ĥ1,0
4 = (+, 0,+, 0),

ĥ2,0
4 = (+, +, 0, 0),

ĥ3,0
4 = (+, 0, 0,+),

ĥ1,1
4 = (0, +, 0,+),

ĥ2,1
4 = (0, 0,+, +),

ĥ3,1
4 = (0, +, +, 0),

where b̂3,i = (1 + b3,i)/2, ĥj,d
4,i = {1 + (−1)dhj

4,i}/2 and
+ denotes 1. From Equation (20), we can generate binary
sequences, âj,d

12 ’s, as follows, respectively.

â1,0
12 = (+, 0, 0, 0,+, 0,+, 0, 0, 0,+, 0),

â2,0
12 = (+, +, 0, 0,+, 0, 0, 0, 0,+, 0, 0),

â3,0
12 = (+, 0, 0,+,+, 0, 0,+, 0, 0, 0, 0),

â1,1
12 = (0, +, 0,+, 0, 0, 0,+, 0,+, 0, 0),

â2,1
12 = (0, 0, 0,+, 0, 0,+, +, 0, 0,+, 0),

â3,1
12 = (0, +, 0, 0, 0, 0,+, 0, 0,+, +, 0).

A set of bi-phase sequences, aj
12’s, and binary sequences,

âj,d
12 ’s, is an optical ZCZ code with Zcz = 2 and M = 3.
Its auto-correlation functions are given by

ρa1
12,â1,0

12 ,i′ = (4, 0, 0,−4, 0, 0, 4, 0, 0,−4, 0, 0),

ρa1
12,â1,1

12 ,i′ = (−4, 0, 0, 4, 0, 0,−4, 0, 0, 4, 0, 0),

ρa2
12,â2,0

12 ,i′ = (4, 0, 0, 0, 0, 0,−4, 0, 0, 0, 0, 0),

ρa2
12,â2,1

12 ,i′ = (−4, 0, 0, 0, 0, 0, 4, 0, 0, 0, 0, 0),

ρa3
12,â3,0

12 ,i′ = (4, 0, 0, 0, 0, 0,−4, 0, 0, 0, 0, 0),

ρa3
12,â3,1

12 ,i′ = (−4, 0, 0, 0, 0, 0, 4, 0, 0, 0, 0, 0)

and its cross-correlation functions

ρa1
12,â2,0

12 ,i′ = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

ρa1
12,â2,1

12 ,i′ = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

ρa2
12,â3,0

12 ,i′ = (0, 0, 0, 4, 0, 0, 0, 0, 0,−4, 0, 0),

ρa2
12,â3,1

12 ,i′ = (0, 0, 0,−4, 0, 0, 0, 0, 0, 4, 0, 0),

ρa3
12,â1,0

12 ,i′ = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

ρa3
12,â1,1

12 ,i′ = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0).

C. Optical ZCZ Code with Zcz = 1

Let HN2 be the Sylvester-type Hadamard matrix of order
N2 = 2n2 with n2 ≥ 2, written as Equations (10) and (11),
which is defined by Equations (12) and (13).

A bi-phase sequence aj
N with length N = 2N2 is given by

aj
N,i = αN,i · hj

N2,i mod N2
, (24)

αN,i =
{

h0
N2,i mod N2

= 1 ; 0 ≤ i < N
2 ,

−h1
N2,i mod N2

= (−1)i+1 ; N
2 ≤ i < N,

where i denotes i mod N . The mean value of a sequence aj
N

is given by

N−1∑
i=0

aj
N,i =

N2−1∑
i=0

h0
N2,ih

j
N2,i −

N2−1∑
i=0

h1
N2,ih

j
N2,i = 0, (25)

where j ̸= 0, 1. Therefore, a bi-phase sequence aj
N is called a

bi-phase balanced sequence. The periodic correlation function
between aj

N and aj′

N except j = j′ = 0, 1 is given by

ρ
aj

N
,aj′

N
,i′

=
N−1∑
i=0

aj
N,ia

j′

N,(i+i′) mod N

=
N−1∑
i=0

(
αN,i · hj

N2,i mod N2

)
·
(
αN,i+i′ mod N · hj′

N2,i+i′ mod N2

)
=

N2−1∑
i=0

(
αN,iαN,i+i′ mod N

+αN,i+N2αN,i+N2+i′ mod N

)
·hj

N2,i mod N2
· hj′

N2,i+i′ mod N2

=

 N = 2N2 ; i′ = 0, j = j′,
0 ; i′ = 0, j ̸= j′,
0 ; i′ = ±1.

(26)

Therefore a set of bi-phase sequences, aj
N ’s is a ZCZ code

with Zcz = 1 and M = N2 − 2 = N/(Zcz + 1) − 2.
A binary sequence âj,d

N,i ∈ {1, 0} of length N is given by

âj,d
N,i =

1 + (−1)daj
N,i

2
. (27)

Let A be a set of M pairs of a bi-phase sequence aj
N and

a binary sequence âj,d
N of N = 2N2. The periodic correlation
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function between aj
N and âj′,d

N except j, j′ ≤ 1 is given by

ρ
aj

N
,âj′,d

N
,i′

=
N−1∑
i=0

aj
N,iâ

j′,d
N,(i+i′) mod N

=


w ; i′ = 0, j = j′, d = 0,
−w ; i′ = 0, j = j′, d = 1,
0 ; i′ = 0, j ̸= j′,
0 ; i′ = ±Zcz = ±1,

(28)

with w =
∑N−1

i=0 âj,d
N,i = N

2 and Zcz is zero correlation zone.
Therefore, the above set of M pairs of a bi-phase sequence
aj

N and a binary sequence âj,d
N is called an optical ZCZ code

with Zcz = 1 and M = N/2 − 2 = N/(Zcz + 1) − 2.
As an example, we generate an optical ZCZ code of N =

2N2 = 2 × 4 = 8, Zcz = 1 and M = N/2 − 2 = 2. From
Equations (23) and (24), we can generate bi-phase sequences,
aj
8’s, as follows, respectively.

a2
8 = (+,+,−,−,−, +, +,−),

a3
8 = (+,−,−, +,−,−, +,+).

From Equation (27), we can generate binary sequences, âj,d
8 ’s,

as follows, respectively.

â2,0
8 = (+, +, 0, 0, 0,+, +, 0),

â2,1
8 = (0, 0,+, +, +, 0, 0,+),

â3,0
8 = (+, 0, 0,+, 0, 0,+, +),

â3,1
8 = (0, +, +, 0,+, +, 0, 0).

A set of pairs of a bi-phase sequence aj
8 and a binary sequence

âj,d
8 is an optical ZCZ code with Zcz = 1 and M = 2.
Its auto-correlation functions are given by

ρa2
8,â2,0

8 ,i′ = ρa3
8,â3,0

8 ,i′ = (4, 0,−2, 0, 0, 0,−2, 0),

ρa2
8,â2,1

8 ,i′ = ρa3
8,â3,1

8 ,i′ = (−4, 0, 2, 0, 0, 0, 2, 0)

and its cross-correlation functions are given by

ρa2
8,â3,0

8 ,i′ = ρa3
8,â2,0

8 ,i′ = (0, 0, 2, 0,−4, 0, 2, 0),

ρa2
8,â3,1

8 ,i′ = ρa3
8,â2,1

8 ,i′ = (0, 0,−2, 0, 4, 0,−2, 0).

III. CONSTRUCTION OF CODE GENERATOR

A. Optical M-ary/DS-SS system using an optical ZCZ code

Figure 1 shows an optical M-ary/DS-SS system using an
optical ZCZ code. A transmitter selects a binary sequence âj,d

N

within an optical ZCZ code in according to input data, and
send it as optical signal, which is converted by the electrical
to optical (E/O) converter.

A receiver converts received optical signal to electrical
signal by the optical to electrical (O/E) converter, and detects
the selected sequence from the maximum value of correlations
between the electrical signal and bi-phase sequences, aj

N ’s in
a bank of matched filters, and recover the data.

In optical M-ary/DS-SS system using optical ZCZ codes,
binary sequences, âj,d

N ’s and bi-phase sequences, aj
N ’s are

used in transmitter and receiver, respectively. Therefore a
code generator for binary sequences, âj,d

N ’s is necessary in
transmitter.

B. ROM-type code generator

The code generator for optical ZCZ codes using Sylvester-
type Hadamard matrix has two constructs, which uses ROM
and does not use ROM. The former and latter are called ROM-
type and non ROM-type code generators. The ROM-type code
generator is constructed by a ROM and an up-counter. Figure
2 shows a ROM-type code generator for optical ZCZ codes,
where Ai, D are ROM address and ROM data, respectively.
The sequence number j and the order variable i are expressed
in a binary notation as follows:

j = (jn2−1, jn2−2, · · · , j0)2,
i = (in−1, in−2, · · · , i0)2,

where n2 = log2 N2 and n = ⌈log2 N⌉. As an example, Tables

Up

Counter

aN,i

n2

j

jn2-1

j1

j0

i0

i1

in-1
j,d^

ROM

A0

A1

An-1

An

An+1

An+n2-1

D

d An+n2

Fig. 2. ROM-type code generator for optical ZCZ codes of zero correlation
zone Zcz = 4n − 2 with positive n and Zcz = 1 using the Sylvester-type
Hadamard matrix.

I and II show memory map of ROM in a ROM-type code
generator for optical ZCZ codes with N = 12 and Zcz = 2,
and N = 8 and Zcz = 1, respectively.

C. Non ROM-type code generator for an optical ZCZ code
with Zcz = 4n − 2

From Equation (20), a binary sequence âj,d
N = (âj,d

N,0, âj,d
N,1,

· · · , âj,d
N,i, · · · , âj,d

N,N−1) of length N = N1N2 is written as
following Boolean expression.

âj,d
N,i = b̂N1,i mod N1 · ĥ

j,d
N2,i mod N2

= b̂N1,i mod N1 · (d ⊕ ĥj,0
N2,i mod N2

), (29)

where the operation · and ⊕ denote the logic operation
AND and exclusive-OR (XOR), respectively. This means it
is possible to construct by the generator for M-sequence
and Sylvester-type Hadamard sequences. M-sequence gen-
erator can be easily constructed by a linear feedback shift
register[15]. Sylvester-type Hadamard sequence ĥj,0

N2,i of
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O/E
Optical

Channel

receiver

Code
Generator

E/O

Input

transmitter

S
el

ec
to

r

MF

MF

MF

D
et

ec
to

r

aN, i
^

a N,i

a N,i

a N,i

Code

Generator

Code

Generator

aN, i
^

aN, i
^

1,d

2,d

M,d

Output

1

2

M

d
j

S/P

Fig. 1. Optical M-ary/DS-SS system using an optical ZCZ code of length N and family size M .

TABLE I
MEMORY MAP OF ROM IN A ROM-TYPE CODE GENERATOR FOR AN

OPTICAL ZCZ CODE OF LENGTH 12 AND ZERO CORRELATION ZONE

Zcz = 2.

Address Data
A6 A5 A4 A3 A2 A1 A0 D

d j1 j0 i3 i2 i1 i0 âj,d
12,i

0 0 0 0 0 0 0 â0,0
12,0

0 0 0 0 0 0 1 â0,0
12,1

...
...

...
...

0 0 0 1 0 1 1 â0,0
12,11

...
...

...
...

0 1 1 0 0 0 0 â3,0
12,0

0 1 1 0 0 0 1 â3,0
12,1

...
...

...
...

0 1 1 1 0 1 1 â3,0
12,11

1 0 0 0 0 0 0 â0,1
12,0

1 0 0 0 0 0 1 â0,1
12,1

...
...

...
...

1 0 0 1 0 1 1 â0,1
12,11

...
...

...
...

1 1 1 0 0 0 0 â3,1
12,0

1 1 1 0 0 0 1 â3,1
12,1

...
...

...
...

1 1 1 1 0 1 1 â3,1
12,11

length N2 = 2n2 and d = 0 is written as following Boolean
expression.

ĥj,0
N2,i mod N2

= ĥj,1
N2,i mod N2

= (j0 · i0) ⊕ (j1 · i1) ⊕ · · · ⊕ (jn2−1 · in2−1),
(30)

where the operation · , ⊕ and ( · ) denote the logic
operation AND, XOR and NOT, respectively, and the order
variable i is expressed in a binary notation as follows:

i mod N2 = (in2−1, in2−2, · · · , i0)2.

TABLE II
MEMORY MAP OF ROM IN A ROM-TYPE CODE GENERATOR FOR AN

OPTICAL ZCZ CODE OF LENGTH N = 8 AND ZERO CORRELATION ZONE

Zcz = 1.

Address Data
A5 A4 A3 A2 A1 A0 D

d j1 j0 i2 i1 i0 âj,d
8,i

0 0 0 0 0 0 â0,0
8,0

0 0 0 0 0 1 â0,0
8,1

...
...

...
...

0 0 0 1 1 1 â0,0
8,7

...
...

...
...

0 1 1 0 0 0 â3,0
8,0

0 1 1 0 0 1 â3,0
8,1

...
...

...
...

0 1 1 1 1 1 â3,0
8,7

1 0 0 0 0 0 â0,1
8,0

1 0 0 0 0 1 â0,1
8,1

...
...

...
...

1 0 0 1 1 1 â0,1
8,7

...
...

...
...

1 1 1 0 0 0 â3,1
8,0

1 1 1 0 0 1 â3,1
8,1

...
...

...
...

1 1 1 1 1 1 â3,1
8,7

Therefore, from Equations (29) and (30), a binary sequence
âj,d

N of length N = N1N2 is written as following Boolean
expression.

âj,d
N,i = b̂N1,i mod N1 ·

{
d ⊕ (j0 · i0) ⊕ (j1 · i1)

⊕ · · · ⊕ (jn2−1 · in2−1)
}

. (31)

Figure 3 shows a non ROM-type code generator for an
optical ZCZ code of length N = N1N2 and zero correlation
zone Zcz = 4n−2, which can be constructed by a up-counter,
flip-flops and logic gates.
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hN2,i
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Fig. 3. Non ROM-type code generator for an optical ZCZ code of length
N = N1N2 and zero correlation zone 4n − 2.

D. Non ROM-type code generator for an optical ZCZ code
with Zcz = 1

From Equations (14), (24) and (27), a binary sequence
âj,d

N = (âj,d
N,0, âj,d

N,1, · · · , âj,d
N,i, · · · , âj,d

N,N−1) of length N =
2N1 is written as following Boolean expression.

âj,d
N,i =

{
ĥ0,0

N2,i mod N2
⊕ ĥj,d

N2,i mod N2
; 0 ≤ i < N/2

ĥ1,0
N2,i mod N2

⊕ ĥj,d
N2,i mod N2

; N/2 ≤ i < N

=

{
d ⊕ ĥj,0

N2,i mod N2
; 0 ≤ i < N/2

d ⊕ (i0 ⊕ ĥj,0
N2,i mod N2

) ; N/2 ≤ i < N

= d ⊕
{(

in−1 · i0
)
⊕ ĥj,0

N2,i mod N2

}
, (32)

where i denotes i mod N , and the operation · , ⊕ and
( · ) denote the logic operation AND, exclusive-OR (XOR)
and NOT, respectively. This means it is possible to construct
by up-counter and the generator for Sylvester-type Hadamard
sequence ĥj,0

N2
. The Sylvester-type Hadamard sequence ĥj,0

N2

of length N2 = 2n2 and d = 0 is written as Equation (30).
Therefore, from Equations (30) and (32), a binary sequence
âj,d

N of length N = 2N2 is written as following Boolean
expression.

âj,d
N,i = d ⊕

{(
in−1 · i0

)
⊕ (j0 · i0) ⊕ (j1 · i1)

⊕ · · · ⊕ (jn−2 · in−2)
}

, (33)

where n = n2 + 1.
Figure 4 shows a non ROM-type code generator for an

optical ZCZ code of length N = 2N2 and zero correlation
zone Zcz = 1, which can be constructed by an up-counter
and logic gates.

IV. CODE GENERATOR IMPLEMENTATION ON FPGA

Code generators for optical ZCZ codes of length N = 12,
24, 48, 96, 192, 384 and 768, with Zcz = 2 and ones of length
N = 8, 16, 32, 64, 128, 256 and 512 with Zcz = 1 have been
implemented on a field programmable gate array (FPGA) with
600, 000 logic gates. This FPGA has 488 pins which the user
can freely use and 24, 320 logic elements (LEs) which the
basic building blocks of an FPGA, containing a 4-input look up
table (LUT), a register, and additional logic. The word-length
of the output is 1bit, respectively. Table III shows the resultant

Up

Counter

aN,i

n-1
j

jn-2

j1

j0

i0

i1

in-2

hN2,i

^ j,0

j,d^

in-1

d

i0in-1

Fig. 4. Non ROM-type code generator for an optical ZCZ code of length
N = 2N2 and zero correlation zone Zcz = 1.

TABLE III
SPECIFICATIONS OF CODE GENERATORS.

Spreading sequence Optical ZCZ code
Zero cor. zone Zcz 1,2
Sequence length N 12, 24, 48, 96, 192, 384, 768 (Zcz=2)

8, 16, 32, 64, 128, 256, 512 (Zcz=1)
Family size M 3, 7, 15, 31, 63, 127, 255 (Zcz=2)

2, 6, 14, 30, 62, 126, 254 (Zcz=1)
Output word-length 1bit
Samples per chip 1
FPGA Altera, EP20K600EBC652-1x
Max. logic gates 600,000
Max. LEs 24,320
Max. memory bits 311,296
Max. pins 488
Logic synthesis tool Synopsys, Synplify Pro D-2010.03
Place and route tool Altera, Quartus II v.8.1
Simulation tool Mentor, ModelSim SE 6.1d

specification of code generators. The Synplify Pro which is
logic synthesis tool, is used to synthesize the design file of
code generators. Similarly, the Quartus II which is place-and-
route tool, is used to place and route the design file of code
generators, and the ModelSim which is a simulation tool is
used to simulate and debug the design file.

Figure 5, 6 and 7 show the number of logic elements (LEs),
the memory bits and the maximum clock frequency of code
generators for ZCZ codes of length 12, 24, 48, 96, 192, 384
and 768, and family size 3, 7, 15, 31, 63, 127 and 255,
respectively. Similarly, Figure 8, 9 and 10 show the number
of logic elements (LEs), the memory bits and the maximum
clock frequency of code generators for ZCZ codes of length
8, 16, 32, 64, 128, 256 and 512, and family size 2, 6, 14, 30,
62, 126 and 254, respectively.

As a result of implement on FPGA, from Figures 5 and 8,
the non ROM-type code generators can reduce logic elements
than the ROM-type code generators. The non ROM-type
code generator don’t use the ROM. On the other hand, from
Figures 6 and 9, memory bits of ROM-type code generator
increase exponentially with sequence length N . From Figures
7 and 10, the maximum clock frequency of non ROM-type
code generators can operate faster than the ROM-type code
generators. Therefore, non ROM-type code generator is more
suitable for optical ZCZ-CDMA system than ROM-type code
generator.
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Fig. 5. Logic elements (LEs) of code generators for optical ZCZ codes of
Zcz = 2.
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Fig. 6. Memory bits of code generators for optical ZCZ codes of Zcz = 2.

V. CONCLUSION

In this paper, we propose the construction of two code
generators for optical ZCZ codes with Zcz = 4n − 2 with
positive n and Zcz = 1 using the Sylvester-type Hadamard
matrix, which are called ROM-type and non ROM- type code
generators. This ROM-type code generator can be constructed
by a ROM and an up-counter. Similarly, this non ROM-type
code generator can be constructed by an up-counter and logic
gates. The ROM-type and non ROM-type code generators are
implemented on FPGA, and the non ROM-type code generator
can reduce logic elements and memory bits than the ROM-type
code generator, and can operate faster than the ROM-type code
generator. Therefore, non ROM-type code generator is more
suitable for optical ZCZ-CDMA system than ROM-type code
generator.
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Fig. 7. Maximum clock frequency of code generators for optical ZCZ codes
of Zcz = 2.
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