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Abstract— The active queue management algorithms are designed
for the Internet routers and their goal is to drop incoming packets
before the actual buffer overflow occurs – in this way they notify
the TCP senders about the necessity to reduce their sending rates
and prevent the link from congestion. Most of the known active
queue management algorithms drop incoming packets randomly, with
probability that depends on the queue size observed upon packet
arrival. In this paper we present calculations of the distribution of
the waiting time for such active queue management algorithms, i.e.
algorithms whose dropping probability is a function of the queue size.
In particular, we give a formula for the transform of the waiting time
distribution as well as a formula for the average waiting time. The
mathematical results are accompanied with examples of numerical
calculations.
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I. INTRODUCTION

In the architecture of the current Internet there exists an
incoherence between the congestion control mechanism in the
transport layer and the packet buffering mechanism in the
network layer, [2]. The buffers in the routers are designed
basically for storing random bursts of traffic caused by the
statistical multiplexing. On the other hand, the congestion
control mechanism in TCP probes the maximum available
bitrate by increasing the sending rate until a router buffer
overflows and a packet (or packets) is lost. In other words,
TCP tries to fill the buffers all the time. This causes several
negative effects, like too long queues, too high queueing
delays, synchronization of TCP sources, just to mention a
few. The solution to this problem is a cross-layer optimization
idea, namely the active queue management (AQM), which
is based on the assumption that the router can drop packets
preventively, before the buffer overflow occurs. In this way
the router notifies the TCP sender about the forthcoming
congestion and he can reduce his rate before the queue gets
long.

The research activity on AQM has been initiated by the
famous RED algorithm, [3], followed by several its modified
and improved versions, e. g. [4], [5]. Some other well-known
AQM algorithms include BLUE, [6], REM, [7], PI, [8] and
AVQ, [9]. In order to avoid the synchronization of TCP
sources, most of the AQMs assume that the arriving packets
are dropped randomly, with the probability that is a function
of some statistics collected by the router. In the most popular
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AQMs, the dropping probability is a function of the queue size
– this is also the case studied herein.

Most research done so far on active queue management is
based on simulation experiments (e.g. [10]-[29]) and usage of
discrete-event network simulators, like ns2, Opnet Modeler or
Omnet++ (see [30], [31], [32], respectively). In [33], a wide
set of tests of active queue management algorithms, designed
for simulation purposes, is presented.

Although the active queue management has been around for
a while, there are not many papers devoted to its analysis via
queueing theory methods. In [34], the RED queue model with
batch Poisson arrivals and exponential service time distribution
is considered. In [35], a queue-size based packet dropping
mechanism is analyzed by exploiting an extension of the
GIX/M/1 queue and a technique based on thinning of the
arrival process. In [36], an analysis of the single-server queue
with Poisson arrivals, general service time distribution and
a queue-size based packet dropping has been carried out,
resulting in formulas for the queue size distribution, loss
ratio and throughput. Using these results, the stability of
the queue size in an AQM router has been studied in [37].
Finally, in [38], the usage of dropping functions to control
the performance parameters of a single-server queue has been
demonstrated.

In this papers we deal again with the AQM model with
Poisson arrivals, general service time distribution and the
dropping probability depending on the queue size observed
upon packet arrival. This time, the analysis of the waiting
time (queueing delay), which is one of the most important
performance characteristics, is carried out. In particular, the
joint distribution of the queue size and the remaining service
time upon packet arrival in the steady state is computed first.
Basing on this result, a formula for the Laplace transform of
the steady-state waiting time is shown.

The remaining part of the paper is structured in the follow-
ing way. In section 2, a formal description of the queueing
model is given. In section 3, the actual analysis of the waiting
time, preceded by some preliminary studies, is carried out.
Section 4 presents numerical examples. Finally, in section 5
remarks concluding the paper are presented.

II. THE QUEUEING MODEL

The model considered herein is the classic single-server,
finite-buffer queueing system of M/G/1/b type, extended by
a packet dropping functionality based on so called dropping
function.

Namely, the packets arrive to the queue according to the
Poisson process with average rate λ, the service time is
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distributed according to a distribution function F (x), which
is not further specified. There is a finite buffer of size b for
storing the packets. In other words, the number of packets in
the system, including the one being serviced, cannot exceed
b. Every packet arriving when there are already b packets
present in the system is dropped. An arriving packet can be
dropped also even if the system is not full. This happens
with probability d(n), where n is the queue length observed
upon the arrival of this packet. The function d(n) is called a
dropping function. The dropping function must be must fulfill
the following two assumptions:

d(n) ∈ [0, 1], for 0 ≤ n ≤ b− 1,

d(n) = 1, for n ≥ b.

Besides that, it can have any form. The following notation will
be used:

P – the probability,
X(t) – the queue size at time t (including service
position),
Xk – the queue size left by the k-th departing packet
(again, including service position).

The load offered to the system will be denoted by ρ, i.e.:

ρ = λm,

where m denotes the mean service time.

III. WAITING TIME DISTRIBUTION

Before the actual waiting time can be computed, we have
to repeat some results on the queue size distribution, obtained
in [36], which are necessary for computation of the waiting
time.

In particular, in [36] it is shown that the steady-state
distribution of the queue length is equal to:

Pk =
πk/(1− d(k))

π0/(1− d(0)) + ρ
, 0 ≤ k ≤ b− 1, (1)

Pb = 1−
∑b−1

i=0 πi/(1− d(i))

π0/(1− d(0)) + ρ
, (2)

where

Pk = lim
t→∞

P(X(t) = k), 0 ≤ k ≤ b, (3)

and πk is the steady-state distribution of the queue length left
behind by the n-th departing packet, i.e.:

πk = lim
n→∞

P(Xn = k), 0 ≤ k ≤ b− 1. (4)

Thus, to calculate Pk, the distribution πk for 0 ≤ k ≤ b−1
have to be calculated first. It can be obtained by solving the
following system of linear equations:

{
πk =

∑b−1
j=0 πjpj,k, 0 ≤ k ≤ b− 1,∑b−1

j=0 πj = 1.
(5)

with

pj,k =

=

 a1,k, if j = 0, 0 ≤ k ≤ b−1,
aj,k−j+1 if 1 ≤ j ≤ b−1, j − 1 ≤ k ≤ b−1,
0 otherwise,

(6)

an,k =

∫ ∞

0

Qn,k(u)dF (u). (7)

Qn,k(u), which appears in (7), is the conditional probability
that the first departure time is after u and k packets are
allowed into the system in interval (0, u], given that X(0) = n.
Qn,k(u) can be computed effectively by inverting its Laplace
transform:

qn,k(s) =

∫ ∞

0

e−suQn,k(u)du, (8)

which has the following form (see [36]):

qn,k(s) =

∏k−1
i=0 λ(1− d(n+ i))∏k

i=0(s+ λ(1− d(n+ i)))
,

n ≥ 0, k ≥ 0. (9)

With help of the queue length distribution we can calculate
the loss ratio, LR, which is defined as the long-run fraction
of dropped packets. Namely, it is equal to

LR = 1− 1− P0

ρ
. (10)

For the waiting time analysis we will use a method similar
to presented in [39], p. 214 (used there for analysis of classic,
finite-buffer models). In the preliminary steps, this method
exploits the remaining and elapsed service times. Namely, we
denote:
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X+ – the remaining service time upon packet arrival (in the
steady-state),
X− – the elapsed service time upon packet arrival (in the

steady-state),
A(X−) – the number of packets accepted during the elapsed

service time X−,
ψn,k(s) – the joint distribution for the length of the re-

maining service time X+ and the number of packets accepted
during the elapsed service time X−, given that at the beginning
of the last service period the queue size was n. Namely, we
have:

ψn,k(s) = En(e
−sX+ |A(X−) = k)P(A(X−) = k),

k = 0, 1, 2, . . . . (11)

We have

ψn,k(s) =
1

m

∫ ∞

0

Qn,k(x)dx

∫ ∞

0

e−sydFx(y),

k = 0, 1, 2, . . . , (12)

with

Fx(y) = F (x+ y).

Let X be the queue size in the steady state and let Πk(s)
be the joint distribution of the queue size and the remaining
service time upon packet arrival in the steady state:

Πk(s) =

∫ ∞

0

e−syP(X = k,X+ ∈ dy), 1 ≤ k ≤ b. (13)

For 1 ≤ k ≤ b we have:

Πk(s) =

= ρ′π0E1(e
−sX+ |A(X−) = k − 1)P(A(X−) = k − 1)

+ρ′
k∑

j=1

πjEj(e
−sX+ |A(X−)=k−j)P(A(X−)=k−j). (14)

where

ρ′ = ρ(1− LR) (15)

is the carried load of the system (or, equivalently, the proba-
bility that the server is busy at an arbitrary time).

Therefore, we have:

Πk(s) = ρ′π0ψ1,k−1(s) + ρ′
k∑

j=1

πjψj,k−j(s). (16)

Now, we introduce the following notation:

W (t) – distribution function of the real waiting time (queue-
ing delay), i. e. the time spent by an accepted packet in the
queue, before processing, in the steady state (rejected packets
are not taken into account).

Denoting

w(s) =

∫ ∞

0

e−stdW (t), (17)

and

f(s) =

∫ ∞

0

e−stdF (t), (18)

we can obtain the Laplace transform of the waiting distribu-
tion:

w(s) =

=
1

1− LR

(
P0 +

b−1∑
k=1

(1− d(k))Πk(s)(f(s))
k−1

)
, (19)

Now we can use (19) either for obtaining the shape of the
waiting time distribution (a method for inverting the Laplace
transform is needed then – see, for instance, [40]), or for
obtaining directly the average waiting time by means of the
formula:

EW = −w′(0). (20)

If we have given a particular form of the service time
distribution, we may try to simplify the expression for ψn,k(s).
For instance, assuming that the service time is constant and
equal to c, we get:

f(s) = e−sc,

INTERNATIONAL JOURNAL OF COMMUNICATIONS 
Issue 1, Volume 7, 2013

12



ψn,k(s) =
e−sc

c

∫ c

0

Qn,k(x)e
sxdx.

IV. NUMERICAL EXAMPLES

Naturally, the queueing delay observed at the router is a
negative effect of statistical multiplexing, therefore we want it
to be as small as possible. However, a short delay should not
be obtained by increasing the loss ratio - this would decrease
the router throughput. Therefore, when testing the impact of
different dropping functions on the queueing delay we have
to keep the same loss ratio in every case.

In all examples we assume b = 10, λ = 1 and a constant
service time equal to 1 (which gives also the offered load
ρ = 1).

A. Example 1

In this example we consider four shapes of the dropping
function, namely:

• RED dropping function (see Fig. 1):

d(n) =

 0 if n ≤ 3,
0.0820928n−0.164185 if 3 < n < 10,
1 if n ≥ 10.

(21)

• REM dropping function (see Fig. 2):

d(n) =


0 if n ≤ 4,
1− e1.309757(4−n) if 4 <n< 10,
1 if n ≥ 10.

(22)

• constant dropping function (see Fig. 3):

d(n) =

{
0.08032 if n < 10,
1 if n ≥ 10.

(23)

• decreasing dropping function (see Fig. 4):

d(n) =

 0.44043− 0.35n if n < 3,
0 if 3 < n < 10,
1 if n ≥ 10.

(24)

Each of these dropping functions has been parameterized so
that the resulting los ratio is exactly 10% (which means that
the carried load is ρ′ = 90%).

Tab. I presents the results, namely the average queueing
delay for four considered dropping functions. It is worth
noticing that even though the system throughput is the same
in every case, the queueing delay may differ significantly,
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Fig. 1. The RED dropping function used in Example 1.
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Fig. 2. The REM dropping function used in Example 1.

depending on the shape of the dropping function – in our
worst case the delay is more than two times larger than in the
best case.

Secondly, as one can notice, more favourable are dropping
functions with steep, increasing shapes. For flat or decreasing
dropping functions we obtain larger delays.

dropping function loss ratio queueing delay
RED, (21) 0.10000 2.1606
REM, (22) 0.10000 1.9349

constant, (23) 0.10000 3.1850
decreasing, (24) 0.10000 4.2908

TABLE I
THE LOSS RATIO AND THE MEAN QUEUEING DELAY FOR FOUR DROPPING

FUNCTIONS.
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Fig. 3. The constant dropping function used in Example 1.
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Fig. 4. The decreasing dropping function used in Example 1.

B. Example 2

In the second example we will consider the following class
of linear dropping functions (see Fig. 5):

d(n) =

{
a · n if n < 10,
1 if n ≥ 10,

(25)

where a is a parameter. We will check the queueing perfor-
mance depending on a.

In Fig. 6 the dependence of the average waiting time on a
is presented, in Fig. 7 the dependence of the loss ratio on a
is presented while in Fig. 8 the dependence of the standard
deviation of the waiting time on a is depicted.

It is not a surprise that the waiting decreases with a while
the loss ratio increases with a. Now, interesting problems arise
when we want to optimize the performance of the queueing
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Fig. 5. Dropping functions used in Example 2.

system with respect to both of these characteristics. For
instance, assume we want to minimize the following objective
function:

f0(a) = EW · LR,

under constrain:

LR ≤ 15%. (26)

To solve this optimization problem, we first have to solve
the equation:

LR(a) = 0.15. (27)

Using (10) and (1) we obtain

a = 0.06972,

(see also Fig. 7 for comparison).
In Fig. 9 function f0(a) is depicted in interval [0, 0.06972].

As we can see, f0(a) is not monotonic and reaches a maximum
around 0.025. Under constrain (26), the minimum is reached
for a = 0. Naturally, for other constrains the optimal a may
be different.

V. CONCLUSIONS

In this paper we dealt with a queueing model in which a
packet can be dropped with probability that depends on the
queue size observed upon arrival of this packet. The study
was motivated by the active queue management algorithms
for Internet routers, which often exploits such packet dropping
mechanism. In particular, the Laplace transform of the distri-
bution of the waiting time has been calculated and illustrated
via numerical examples.

Acknowledgements: The material is based upon work sup-
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N N516 479240.
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Fig. 6. The average waiting time as a function of a in Example 2.
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Fig. 7. The loss ratio as a function of a in Example 2.
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