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Abstract—The present paper proposes methods for construct-
ing quasi-optimal or optimal generalized mutually orthogonal zero-
correlation zone (GMO-ZCZ) sequence sets. Zero-correlation zone
(ZCZ) sequence sets have been studied as spreading sequences
for approximately synchronized code-division multiple-access (AS-
CDMA) systems. A mutually orthogonal ZCZ (MO-ZCZ) sequence
set is composed of several small ZCZ sequence sets, and two arbitrary
sequences that belong to different small ZCZ sequence sets are
orthogonal. Moreover, in a GMO-ZCZ sequence set, two arbitrary
sequences that belong to different small ZCZ sequence sets have
a zero-correlation zone instead of being orthogonal. In the present
paper, we propose two methods for constructing GMO-ZCZ sequence
sets. One is a method for constructing quasi-optimal GMO-ZCZ
sequence sets using perfect sequences and orthogonal codes, and this
method is a generalized version of our previously proposed method.
The other is a method for constructing optimal GMO-ZCZ sequence
sets using discrete Fourier transform (DFT) matrices and orthogonal
codes. The proposed methods can generate new GMO-ZCZ sequence
sets that cannot be obtained from known methods.

Keywords— GMO-ZCZ sequence sets, MO-ZCZ sequence sets,
Optimal ZCZ sequence sets, Quasi-optimal ZCZ sequence sets, AS-
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I. INTRODUCTION

ODE-division multiple-access (CDMA) has been widely

applied in digital cellular systems. In CDMA systems,
channel separation is provided by the correlation properties
of pseudo-random codes referred to as spreading sequences.
Therefore, spreading sequences with good autocorrelation and
cross-correlation properties play an important part in CDMA
systems.

In recent years, approximately synchronized CDMA (AS-
CDMA) systems have attracted a great deal of attention
because co-channel interference within a cell does not exist
in some types of AS-CDMA systems [1]. In such AS-CDMA
systems, zero-correlation zone (ZCZ) sequence sets are used as
spreading sequences in order to realize this advantage. Various
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types of ZCZ sequence sets have been widely studied [1]-
[29]. Generally, a ZCZ sequence set is characterized by the
sequence period, the number of sequences, the ZCZ length,
and the number of phases of the sequence elements. The ZCZ
length is restricted by a mathematical upper bound determined
by the sequence period and the number of sequences [7], [30],
and ZCZ sequence sets that satisfy this mathematical upper
bound are referred to as optimal ZCZ sequence sets. A number
of studies have evaluated optimal ZCZ sequence sets [1], [7],
[13], [23], [27], [29]. In addition, quasi-optimal ZCZ sequence
sets have also been investigated extensively [10], [18], [25],
[28]. Quasi-optimal ZCZ sequence sets have a ZCZ length that
is equal to one less than the mathematical upper bound.

Recently, as one type of ZCZ sequence set, mutually or-
thogonal ZCZ (MO-ZCZ) sequence sets have been proposed
by some researchers [31]-[33]. As mentioned above, the ZCZ
length is restricted by the sequence period and the number
of sequences. This means that the number of sequences in a
ZCZ sequence set is also restricted by the sequence period and
the ZCZ length. MO-ZCZ sequence sets have been studied in
order to increase the number of available sequences for AS-
CDMA systems. An MO-ZCZ sequence set is composed of
several small ZCZ sequence sets, and two arbitrary sequences
that belong to different ZCZ sequence sets are orthogonal.
In addition, the authors have proposed generalized MO-ZCZ
(GMO-ZCZ) sequence sets [34]. In a GMO-ZCZ sequence
set, two arbitrary sequences that belong to different ZCZ
sequence sets have a zero-correlation zone instead of being
orthogonal. Therefore, GMO-ZCZ sequence sets are more
suitable for reducing co-channel interference than conventional
MO-ZCZ sequence sets. Since a GMO-ZCZ sequence set has
a zero-correlation zone between different ZCZ sequence sets,
the GMO-ZCZ sequence sets can be regarded as a single
ZCZ sequence set. The GMO-ZCZ sequence set proposed
in [34] becomes a single quasi-optimal ZCZ sequence set.
Such GMO-ZCZ sequence sets are referred to as quasi-optimal
GMO-ZCZ sequence sets.

In the present paper, we propose two methods for construct-
ing GMO-ZCZ sequence sets based on interleaving technique.
One is a method for constructing quasi-optimal GMO-ZCZ
sequence sets using perfect sequences and orthogonal codes,
and this method is a generalized version of our previously
proposed method [34]. In the previous method, the number
of small ZCZ sequence sets and the number of sequences in
each ZCZ sequence set must be divisors of the period of a
perfect sequence used for constructing a GMO-ZCZ sequence
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set. On the other hand, the proposed method does not need this
condition. The other is a method for constructing GMO-ZCZ
sequence sets using discrete Fourier transform (DFT) matrices
and orthogonal codes. The proposed GMO-ZCZ sequence
set can be regarded as a single optimal ZCZ sequence set.
Such GMO-ZCZ sequence sets are referred to as optimal
GMO-ZCZ sequence sets. That is, the proposed GMO-ZCZ
sequence sets are optimal GMO-ZCZ sequence sets. These
proposed methods can generate new GMO-ZCZ sequence sets
that cannot be obtained from known methods.

II. PRELIMINARIES

In this section, we define ZCZ sequence sets, MO-ZCZ
sequence sets, GMO-ZCZ sequence sets, and related terms.

First, we explain ZCZ sequence sets. Let Z be a sequence
set with N sequences of period P. Then, Z can be represented
as

Z={Z,|0<n<N-1},

where Z, and z;(,”) represent a sequence and a sequence
element, respectively. Let Rz, z, () be the periodic cor-
relation function between Z,, and Z,,. For the sake of

simplicity, the modulo operator is represented as %, i.e.,

%P % 2 mod P. )
Then, Rz, z, (7)is defined as
def no) _(n1)
RZ“07Z"1 = Z 0) PiT)AP’ )

where the symbol * denotes complex conjugation. When Z,,,
does not correspond to Z,,, Rz, z, (7) is referred to as the
periodic cross-correlation function between Z,, and Z,,,. On
the other hand, when Z,,, corresponds to Zy,,, Rz, .z, (7) =
Rz, z,, (1) is referred to as the periodic autocorrelation

function of Z,,. If all of the sequences in Z satisfy the
following conditions, Z is referred to as a ZCZ sequence set:

VnO; 1< |T‘ < La

Rz,4.20, (T) =0, “)
Vno 7& ni, |T‘ S La
RZ7L07Z7L1 (T) = O (5)

The integer L is referred to as a ZCZ length. The ZCZ
sequence set is represented as Z., (P,N,L) in order to
illustrate the sequence period, the number of sequences, and
the ZCZ length. The ZCZ length is restricted by the following
mathematical upper bound [7], [30]:

P

L<+ -1 (6)

If a ZCZ sequence set satisfies the following condition, the
ZCZ sequence set is referred to as an optimal ZCZ sequence
set:

P

L==——1.

¥ )
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Although L is always an integer, P/N is not always an integer.
In the case in which P/N is not an integer, (7) can be
generalized as follows [35]:

®)

where |P/N]| is the floor function of P/N, i.e., it means
the maximum integer that does not exceed P/N. Similarly, a
quasi-optimal ZCZ sequence set is defined as a ZCZ sequence
set that satisfies the following condition:

P

L=——-2. 9

N 9

(9) can be generalized in a similar manner to (8) as follows:
P

L=|—]|-2. 10

B (10

Next, we explain MO-ZCZ sequence sets and GMO-ZCZ
sequence sets. Let M be a set with K ZCZ sequence sets con-
taining IV sequences of period P. Then, M can be represented
as

Mk:{M,(fHOgngN—l},

M*F — (m(ghn) . (k)

mz()k,n)’... mp 1) (11)
where M}, M, (k) , and m(k ") represent a ZCZ sequence set, a
sequence, and a sequence element, respectively. Suppose that
the ZCZ length of the ZCZ sequence sets in M is L. If two
arbitrary sequences that belong to different ZCZ sequence sets
satisfy the following condition, M is referred to as an MO-

ZCZ sequence set:

Vko # k1,Vno, Vn1,

Rareo (0)=0. (12)
That is, an MO-ZCZ sequence set is a set of several small
ZCZ sequence sets, and two arbitrary sequences that belong to
different ZCZ sequence sets are orthogonal. In addition, if two
arbitrary sequences that belong to different ZCZ sequence sets
of an MO-ZCZ sequence set satisfy the following condition,
M is referred to as a GMO-ZCZ sequence set:

Vko 7£ klvvn()vvnla |T| § Ev

RMT(LZO))MT(LJ;-I) (7’) = 0. (13)
The integer L is a ZCZ length between different ZCZ sequence
sets, and L < L. That is, two arbitrary sequences that belong
to different ZCZ sequence sets of a GMO-ZCZ sequence set
have a zero-correlation zone instead of being orthogonal. From
(6), it is obvious that the number of sequences is also restricted
by the following mathematical upper bound:

P
N<——.
—L+1
MO-ZCZ sequence sets have been studied in order to increase
the number of available sequences for AS-CDMA systems.

Since two arbitrary sequences that belong to different ZCZ

(14)
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sequence sets of a GMO-ZCZ sequence set have a zero-
correlation zone, GMO-ZCZ sequence sets are more suitable
for reducing co-channel interference than MO-ZCZ sequence
sets. Since a GMO-ZCZ sequence set has a zero-correlation
zone between different ZCZ sequence sets, the GMO-ZCZ
sequence sets can be regarded as a single ZCZ sequence set.
If a GMO-ZCZ sequence set becomes a single optimal ZCZ
sequence set, the GMO-ZCZ sequence set is referred to as an
optimal GMO-ZCZ sequence set. Similarly, if a GMO-ZCZ
sequence set becomes a single quasi-optimal ZCZ sequence
set, the GMO-ZCZ sequence set is referred to as a quasi-
optimal GMO-ZCZ sequence set.

III. NEW QUASI-OPTIMAL GMO-ZCZ SEQUENCE SETS

In this section, we propose a method for constructing quasi-
optimal GMO-ZCZ sequence sets based on perfect sequences,
orthogonal codes, and an interleaving technique. This method
is a generalized version of our previously proposed method
[34]. In addition, we prove the proposed method.

A. Sequence Generation

Let S = (s0,81, - ,8p, - ,Sp—1) be a perfect sequence
of period P, i.e., S satisfies the following autocorrelation
property:

For 7 #£ 0,
Rss (1) =0, (15)
For 7 =0,
P-1
Rss (1) = |sp]" = Es, (16)
p=0

where Eg is the sequence energy of S. Let Ny be a positive
integer, and assume that Ny > 2. Let O be a set of Ny
orthogonal codes of length Ny, i.e., O can be represented as

O:{On|0§7’lSNo—1},

On = (Oén)70(1n)a e 7Ogn)7 e ,05\?0)71> ’ (17)

Vng # ni,
No—1
Ro,,.0,, (0)= Y of™ofm)* =0, (18)
p=0

where O,, and 01(,") represent a sequence and a sequence

element, respectively. Two integers N1 and N, are defined
as follows:

19)
(20)

Using S and O, a GMO-ZCZ sequence set G is obtained by
the following formula:

G={GL|0<k<N -1},
Gk:{G;’” \ogngzvo—1}7
GW® = (g(k,n)7g(k,n)’ .

P
=N
LNONQJ 1,
Ny >2,Ny > 1.

n k,n
(k:, )7 7953N0) 1)

(k n) _ S((k+(p%No)N1)N2+Lp/NUJ)%P 01(,%2]\[0 (21)

» 9p
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If P = NyN1Ns is satisfied, the proposed method corresponds
with our previous method [34].

Note that G includes N; ZCZ sequence sets, each ZCZ
sequence set includes N sequences, and the period of each se-
quence is PNy. The ZCZ length of each small ZCZ sequence
set, L, is NgN1 Ny — 2, and the ZCZ length between different
ZCZ sequence sets, i, is NogN5 —2. Since G includes Ny ZCZ
sequence sets and each Gy, includes Ny sequences, the total
number of sequences included in G is NyN;. Therefore, G
becomes a single ZCZ sequence set that can be represented as
Zcz (PN(), N()Nl, NON2 - 2) IfP= N()N1N2 is satisﬁed, G
is a quasi-optimal GMO-ZCZ sequence set from the viewpoint
of (9). On the other hand, if | P/N;| = NoN> is satisfied, G
is a quasi-optimal GMO-ZCZ sequence set from the viewpoint
of (10). Each G, is a ZCZ sequence set that can be represented
as Zcz (PN(), No, NON1N2 — 2) IfP= NON1N2 is satisﬁed,
each small ZCZ sequence set becomes a quasi-optimal ZCZ
sequence set from the viewpoint of (9).

B. Proof
Integers p, po, p1, T, To, and 7 are defined as
p = p1No + po, (22)
T =11Ny + 10, (23)
0<po,70 < Nog—1, (24)
0<pi,mn <P-1, (25)
0<p,7m<PNy—1. (26)
In addition, an integer € is defined as follows:
For pg + 10 < Ny,
e=0, 27
For pg + 70 > No,
e=1. (28)
Then, we have
(po + 10) %No = po + 1o — €N, (29)
L(po + 70) /No| = €. (30)

From (21), the periodic correlation function between Ggf,‘])
and G,(fll) can be represented as

PNp—1
(k}o,’ﬂg (klanl)*
RG(km G(m E 9p "Gl %P N
No—1
— (no) . (n1)*
- Z Opo Opo+710—eNo
po=0
P—1
: § , S((ko+poN1)Na+p1) %P
p1=0

*
“S((k1+(po+T0—eNo)N1) No+p1+71+€) %P

No—1
— E O("o) (n1)*
Opo+710—eNo
Po=0

‘Rs,s ((k1 — ko) Na + (10 — eNO) N1No
+711 +¢€).(31)
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For the sake of simplicity, we introduce the following notation:

p = ((/{1 — ko) N2 —|— (To — EN()) NlNQ
+71 +¢€) %P, (32)

po = ToN1 N2 + 71, (33)
p1 =€ (NoN1 Ny — 1) + (ko — k1) Na, (34)
p = (po — p1) %P. (35)

Since S is a perfect sequence, Rg g (p) becomes Eg when
p = 0, and it becomes 0 when p # 0. Now, we consider the
following two cases.

[A] Suppose that ky = k1; then p; is represented as
p1 =€ (NQN]_NQ - 1) . (36)

In addition, suppose that 0 < 7 < NgNj Ny — 1; then from
(23), (24), and (25),

0<7 <No—1, (37
0§7'1§N1N2—1. (38)

Therefore, the range of py becomes
0 < po < NgNiN; —1. (39)

Suppose that € = 0; then pg = p; holds if and only if pg = 0,
ie.,
(40)

7'0:7’1:0.

This means that 7 = 0. On the other hand, suppose that ¢ = 1;
then py = p; holds if and only if pg = NgN1 Ny — 1, ie.,

70 = No — 1,

T = N1N2 —1.

41
(42)
This means that 7 = NyN; Ny — 1. Therefore, Rg s (p) =0

is satisfied, at least in the range of 1 < 7 < NgNi Ny — 2.
Based on (31), this means that

Vko,Vno,an, 1 S T S NON1N2 — 2,

R (1) = 0. (43)

(ko) (ko)
Gko) Gko
The periodic correlation function has the following symmetric

property [36]:

Rk gen (=7) = R*G;’jlhc““o) (7). (44)

)

Exchanging ny and n; in (43) and applying (44), we have

Vko,Vng,Vni, —NgN1No +2 < 7 < —1,

RG%@%G%{)) (T) = 0. (45)

When 7 = 0, we have 70 = 7y = € = 0 from (23) and (27).
Therefore, (31) becomes

No—1
$ o os 0
po=0

No—1
= FEg Z 0;2“)01(721)*

po=0

Bego gt (7) =

(46)

21

Since O is a set of orthogonal codes, (46) means that

Vk'(), VTLO 7& ny,

RG%’COO),GEfIO) (0) =0. A7

From (43), (45), and (47), each G, is a ZCZ sequence set that
is represented as Z., (P Ny, No, NgN1 N3 — 2).

[B] Suppose that kg # k1. In addition, suppose that 0 < 7 <
NoNs — 1; then from (23), (24), and (25),

0< 7 <Ny—1, (48)
0<7m <Ny—1. (49)

Therefore, the range of py becomes
TolN1 N2 < pg < 79N1 N2 + Ny — 1. (50)

Note that the minimum value of py is 0 and the maximum
value of Po is N0N1N27N1N2+N271 < P. Since ko 7& kl,
the range of ky — k1 becomes

“Ni+1<ky—k1<-1,1<ko—ki <N —1. (51)
Suppose that € = 0; then p; is represented as
p1 = (ko — k1) Na. (52)
The range of p; becomes
—NiNy+ Ny < p; < =N, Ny < p; <N;Ny— Ny (53)

Since the minimum value of pg — p1 is —N1 Ny + No > —P
and the maximum value of py — p1 is NgN1 N2 — 1 < P,
(po — p1) %P = 0 means py = p;1. Since p; is a multiple of
Ns, the following condition is necessary in order to satisfy
Po = P1:

TON1N2 = (ko - kl) NQ. (54)

However, kg — k; is not a multiple of N; from (51). Therefore,
po # p1, 1.e., p # 0 if ¢ = 0. On the other hand, suppose that
€ = 1; then p; is represented as

p1 = NoN1No — 1 + (ko — k1) No. (55)
The range of p; becomes
NoNiN3 —1— NNy + Ny < py
< NgNiNy —1— No, (56)

NoNiNa — 1+ N2 < py

< NgN1No — 1+ NiNy — Ns. (57)
From (28), if ¢ = 1, 79 # 0 is satisfied. Therefore, the
minimum value of pg is N1N2. Since the minimum value of
po—p1is —NoN1No+1+ Ny > —P and the maximum value
of pog — p1is 0, (po — p1) %P = 0 means py = p;. Since p;
is one less than a multiple of Ny, the following condition is
necessary in order to satisfy pg = p;:

TON1N2+N2_1:NON1N2—1+(kO_k1)N2. (58)
Note that 3 = N, — 1 in this case. (58) can be represented as
(1o = No) Ny = ko — k1 — 1. (39)

(59) holds if and only if kg —ky = —N;+1 and 79 = Ny — 1.
Since 7o = Ng—1 and 71 = N> — 1, we have 7 = NgN, — 1.
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Therefore, Rs s (p) = 0 is satisfied, at least in the range of
0 <7 < NgN; — 2. Based on (31), this means that

Vko # k1,Vng,Vny,0 <7 < NgNa — 2,
RG%U)7G511C11> (T) =0. (60)
Similar to [A], we have
Vko # k1,no, Vn1,
B g (1) = 0.
From (60) and (61), when we regard G as a single sequence
set, G is also a ZCZ sequence set that is represented as

Zer (PNo, NgoN1, NgNo — 2).
Thus, the proposed method has been proven.

7N0N2+2§7'§0,
(61)

C. Example
Suppose that P = 16 and

S = (0000012302020321) ,

where 0, 1, 2, and 3 represent +1, ++/—1, —1, and —/—
respectively. Then, S is a quadriphase perfect sequence of
period 16. In addition, suppose that Ny = 3 and

Oo = (000)
01 = (012),
0, = (021),

where each element represents a power of exp (277\/—71 / 3).
Then, O = {O,, | 0 < n < 2} is a set of three-phase orthogo-
nal codes of length 3. Let N; = 5 and N, = 1; then a twelve-
phase GMO-ZCZ sequence set with five ZCZ sequence sets
containing three sequences of period 48 is obtained from (21).
Each sequence of this GMO-ZCZ sequence set is given below:

G = (030066090009066303660900
090660030603006909600306) ,
G\%) = (0780A4201804504234 36 A8948
01864807864 8042945648342) ,
GY) = (0B402A405408102 4387624984
0546240 BA68 708 A98168438 A) ,
G = (066090009066303660900090
660030603006909600306030) ,
GV = (0420180450A234 36 48948018
6.A8078648042945648342078) ,
GSY = (02A4054081024387624984054
6240468708 A98168438 A0B4) ,
G = (090009066303660900090660
030603006909600306030066) ,
G'? = (01804504234 36 A89480186A8
07864 B0429456483420780A42) ,
G = (05408102A387624984054624
0B463708 A98168438 A0B402A) ,
G5 = (009066303660900090660030

603006909600306030066090) ,

22

G = (0450423436 A89480186A8078
6480429456483420780A2018) ,
GS = (08102A43876249840546240 B4
68708 A98168438 A0 BA02A054) ,
G = (066303660900090660030603
006909600306030066090009) ,
G\ = (0423486 489480186 A8078643
0429456483420780 A2018045) ,
GYY = (02A43876249840546240 B4687

08498168438 A0B402A054081) ,

where A and B represent 10 and 11, respectively, and each ele-
ment represents a power of exp (27T\/jl / 12). The GMO-ZCZ
sequence set G = {G} | 0 < k < 4} is a single quasi-optimal
ZCZ sequence set that is represented as Z.. (48,15,1). In
addition, each G, = GEP [0<n<2
set that is represented as 7., (48,3, 13).

is a ZCZ sequence

IV. NEW OPTIMAL GMO-ZCZ SEQUENCE SETS

In this section, we propose a method for constructing
optimal GMO-ZCZ sequence sets based on DFT matrices,
orthogonal codes, and an interleaving technique. In addition,
we prove the proposed method.

A. Sequence Generation

Let F' be the P-dimensional DFT matrix, i.e., F' can be
represented as

F={fi,l,

fi,j = exp

—2m/—1 ..
(P”) ) (62)

where f; ; represents the (¢, j)-th element of F', and 0 < 4,5 <
P — 1. For the sake of simplicity, we introduce the following

notation:
<27T\/]. . >
exp Tz]

Let Ry, 7, (7) be the periodic correlation function between
the ig-th row and the i;-th row of the DFT matrix. The DFT
matrix has the following correlation property:

=Wy, (63)

VZ.O 7é ila VTa
Ryi.gi, (1) = 0.
Let O be a set of Ny orthogonal codes of length Ny defined

in Section III. In addition, suppose that all of the sequence
elements in O has the same absolute value, i.e.,

(64)

Vn, Vp,
’Ogn) = Oconst.- (65)
An integer N is defined as follows:
P = NoNy,
N; > 2. (66)
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Using F' and O, a GMO-ZCZ sequence set G is obtained by
the following formula:

G={Gr|0<k<Ny—1},

(k,n) |

G(k) — (g( )7g§k n)’ . 7gp ) 7953]6]\2;) 1)
n k
gl(jk ) = fn+(p%No)N1,LP/N0J ;()‘%))No' (67)

Note that GG includes Ny ZCZ sequence sets, each ZCZ
sequence set includes N; sequences, and the period of each
sequence is PNy. The ZCZ length of each small ZCZ se-
quence set, L, is NO2 —1, and the ZCZ length between different
ZCZ sequence sets, E, is Ny — 1. Since G includes Ny ZCZ
sequence sets and each G}, includes N; sequences, the total
number of sequences included in G is NyN;p. Therefore, G
becomes a single ZCZ sequence set that can be represented as
Z..(PNy, NgN1, Ny — 1). Since the parameters of this ZCZ
sequence set satisfy (7), G is an optimal GMO-ZCZ sequence
set from the viewpoint of (7). Each G} is a ZCZ sequence
set that can be represented as Z..(PNy, N1, Ng — 1), and it
becomes an optimal ZCZ sequence set the viewpoint of (7).

B. Proof

We define integers p, po, p1, T, To, 71, and € in the same
manner as Section IIl. From (67), the periodic correlation
function between Ggff’) and Ggﬁl) can be represented as

Rk g (T)

PNp—1

_ (ko,no) , ,(k1,m1)*

= Z Ip "I(p+)%PNo
N() 1

— (ko) . ,(k1)*

- Z Opo Opo+70—eNo
po=0
P—1
: E fno+;l>oN17P1
p1=0

*
'fn1+(po+T0*€N0)N17(P1+T1+€)%P

No—1

_ (k}o) . (kl)*

- Z Opo Opo+r0—eNo
Po=0

(68)

.an0+p0N1’fn1+(p0+7'0—eN0)N1 (11+¢€).
Now, we consider the following three cases.
[A] Suppose that kg = k; and ng = ny. In addition, suppose
that 0 < 7 < N2 — 1. Then, from (23), (24), and (25),
0 S T0 S NO - 17
0 S T1 S No —1.

(69)
(70)

If 79 # 0, 19 # €Ny from (69). In this case, the following
condition is satisfied:

no + polN1 # no + (po + 70 — €No) N1. (71)
From (64), we have
Rf710+p01\717fn0+(p0+7076N0)N1 (Tl + 6) =0. (72)

23

Based on (68), this means that

RGS‘A'“) G%U) (T) =0.

0

(73)

On the other hand, if 7p = 0, € = 0 from (27). Therefore, the
following condition holds if and only if 79 = 0:

no + polN1 = ng + (po + 70 — €Ng) Ni. (74)
In this case, from (62) and (63),
Rfﬂ0+PgN17fn0+P0N1 (Tl)
P-1
_ Z W}(Dno+P0N1)P1 . W[gng+p0N1)(p1+Tl)*
p1=0
P-1
— Z W}(Dno+poN1)7-1*
p1=0
_ PW](DnoeroNl)Tl* (75)
Based on (65), (68), and (70),
RGEL’;)O)7G£LI?)O) (T)
No—1
=P Z O(ko O(ko 'Wl()no-‘erNl)Tl*
po=0
No—1
= pWpom Z ’O(k(,) pypoTi N
po=0
No—1
— PwnoTl* 2 . C exp <2WﬁpOTl)
('ons
po=0 No
0 (Tl 7& O) )
Therefore, from (73) and (76), we have
Vk‘o,Vﬂo, 1 S T S N02 — 1,
B gt (7) =0 an

[B] Suppose that kg # k1 and ng = ni. In addition, suppose
that 0 < 7 < Ny — 1. Then, from (23), (24), and (25),

0<71<Ny—1, (78)
1 = 0. (79)
Similar to [A], if 79 # 0,
RG%O))GSZ}) (T) =0. (80)
Moreover, similar to [A], if 70 = 0,
NO 1
Reko gk (1) = P D ofko) ok
po=0
=0. (81)

Note that 7y = 0 and O is a set of orthogonal codes. Therefore,
from (80) and (81), we have
Vko # k1,Vno,0 <7 < Ng — 1,

RGSI%O)7G%1) (T) = 0. (82)
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[C] Suppose that ng # n;. The range of ng — n; becomes

—N1+1<ng—n; <-1,
1§n0—n1§N1—1. (83)
Therefore, we have
ng —nq 75 (To—GNQ)Nl. (84)

Note that ng — n; is not a multiple of N;. In this case, the
following condition is satisfied:

no + polN1 # n1 + (po + 70 — €No) Ni. (85)
From (64), we have
R, tpony g+ (0 40 —eNoY N1 (11 +¢) =0. (86)
Based on (68), this means that
Vko, Vk1,Vng # n1, VT,
RG;IEO)G;? (r)=0. (87)

From (44), (77), (82), and (87), the proposed method has
been proven.

C. Example

Suppose that P = §&; then we have the following 8-
dimensional DFT matrix:

00 00O O0OO0OTO0DO O
07 6 5 4 3 21
0 6 4 2 06 4 2

r_ 05 2 7416 3
04040 40 41}’
0 3 61 47 25
0246 0 2 46

101 2 3 4 5 6 7 |
where each element represents a power of exp (QW\/Tl / 8).

In addition, suppose that Ny = 4 and

0o = (0000),
01 = (0246) ,
0y = (0404) ,
O3 = (0642) .

Then, O = {O,, | 0 < n < 3} is a set of quadriphase orthogo-
nal codes of length 4. Let N; = 2; then an eight-phase GMO-
ZCZ sequence set with four ZCZ sequence sets containing two
sequences of period 32 is obtained from (67). Each sequence
of this GMO-ZCZ sequence set is given below:

G = (00000642040402460000064204040246) ,
G\% = (00007531626257134444317526261357) ,
G = (02460000064204040246000006420404) ,
GV = (02467777642051514602333320641515) ,
G = (04040246000006420404024600000642) ,
G'? = (04047135666653174040357122221753) ,

G5 = (06420404024600000642040402460000) ,
G(?’ = (06427373602455554206373724601111) .

24

The GMO-ZCZ sequence set G = {Gj|0<k <3} is
a single optimal ZCZ sequence set that is represented as
Z..(32,8,3). In addition, each Gy = {G%’” l0<n< 1}
is an optimal ZCZ sequence set that is represented as
Z.» (32,2,15).

V. CONCLUSION

In the present paper, we have proposed the two methods
for constructing GMO-ZCZ sequence sets. One is a method
for constructing quasi-optimal GMO-ZCZ sequence sets using
perfect sequences and orthogonal codes, and this method is a
generalized version of our previously proposed method [34].
The other is a method for constructing optimal GMO-ZCZ
sequence sets using discrete Fourier transform (DFT) matrices
and orthogonal codes. These proposed methods can generate
new GMO-ZCZ sequence sets that cannot be obtained from
known methods. The proposed GMO-ZCZ sequence sets are
expected to be useful for designing spreading sequences for
AS-CDMA systems.
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