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Abstract—Perturbed exponential system  
Zk

xi ke



 

(where  n  is some sequence of real numbers) is 

considered in Morrey spaces ),0(, pL . These spaces are 

non-separable (except for exceptional cases), and therefore 

the above system is not complete in them. Based on the 

shift operator, we define the subspace 

     ,0,0 ,, pp LM  , where continuous functions are 

dense. We find a condition on the sequence  n , which is 

sufficient for the above system to form a basis for the 

subspace ),0(, pM . Our results are the analogues of 

those obtained earlier for the Lebesgue spaces pL . We 

also establish an analogue of classical Levinson theorem on 

the completeness of above system in the spaces 

 pLp 1, . 

 

Keywords—system of exponent, basicity, perturbation, 

Morrey space  

I. INTRODUCTION 
Consider perturbed systems of sines  

 
Nnn x


sin                                  (1) 

and cosines  
 

Znn xcos  ,                               (2) 

where N  is a set of all positive integers,   NZ  0 , and 
  Rn   is some sequence of real numbers. These systems 
are the natural perturbations of classical systems of sines and 
cosines, and they are also the eigenfunctions of second order 
ordinary differential operator with integral boundary 
condition. Moreover, it should be noted that the frame theory 
originates from the research by Duffin R.J. and Schaeffer A.C. 
[1] dedicated to the frame properties of such systems in the 
spaces 2L . That’s why there is great interest in studying basis 
properties of these systems in different kinds of function 
spaces. First results in this field belong probably to Paley-
Wiener [2] and N. Levinson [3]. The well-known Kadets ¼ 
theorem also belongs to this field (see [4]). When n  has a  

 
 

 
constant shift  Rnn   , the systems (1) and (2) 
arise in the solution of mixed or elliptic type differential 
equations by the Fourier method (see, e.g., [5-7]. In view of 
this, many authors have studied the basis properties of the 
systems (1) and (2) (see, e.g., [5;8-16]). All above-mentioned 
works treat basis properties in the Lebesgue spaces.  
 Recently there has been increasing interest in non-standard 
function spaces in the context of applications to the problems 
of mechanics and mathematical physics. Among those spaces, 
we can mention Lebesgue spaces with variable summability 
index, Morrey spaces, grand-Lebesgue spaces, etc. Some 
relevant studies can be found in [17-20]. Each of these spaces 
has its own differences compared to classical Lebesgue type 
spaces. For example, Morrey and grand-Lebesgue spaces are 
not separable, and therefore, a countable system of elements of 
course cannot be complete in these spaces. So one has to 
choose reasonable subspaces of these spaces to treat some 
approximation problems. In the context of classical 
trigonometric systems and their linear perturbations (with 
regard to a phase), approximation problems in these spaces 
have been studied in varying degrees (for more details see, 
e.g., [16; 21-26]).  

 In this work, we consider a perturbed exponential system 
 

Zk

xi ke


  in the Morrey space   ,0,pL ,  p1 , 

10  . Based on the continuity of the shift operator, we 

define a subspace      ,0,0 ,, pp LM   of this space. 
We establish an analogue of classical Levinson theorem on the 
replacement of a finite number of elements of this system by 
other elements. We find a condition on the sequence  n , 
which is sufficient for this system to form a basis for 

  ,0,pM . Our results are the analogues of the 
corresponding results obtained for Lebesgue spaces (see, e.g., 
[27]). 

II. NEEDFUL INFORMATION  
In this section, we state some needful concepts and facts 

to be used to obtain our main results. Let’s first define the 
Morrey space on  ba, . It is a Banach space of all measurable 
functions over  ba,  with the finite norm  
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where sup  is taken over all intervals  baI ,  and I  is a 
length of the interval I . It is easy to see that 

   baLbaL p
p ,,1,   and    baLbaLp ,,0,

 . Moreover, 

the continuous embedding    baLbaL p
p ,,,  , 

 p1 , 10  , and the inequality  
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   
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p

baL p
p

fabf ,1
1
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 baM p ,,  for  p1 , 10  , is a separable 

Banach space and  baC ,0
  (a space of infinitely 

differentiable and finite supported functions over  ba, ) is 

dense in it. When defining the space  baM p ,, , the function 
is assumed to be extended outside the interval  ba,  by zero.  

 Definition 1. A system    baLf p

Nnn ,,


 is called q -

Hilbert  0q  if there exists 0c  such that for every finite 

set of complex numbers  nc  the inequality  

 
 baLn

nnln
p

q

fccc

,,
 , 

holds. 

 Definition 2. A sequence  n  is called divided if 

0inf 


ji
ji

 .  

 We will also need the following  
 Statement 1. Suppose a finite number of elements in the 

basis of some Banach space are replaced by the other 

elements of this space. Then the following properties are 

equivalent for the newly obtained system: 
i) it forms a basis;  

ii) it is complete;  

iii) it is minimal. 

 We will also use some concepts and facts from the theory of 
Banach function spaces. Let’s state needful facts from this 
theory.  

 Let  ;;MM  be a measurable space with a measure. 
Denote a set of all measurable functions CMf :  (where 
C  is a complex plane)  by F . Denote a subspace of 
functions from F , which take on values  -a.e., by 0F . Let 

 0:  ff FF .  

 Definition 3. A mapping   ,0:F  is called a 

Banach function norm (or simply a b.f.n.) if, for all 

Nnfgf n   ,,, F , for all constants 0a  and for all 

 -measurable subsets ME , the following properties 

hold: 

 (p1)    00  ff   -a.e;    faaf   ;   

  

        gfgf   ;  

 (p2)  fg 0     -a.e.    fg   ;  

 (p3)  ffn 0     -a.e.    ffn   ;  

 (p4)    E     E ;  

 (p5)   E  :0 Ec   , 

E

E fcfd   

 Ff .  

 Definition 4. Let  be a b.f.n.. The collection  XX   

of all functions Ff , for which   f , is called a 

Banach function space (or simply a b.f.s.). For Xf   define 

 ff
X

 .  

 Definition 5. Suppose 0Ff . The decreasing 

rearrangement of f  is the function 
f  defined on  ,0  by  

     0,:inf  tttf f  , 

where      0,:   tftf , is a distribution 

function of f .  

 Definition 6. Let X  be a b.f.s. The closure of the set of 

simple functions sM  in X  is denoted by bX .  

 Let X  be a b.f.s. over  ;M . Let  

   












 


M

fffgdg 1;:sup  F ,   Fg .  

A space  
   ggX :F  , 

is called an associate space (Kothe dual) of X .  
 The functions 0; Fgf  are called equimeasurable if 

    gf  , 0 . Banach function 
F:  

 ,0  is called rearrangement invariant if for arbitrary 

equimeasurable functions Fgf ;  the relation 
   gf    holds. In this case, Banach function space X  

with the norm   
X

 is said to be rearrangement 
invariant function space (r.i.s. for short). Classical Lebesgue, 
Orlicz, Lorentz, Lorentz-Orlicz spaces are r.i.s..  
 Definition 7. Let X  be a r.i.s. over a resonant space 

 ;M . For each finite value of t  belonging to the range of 

 , let   tEE  :M  and  

 
XEX t   .  

The function X  is called the fundamental function of X .  

 For resonant space see, e.g., [23, p.45].  
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 Definition 8. A function f  in a b.f.s. X  is said to have 

absolutely continuous norm in X  if 0
X

En
f  for every 

sequence    nn EE :M   -a.e.. The set of all 

functions in X  of absolutely continuous norm is denoted by 

aX .  

 We also need the following theorems from the monograph 
[28].  
 Theorem 1 [28]. The subspaces aX  and bX  coincide if 

and only if the characteristic function E  has absolutely 

continuous norm for every set ME  of finite measure.  

 Theorem 2. The Banach space dual 
X  of a b.f.s. X  is 

canonically isometrically isomorphic to the associate space 

X   if and only if  X  has absolutely continuous norm.  

 We will also use the following statement from [28, p.14].  
 Statement 2. Let X  be a b.f.s. over  ;M  with norm 

X
 . A function Xf   has absolutely continuous norm if 

and only if 0
nEf  for every sequence  

NnnE


 satisfying 

nE    -a.e.. 

 For more details about these facts see, e.g., [28].  

III. SUFFICIENT CONDITION FOR DIVIDEDNESS OF  n  

 The following simple lemma is true. 
 Lemma 1. Let   R

Znn 


  be some sequence of real 

numbers. If the system   Zn

ti ne 


 is q -Hilbert in 

  ,, pL ,  p1 , 10  , then  
Znn 

  is 

divided.  
 Proof. From the definition of q -Hilbertness, we obtain 

 
 



 ,

1

,
2




p

kn

L

titiq eec .                           (3) 

Taking into account the inequality  

knkn
kntiti

ttee kn 






2

sin2 ,  

we have 

 

 
  .21 ,

,

,

,

knp
Lkn

L

titi

p

p

kn ee





















 

The rest follows directly from (3).  
 The lemma is proved.  
 The lemma below can be proved in exactly the same way. 

Lemma 2. Let   R
Nnn 


  be some sequence. If the 

system (1) (or (2)) is q -Hilbert in   ,0,pL ,  p1 , 

10  , then  
Nnn 

  is divided. 

 

IV. THE ,pM -ANALOGUE OF LEVINSON THEOREM  
 

In this section, we establish an analogue of Levinson 

theorem in ,pM . Denote by   baM p ,,  the associate 

 space of    baM p ,, , i.e.  

       


gbagbaM p
p


  ,
, :,, F ,  

where 

   
 













 


b

a

baLp pfbaffgdtg 1;,:sup ,, , F ,  

 ba,F  are Lebesgue-measurable functions on  ba,  and 

    0:,,  fbafba FF .  
 The following analogue of Levinson theorem is true.  
 Theorem 3. Let   C

Nkk 


  be some sequence. In order 

for the exponential system   Nk

ti ke 


 to be not complete in 

  10,1,,,   pM p
, it is necessary and 

sufficient that there exist an entire function  F  vanishing at 

all points Nkk , , and admitting representation  

   








  dtteF ti
,  

where      ,,pM  is some function.  

 Proof. Let the system   Nk

ti ke 

  be not complete in 

  ,, pM ,  p1 , 10  . Then it is clear that 

there exists a non-zero functional      ,,pM  such 
that  

  Nke
ti k  ,0 .  

Let’s show that the spaces     ,,pM  and 

    ,,pM  are isometrically isomorphic, i.e. they can 
be equated with each other. By Theorem 2, to show this, it 
suffices to prove that   ,, pM  has absolutely 

continuous norm. Let   ,,  pMf  be an arbitrary 
function. As ],[ C  (a space of continuous functions on 

  , ) is dense in   ,, pM , for 0 , 
  ,0  Cf  we have 

 


 
 ,0 ,pL

ff .  

Let     ,
NnnE  be an arbitrary sequence of 

(Lebesgue) measurable sets such that nE  m -a.e. ( m  is 

a Lebesgue measure). Recall that nE  m -a.e. means that 

0
nE  m -a.e.. Let’s show that 

 
0

,, 
 


pn L

Ef . So, 

let 0  be an arbitrary number. We have  
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 

 
 


  


,0, ,, pnpn L

E
L

E fff  

    


,0,0 ,, 


pnpn L
E

L
E ff .         (4)                    

Let 
  ,0 


L

fc . We have  

   
p

n
L

E
L

E Eccf
pnpn



 
 

 ,,0 ,, ,  

where   is a Lebesgue measure. Obviously, n
n

Elim  


n

nE   m -a.e.. Consequently,  

0limlim  n
n

n
n

EE . 

Then from (4) it follows that 
 

0
,, 

 


pn L
Ef , n .  

 Thus, by Statement 2, the space   ,, pM  has 
absolutely continuous norm. Then from Theorem 2 it follows 

that      


  ,, ,, pp MM . Hence, it is clear 

that    :,, 
  pM      









 dtttff , 

   ,,  pMf . Let  

   








  dtteF ti , C .                 (5) 

Obviously,  F  is an entire function and   0kF  , 
Nk .  

The theorem is proved.  
 Theorem 4. If the entire function  F  is represented in the 

form (5),      ,,pM ,  p1 , 10  , 

  00 F , and C  is an arbitrary number, then the 

function  

   



 FF

0
1




   

is also represented in the form (5).  

 Proof. Absolutely similar to the proof of Levinson theorem, 
let  

       





x

yixi
dyyeeixx



  00
0 .        (6)                       

By multiplying both sides by xie   and integrating from   
to  , we obtain  

          dxdyyeeiFdxxe

x

yixixi














 





 











  00
0

.  
Changing the order of integration, we have  

          




















  dxdyyeeiFdxxe
yi

y

xixi 00
0

 

         



 









 



 dyyeeeF

yiyii 000

0

0  

       















1

00

0 FFdyyeF yi 






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In order to the represent the function  x  by a functional 

(bounded) on   ,, pM ,  it is sufficient to show that 

     ,,pM . It is absolutely clear that 

 conste
xi 0 ,   ,x . Therefore, from the 

expression (6) for   , it follows that it now suffices to prove 

that     


 



,,p

x

Mdyy . But this is obvious, 

because    



,


Cdyy

x

.  

 The theorem is proved.  
 This theorem has the following direct corollary.  

 Corollary 1. Let the system   Nk

xi ke 


 be complete in 

  ,, pM ,  p1 , 10  . If n arbitrary 

functions are removed from this system and n other functions 
xi je


, nj ,1 , where n ,...,1  are arbitrary complex 

numbers different from any of k , are added instead of them, 

then the newly obtained system will be complete in 

  ,, pM . 

V. ON STABILITY OF EXPONENTIAL BASES IN 
,pM  

 
 The following main theorem is true.  
 Theorem 5. Let  

Znn 
 ;   R

Znn 


  be some 

sequences, ji   , ji    for ji  . Let  




n

nn


 ,  

where  qp,min , 111


qp
 and   ,1p  is some 

number. If the system   Zn

xi ne 


 forms a basis for 

  ,, pM , 10  , equivalent to the basis   Zn
inxe  , 
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then the system   Zn

xi ne 


 also forms a basis for 

  ,, pM , equivalent to   Zn
inxe  .  

 Proof. We first consider the case 21  p . Then it is 

clear that 2q  and p . Let   xi
n

nex
  , 

  xi
n

nex
  . We have  

 

p

nn

p

Lnn cp 
 

 ,, ,  

where 0c  is a constant independent of n . Consequently,  

 







n

p

Lnn p  ,, . 

Let  nc  be an arbitrary finite set of numbers Ccn  . Then 
from the Hausdorff-Young theorem we obtain  

 
  ,



p

q

Ln

inx
nln eccc ,  

where 0c  is a constant independent of nc . In what 
follows, by c  we will denote absolute constants (which can be 
different in different places). Then we have  

 
  ,, 


p

q

Ln

inx
nln eccc .                 (7) 

As the bases  
Znn 

  and  
Zn

inxe


 are equivalent, from (7) 
it follows  

   
 



,, 


p

q

Ln

nnln xccc . 

Consider some number Nm  and let  












.,

,,

mn

mn
f

n

n

n



 

We have 

 
 

  


 n
Lnnn

Ln

nnn p

p

fcfc
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



 ,
,

,

,
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
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





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p

n

p

Lnnln p
q
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1
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
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p

Lnn cc  

 
 



,, 


pLn

nncmc ,                              (8) 

where  

 
 

p

mn

p

Lnn pcmc

1

,,













 


  .  

It is absolutely clear that   0lim 


mc
m

, and therefore, for 

large m  we have   10  mc . Then from the Paley-Wiener 
theorem (for Banach case; see, e.g., [29, p.187]) and the 
relation (8) it follows that the system  

Znnf 
 forms a basis 

for   ,, pM , equivalent to  
Znn 

 . From the 

completeness of the system  
Znnf 

 in   ,, pM  and 

Corollary 1 it follows that the system  
Znn 

  is also 

complete in   ,, pM . Then, by Statement 1, the system 

 
Znn 

  also forms a basis for   ,, pM , equivalent to 

 
Znn 

 .  
 Now let’s consider the case 2p . Then we have 2q  
and q . In this case the embedding 

     ,, ,,  qp MM  holds, i.e. 
 


  ,,qL

f  

  ,, pL
fc ,      ,,  pMf .  

For a finite set  nc  we have  

 
 

 
 















 






q

mn

q

Lnnln

Ln

nnn p
p

p

cfc

1

,
,

,

,










 

 
 


















 





,

1

,,

q

p

Ln

inx
n

q

mn

q

Lnn ecc  

 
 


















 





,

1

,,

p

p

Ln

inx
n

q

mn

q

Lnn ecc  

 
 


















 








,

1

,
,

,

p

p

Ln

inx
n

q

mn

q

Lnn ecc  

 
 




 

,

1

,
,

,
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











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q

mn

q

Lnn cc . 

Proceeding absolutely similar to the case 2p , we now 
establish the basicity of the system  

Znn 
  for 

  ,, pM .  
 The theorem is proved. 

VI. CONCLUSION 

 In conclusion it should be noted  that the perturbed 
exponential system  which   arise in solving differential 
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equations by Fourier method is considered.  Method of 
establishing the basicity of these systems takes its origin  from 
the classical work by Paley-Wiener. pL -theory of this 
direction  well developed and more details on concerning  
results can be found  in  [29].  In this work we consider non 
separable case, namely the Morrey space which  is of 
particular   interest from the point of view of the theory of  
differential equations. More details on related topics can be 
found in [30-32]. We have obtained results concerning Morrey 
space similar to pL - theory. Generally speaking, the fact on 
basicity of these systems does  not  hold true  for Morrey 
space.  We defined  a suitable subspace of Morrey space and 
established sufficient conditions  for the basicity  of the 
considered perturbed exponential system in this subspace.  
The obtained results can be used in solving of differential 
equations, in approximation theory and in spectral theory of 
differential operators.   
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