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Abstract—This study is devoted to address the notion of
duality in Fully Intuitionistic Fuzzy Linear Programming
Problems (FIFLP). The problem is addressed by using a revised
simplex method with the Gaussian elimination process in fully
intuitionistic fuzzy environment. Intuitionistic Fuzzy Trapezoidal
Numbers (IFTrpN), along with the basic arithmetic techniques
defined on them help in solving the (FIFLP’s). Moreover, a
modified ranking function makes comparisons among
intuitionistic fuzzy numbers and identifies the location of next
iteration of the revised simplex method.
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I.  INTRODUCTION

Zadeh [1] proposed the idea of fuzzy sets in his seminal
paper. Bellman and Zadeh [2] elaborated the decision making
process in fuzzy environment. This idea further led to introduce
fuzzy linear programming problems [3-6]. As an extension of
Zadeh’s set membership function, the idea of intuitionistic
fuzzy sets [7-8], addressing set membership in terms of the
degree of membership and the degree of non membership was
proposed by Atanassov. The idea was warmly welcomed and
thought to be more credible for construction of a real world
model. Intuitionistic fuzzy sets and its characteristic properties
were comprehensively addressed in [9-13].

Decision making process in intuitionistic = fuzzy
environment was studied in [14-18]. To compare intuitionistic
fuzzy numbers different ranking functions were proposed in
literature [12, 14, 17, 19-24]. Nagoorgani and Ponnalagu [25]
utilized interval arithmetic to solve intuitionistic fuzzy linear
programming problem. The studies [26-27], addressed the
linear programming problems where the resource constraints
were intuitionistic fuzzy numbers, whereas, in [28], the
constraints as well as the technical coefficients were
intuitionistic fuzzy numbers. The linear programming problems
in these cases were partially intuitionistic fuzzy. Fully
Intuitionistic Fuzzy Linear Programming Problems were
addressed in the studies [29-31] by utilizing different
approaches. In [29], the value and ambiguity measures were
used, whereas, in [30], a score function was used to solve
FIFLP’s. In [31], a similarity measure was used to solve
FIFLP’s. Ezzati et., al [32], proposed a lexicographic method
with some new operations on trapezoidal fuzzy numbers. The
operations proposed by [32] were used by [33-34] to solve
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trapezoidal intutionistic fuzzy linear programming problems.
Sindhu [35] used symmetric trapezoidal intuitionistic fuzzy
numbers to solve fuzzy linear programming problems. In [39]
the author proposes a new modeling for dynamical systems via
the Takagi-Sugeno fuzzy model and a relevant study exists in
[40].

In this study a modified dual simplex method is used to
solve dual fully intuitionistic fuzzy linear programming
problems. A suitable ranking function for Intuitionistic Fuzzy
Trapezoidal Numbers (IFTrpN) along with the basic arithmetic
on IFTrpN helps to solve dual FIFLP’s.

Il. ARITHMETIC ON INTUITIONISTIC FUZZY TRAPEZODAL
NUMBERS (IFTRPN) AND COMPARISONS

An Intuitionistic Fuzzy Trapezoidal Number (IFTrpN)
denoted:

T=(u,—h, u, u,u,+h,; u —h, u, u,,u, +hy),

u <u,, h <h,h,<hi, h,h, b h >0, the degree of membership
4 (x) @nd non membership ,, (x) be defined as:

0, x<u,—h 1 x<u,—hf
X_(ui_hl) U-X '
——, oy -h <x<uy W u, —h <x<u,
1 (x) =11, U <x<u, and v; (x) =10, U <x<u, , respectively.
(u2+h¢, u, <x<u,+h, X;,uz, u, <X<u,+hy
2 2
0, X>u,+h, 1 X>U,+h,
Take two Intuitionistic Fuzzy Trapezoidal Numbers
(IFTrpNs) T, =, —h,u, Uy, u, +h;u,—h, Uy, uy, U, +h) and
and define

Ty = (W — Ky, W, Wy, W, + Koy — kY, Wy, Wy, W, +K3)
arithmetic operations on (IFTrpNs) as:
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1 Image
T:(ul_hl‘ U, uzvuﬁhz; Ul_m Uy, uzruﬁhz’)v _T:(_uz_hzr_uzv_uvhl_ul;_uz_hzrr_uzv_uvhl’_uJ
2. Addition
T, = (U=, Uy Uy, Uy =, U Uy, U, )+ (W =K W, Wy, W+ KW =K, W, Wy, W, 4K))
= (U W, =Py =K Uy W Uy W Uy Wy 41y 4K U W =N =K U W, U+ WU, W, £y k)
3. Substraction
T1+(_Tz):(u1_hv Uy, Uy, Uz*'hz;ufhl’Y Uy, Uy, uz+h2’)+(_wz_k2v =W, =W, k1_W1;_Wz_kz’v W, W, k1'_W1)
=(u1_wz_hl_kzv U =W, uz_Wuuz_v‘lﬁhﬁkl;ufwz_w_kz’v Uy~ W, uz_W1vUz_W1+hz’+k1')
4. Multiplication
KT = (ku, —kh, ku,, ku,,ku, +kh,; ku, —khy, ku,, ku,, ku, +khy),k >0
KT = (ku, + Kkh,, ku,, ku, ku, —kh; ku, + ki, ku,, ku,, ku, -khY), k <0

Intuitionistic Fuzzy Trapezoidal Numbers (IFTrpNs) are
ranked with the following comparisons [36-37].
1L T2T, iff R(T)=R(T,)
2. T>T, iff M(T,)>N(T,)
3. =T, iff M(T)=N(T,)
4. T, 2T,andT, 2T, then R(T,+T,) = R(T,+T,)

The ranking function used in the study is a modified form of
[37-38], so as to suit IFTrpN’s and given as:

9%(T):ul+uz+%[(h£—h1)+(hé—hz)]- o

I1l1. REVISED SIMPLEX METHOD FOR SOLVING FULLY
INTUITIONISTIC FUZZY LINEAR PROGRAMMING PROBLEMS
(FIFLPP)

Linear Programming Problem in a fully intuitionistic fuzzy
environment can be formulated as:

zIn

Max 7" =(c") %", st A"X" <b" X" >0. )

The vectors 7" (¢")" = (&....6), 8" = (K. X, A" =[al,.,."

function, intuitionistic fuzzy coefficients of the objective
function, intuitionistic fuzzy non basic variables, intuitionistic
fuzzy technical coefficients and intuitionistic fuzzy constraints
of the linear programming problem, respectively.

The dual of the FIFLP problem (2), can be formulated as:

Min 7" = (b'ln)T yln’s.t.(Am)T ym chn’ yln >0. ©)

Step 1. The initial tableau is given in Table I.

TABLE I. INITIAL TABLEAU OF THE LINEAR PROGRAMMING PROBLEM.

I:yljr]lxm [yén]lxmm

C-'ln
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A O N O e
Z”n |:_6ri|l><m I:Oln :len+m

The matrixes [f'”} and [0'”] the

multiplicative and additive identity matrixes under the defined
arithmetic operations, respectively. The dual slack and decision

variables are denoted as )7::+i,i:1,2,3,...n and

denote

y"i=1,2,3,..m, respectively. The matrixes B" and N"

represent the vector of slack variables {y::ﬂ}” and the vector
i=1

n
of non basic variables {y:;} g respectively.
1=

The starting Basic Feasible Solution (IBFS) is
[0'”,0'”, ...,Om,...,0'",CBC;”,...,C:T...,G!]T .
Equation (3) can be written as:
cin
[(Aln)T |~|n:||:>~/ln:|:(A|n)T yln+l~lny;n:6m. (4)

The following steps work to replace the intuitionistic fuzzy
basic variable y'r”,s B™ by the intuitionistic fuzzy non basic

variable §"¢ N'" . Thus the variable §!" leaves the basis and

§!" enters the basis.

Step 2. If the dual model is a minimization problem as in
(3), search the coefficient 5;” of objective function with most

positive ranking value, label it as 5&” .

Step 3. Calculate the ranks W&, i=1,23,..n,
| ~_In
R(ajy). i =12,3,..,n and the ratio ——,i=1,2,3,...n.
R(Ey)
Step 4. Select the greatest ranking ratio among
-
RED ) . ~In
n0i=123..n. Letitrelates to the row variable Y.
R(E;)

Step 5. Create a number = (1,1,1,1;1,1,1, 1) on the
position of the element ar and the intuitionistic fuzzy number

0= 0, 0,0,0; 0,0, 0, 0) above and below it. The variable
§" leavesand §," enters the basis.

Step 6. Repeat 2-5 until the time there is no positive rank
value of the coefficient 53” of the objective function.

For the case when the dual problem is a maximization
problem, in feasible canonical form.

Max /I _ (b'ln)T yln,S.t.(Aln )T yln < Cln, yln >0. (5)
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Step 1. Same as Step 1, above.
Step 2. Search for the value of the coefficient 5}“ with most

negative ranking value and label it as 5;(” .

Step 3. Same as Step 3, above.

Step 4. Select the least ranking ratio among
_
ER(Ci[j ] . . ~In
o +i=12.3,..n. Letitrelates to the row variable Y.
R(&)

Step 5. Same as Step 5, above.

Step 6. Repeat Steps 2-5 until there is no negative ranking
value for the coefficient 6}” :

IV. PROPOSED DUAL-SIMPLEX METHOD IN THE STANDARD
FORM

The constraints and the objective function of (3) are given as:

(Aln)T:[Nln gln]lis:/i\l::l:Nlnyln+Blny:3n:C'|n (6)
Ye

zrin ~in\' (Rin)" y:\T ~in\" i ~in\' ol

z :|:(bN) (bB)j| )7:; _(bN) Yn +(bB) Ys

(b5 go+(b2) yo=0 )

Solving (6) for yg

(éln) Iny:\r‘1+ gin= ( )’1C|n’

yln (Bln)1~|n (éln)_lN’lny:\T_ (8)
Substitute (8) in (7)

7" (bY) y'Nu(B;;)T((é'n)’lcm_(é'”)’lN'ny'Nn)_o,

5in ((BLH)T _(6|Bn)T (é'” )’1 N‘In)y:\r: —(Bg')T (gln)’lcln 9)

B
thus denote it as (Z“n)T:(gén)T(gm)‘ N, SO (9) gives:

(B8 (22 )92 (52) (8 @)
Equations (8) and (10) finally reduces to:

(B") N"gh+yr=(8") ¢" [

7" ((B'N")T . z'N'n)T)y'Nn =(b)' (") e CIIII (1)
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The initial simplex tableau of (11) is shown in Table 2. For
maximization problems, the optimality condition is
((B.n)r_(~,.n) ) o- Moreover, for minimization problems, the

N

optimality condition is ((6'") f(z"”) )20.

TABLE Il INITIAL SIMPLEX TABLEAU IN COMPACT FORM.
yln yln Cln
N B
ygl (éln)’ll\]ln fin (Bln)flcln
Zrln _((B:\T)T —(Z',\:n) ) oln (b“:an)'r (ém )*1C|n

V. INTUITIONISTIC FUZzY MEMBERSHIP FUNCTIONS FOR THE
OBJECTIVE FUNCTION AND THE CONSTRAINED RESOURCES

The membership and non membership of the objective
function z'"(y) and the constraints §'" given as:

0, for2/"(y) <z -h

'In(y) (Zl hl) f <7 ~v|n

7@ , for z;-h,
u(@"(y)) =41, for 2 <7"(y) <z

' ~/In
7(22+h2?] W) for 7, <I"(y)<zy+h,

2

0, for 2" (y) >z +h,.

1 forz™(y) <z -h

1 zrin

4t (Y),for 7-h<7"(y)<y

v(Z"(y)) =40, for 2 <7"(y)<z

zrin

: (y? 4 for zp <2"(y) <z, +h
hZ

1 for 2" (y) >z, +h}.

The non membership of the objective function z'"(y) and
the constraints §" given as:
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0, for y'<vy, -k
~In_ _
AR (:l k) , for v —k <§'<y,

1

ﬂ(y:') =11 for y < yilns Y, )
cIn

(yz +k2)_ yi , fOI’ yz < yimg yz +k2

2
0, for §"> vy, +k,.
1, for §i"<y, —k/

olIn
Y _,y‘ ,for y, —k/<gl<y,
k)
v(9) =10, for y,<y’<y,
~ln
y‘;,yz,for Y, <<y, +k;
2
1, for §"> vy, +kj.
V1. NUMERICAL EXAMPLE:
Table 1l summarizes the costs and benefits of three

alternatives on three activities of a project, respectively. We
solve the problem in an intuitionistic fuzzy environment by
using the dual approach proposed in this script.
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ol ol I

i i i A A ;
JiR) 3571525719 (471114371119) GT01257000) 10" 0" (81416381417
J'R) (2510131501 (3691226914) (4681226819 0" 1" 0" (261014161015)
JIR) (TILI53T1LL) (481014281015) (359525818 0" 0" 1" @1012165101219)
I"(R) (4055 40-30-65,-55,-40-20) (-85,-60,40,-20-90,-60-40,-20) (-50-30 20 -10-55,-%0,-20-5) 0" 0" (" 0
Step 2: The ranking value of the number

(-50,—30,—20, ~10; 55, 30, 20,~5) IS the greatest among the others,

relating to column corresponding to y;” , asin the Table IV.

TABLE IV. RANK VALUES FOR THE COEFFICIENTS OF THE OBJECTIVE

FUNCTION.

B i 7 i NN
(-60,-55,-40,-30;-65,-55,-40,-20)  (-85,-60,40,-20,-90,-60,-40,-20) (-50,-30,-20,-10,-55,-30,-20,-5) 0" 0" 0"
415 915

-4 000

1, |
A=t ()4

Step 3-Step 4:  The numbers and
(5.8,14,16;3,8,14,17) Qives the greatest rank ratio as in Table V.

(5,7,10,12; 5, 7,10, 13)

They relate to the row corresponding to )7"1” so the variable

§2" enters the basisand §,' leaves the basis.

TABLE V. RANK RATIOS OF THE TECHNICAL COEFFICIENTS AND

RESOURCE CONSTRAINTS FOR THE PIVOTAL COLUMN.

TABLE III. CoSTS / BENEFITS FOR ALTERNATIVES.
Resources | Activity 1 Activity 2 Activity 3 Total Available
Alt1 @571£2571) | (25101315101) | (571115371116) | (30,40,55,60;20,40,55,65)
Alt 2 (47114371119 | (36,9,122,6,9,14) | (481014281015 | (20,40,60,85;20,45,60,90)
Alt 3 (671012571013 | (4681226814 | (35915250916) | (10,20,30,50;5,20,30,55)
Benefit (5,8,14,16;3,8,14,17) (2,6,10,14:1,6,10,15) (8,10,12,16;5,10,12,18)

Step 1: The dual linear programming problem in the
intuitionistic fuzzy environment follows:

Min 2" = (30,40,55, 60; 20,40, 55, 65)§ "+ (20,40, 60,85; 20, 40,60, 90)3" + (10, 20, 30,50;5, 20,30, 55§
st

(35,7,15:2,5,7,12)§+(4,7,1L14;3,7,11,15)§" + (5,7,10,12,5,7,10,13)§ > (5,8,14,16;3,8,14,17)
(251013,1510,15)]"+(3,6,9,12,2,6,9,14)7" +(4,6,8,12,2,6,8, 14)7" > (2,6,10,14;1,6,10,15)
(5,7,11,15,3,7,1116)7 + (4,8.10,14;2,8.10,15)j + (3,5,0,15,2,5,,16)7""> (8,10,12,16;5,10,12,18)
~In ~In ~In

¥ 9,9, 20

The initial simplex tableau is given below:
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I ' " i )
a ‘Jl(ﬁ‘:):u‘+u1+’[(hl—h)+h1—hz)] b, ‘H(h‘):ulﬂz&’[(h]—h])&hj—hz)]
2 ?

(5,7,10,12,5,7,10,13) (5,8,14,16;3,8,14,17) 85 =20

(4,6,8,122,6,8,14) (2,6,10,14;1,6,10,15) =106

(35,9,15,2,5,9,15) (8,10,12,16;5,10,12,18) u5 1%

23

Step 5.1: Create (1, 1, 1, 1; 1, 1, 1, 1) on the position of

(5.7,10,12;5,7,10,13) Dy operation Lrrrrrt E)Rl.
T T Ty T T T,
12 10 7 5 13 10 7 5
it B i S A
J'R) [EN‘E;‘E Li?‘%‘;ii&ﬁ 0 B
21075810 w07s

J(R)  (251013L51019) (3691226814 (4681226814 [ 10" (261004161015

JIR) (B7L1537.1116) (481014281015) (35.91525,916) [ 0" 1" B1012165101218)
T"(R)  (-60,-55,40,-30,-65,-55,-40-20)  (-85,-60.40,-20,-%0,-60,-40,-20) (-50,-30-20,-10;-55,-30-20-5) 0" 0" o 0"
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Step 5.2:

and  below

13)

by

Create (0, 0, 0, 0; 0, 0, 0, 0) on the positions

(5,7,10,12; 5, 7,10,

)+ (-12,-8,-6,4;-14,-8,-6,- )R, R, +(-15,-9,-5,-3~16,-9,-5,- R andR, +(10,20,30,50;5, 20,0, 55)R,

il
h
ey 35112570

i T T T T
2NTSBOTS

Y 9w

alhypyr .

JoR)  (—tsm— 1)
5 5 3
4 65 %3 610

R Cais2lih

5 10125 JUSK]

ALY

510
2Ly

aln oh

1MR) (5756108642 -5-0-11) (03207358852 1355 0"

(%34

i

) I Ji
FTUBITUE 1111‘1111]
L R e e T S A 7
uNI5BNIS DNT5SBUTS
L Rk
bt—== 0 ===
108 015 s
LW BASAH452
RE N ERERERN

15,1285342)

Y;

OIH

{ 3 BW B

5 0R5

n

0" s mms

0B
151.1)

Step 6: Check the optimality condition, since there are
positive rank values of the objective function coefficients, the
solution is not optimal. Go to Step 2.

Step 2.2

(10.33,20.7,31.57,52.8;5.2,20.7,31.57,58) ,
column 2, is most positive, Table VI.

TABLE VI

FUNCTION.

RANK VALUES FOR THE COEFFICIENTS OF THE OBJECTIVE

to

The ranking value of the number
relating

bln

®(M)=

U+ [h1 B+ (hy = hy)]

B i

-39 5

i

682

(-675,-45,-10,80;-642,-45,-10,-112) (1033, 207,3L57,528,52,207,3157,56)  (2,285,3,416,1285,3423)

g o

Yo Y5 Y5
o g

100

-8

Step 2.3-2.4

48 117 -9 48

5 7

10

7

37

10

147

-22 1 37 1
The numbers — - — s-4 —— — and

13

—.0—. —i—.0— —) give the greatest rank ratio as shown in

5

Table VII. The variable §5' enters the basis and §;'

the

TABLE VIL.

10 12 5 10 13

basis.

RESOURCE CONSTRAINTS FOR THE PIVOTAL COLUMN.

leaves

RANK RATIOS OF THE TECHNICAL COEFFICIENTS AND

ay R(a,)

R(b:)

n
R(b,)

i
\.R(alk)

12

235

1075131075

- 075

479

5814163

12 10 7

-8 48 117 -9
0, =/, 7/ .7/ .0,
5 10 12 5

8 14 17

5131075

48 186
- )
0 13

299

158

299
— =12
235

158
=-210
0.75

771
— =149
479
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Step 2.5.1: Create (1,1, 1,1;1,1, 1, 1) on the position of

Operatlons 2 1 3 137 5 14 0B,
—. a4~ —, —) by operation —,7—-—. ».— —R,.
5 7 10 7 10 13 2 37 9 4 37 47
P P PR

i N oy 3 STH25TR IRE SRS 58U 38H
yb 3 Y;’(Rl) LA . " I 0 n »\r
0I5B0 LUTEB0TS
no SEUB3EUD T 05 B2EE
et I e L road P AEEALEE
LU7T5B0TS 508 0TS 571¢511f13
poHAs BREE pR) LB ER i I (Eﬁﬂi‘iiﬂﬁ) g f R 083 8w B
0 7777777 1 T 7w B0 ‘255 BB ‘259 % ?2 3! 94 37 14! 712 ZU 7 T‘
EERENEY R) (E5-5-0-00-82-5-0-10) (0327355852 073155 0" passemisyn 07 (3 (4163680 60135, 609)

Step 2.5.2: Create (0, 0, 0, 0; 0, 0, 0, 0) on the positions

-22 1 37 1 37 147 .
above and below — - — -4 - — — by operations
5 7 10 7 10 13
7141174151173" 468 26814 -
******** Ry Ryt (=== = )R andR, +(-528,-315,-20.7,-103, - 58, - 315, 20.7,-52)R,
571012571013 5710 571013
i A B B B o
[\ \Uaiﬂﬂﬂﬂﬂﬁ, 0" E l‘—AE 1—‘»"—3\ (-080,08,108,6.45,008,08,00910)
O0BE 25 B M B 2 wovwa ww
: o o ﬁfﬁ}ﬁﬁﬁﬂ) 1" E JE‘B (-1327,6,1138,1065, 699, 6,11.38,1330)
w z m'Em R T R 2 wea 3
VAGA) (i L"—SEL ) o —— -) 0" (—5 E—l—l 1—E) (-036,0,129,975,-006,0,128138)
o nwa v BN WEB D WS 2 994 W
"R)  Ew-sm-arws-monz-ey 0 0" os-m-am -5 -ma-amsm 07 (205-55 10145 2055500 (1504163815 625,175 16,1015 804

The second iteration is complete. Since all rank value of the
coefficients of objective function are positive, so the solution is
optimal and given below:

al

1™ = (1504162885025 -75.5, 235 0089 &, Ji= i

in o
0 yz (-036,0,0.29,975;-0.05,0,123,1.33) y3

(-060,08,109,6.45,008,08,109,310).

The membership and non membership functions for the
objective function can be formulated as:

0, for 7'"(x) <-15.04 i for7"(x) <-1.75

~V|n _~/|n

0508 o 5 < 77() <15 820 7577 <16
304 s

wT(0)=11 for 16<2 (<3315 | and v(2" (1) =10, for16<7(x) <3315

_gh ~r\n

851700t 3315 7(1) <25 T00-3315 40 o015 770 <180.43

14728
0, for 7' (x) > 60.5. 1 for 7' (x) >180.43,

The membership and non membership functions for the
constraints can be formulated as:

gin gin

0, for y,'<-0.36 1, for y,'<-0.05

~In _gh

V1036 o 036<y0<0 Y2 for ~005<§"<0
036 005’

w(§y) =11, for  0<yy'<1.29 tandv(y}) =10, for 0<yy<1.291.
_gh ghn_
ST5F2 for129<gn<9.75 yzo 01"129, for 1.29< §"<1.33
0, for §5'>9.75. 1 for §y'>1.33.
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740,60
14

u(y3) =131
6.45-§"
5.36

, for1.09<

0,

These functions are visualized in Figure 1(a), 1(b) 1(c),

respectively.

Fig. 1(a) Membership and Non Membership for the Objective Function. N \/
1(b) Membership and Non Membership for the Value of Alternative 2. 1(c) :

0, for < -0.60
, for —0.60<§"<08

for  0.8<yy<1.09

for §;'> 6.45.

andv(yh) =

§'<6.45

1
0.8-9s
072 '
0,
1,09
2.01

L
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Membership and Non Membership for the Value of Alternative 3.

Objecte Funcion an s Degree of Membershighon Membership

Non Memberstip

sl

100
Objecte Funcion

120 140

160

Non Menbership
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for "< 0.08 1(b)
for 0.08< §'<0.8 T y
for 0.8<yy<1.09 ;. “ \
, for1.09<§r<3.10 \
for y3'> 3.10. B“ \\\ //
- .
1(c)

VII. 7.

A direct technique is proposed to solve dual Fully
Intuitionistic Fuzzy Linear Programming (FIFLP) problems.
The research focuses on introducing a modified ranking
function for Intuitionistic Fuzzy Trapezoidal Numbers
(IFTrpN) and revised simplex algorithm to solve FIFLP’s.
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