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Abstract — A study on fuzzy prime ideals in near-subtraction
semigroups is already known. We have to expand the concept of
prime fuzzy bi-ideals in near-subtraction semigroups and analyse
some of its properties to characterize it. This will lead to learn a
new type of fuzzy ideal and to develope the researcher to made
their research.
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. INTRODUCTION

In 1965, fuzzy set was first introduced by
L.A.Zadeh [7]. The notion of Near-subtraction semigroup
was studied by B.M.Schein. K.H.Kim et [2] & they
established the concept of Ideals in near-subtraction
semigroup & fuzzy set. Prince Williams [3] described the
concept of Fuzzy ideals. Similarly, the concept such as
Fuzzy bi-ideals has been described by V.Chinnadurai et. al.
A detailed study on Fuzzy prime ideals was carried out by
Mumtha.K and Mahalakshmi.VV [6]. In this paper, we
explore the concept of prime fuzzy bi-ideals in near-
subtraction semigroups and discuss some of its properties.

Il. PRELILIMINARIES
Definition: 2.1

A right near-subtraction semigroup is a non-empty
set X with “—" & “.” satisfies:

(i) (X,—) is asubtraction algebra

(if) (X, -)is asemigroup

(iii) Forallp,q,r € X, (p — q).r = p.r — q.r
(right distributive law)

Definition: 2.2

If p.0=0.p =0, forall p € X, then X is a zero-
symmetric and is denoted by X,. Now after, X stands for a
zero-symmetric right near-subtraction semigroup (X,—,")
with at least two elements.

Definition: 2.3

A fuzzy subset is the mapping u from the non-
empty set X into the unit interval [0,1].

Definition: 2.4
A fuzzy subset w1 of X is called a fuzzy ideal of X if
(i) nlx—y) =min{u(x), p(y)}

(i) p(xy) = u@),
(i) pn(xy) = p(x), forevery x,y € X.

Definition: 2.5

A fuzzy ideal u is called a fuzzy prime ideal of X if
0.6 S u=>0<cpuord < u, where o & § are any two fuzzy
ideals of X.

ISSN: 2313-0512

Definition: 2.6

Let u and A be any two fuzzy subsets of X.
Thenun A, uU A, pA, Ay, ux Aare fuzzy subsets of X that
are defined by,

(un D) = min{u(x), A(x)}
(U D) = max{u(x), A(x)}

(u— D) = {x=§5§ min{u(), A2} if x=y=—z
0 otherwise
wA(x) = {xil;zzJ min{u(y), A(2)} if x= vz
0 otherwise
sup . .
* A = Jx=ac-a(b-c) min{u(a), A(c)} if x =ac
v {0 otherwise

Definition: 2.7

For any fuzzy set uin X and t € [0,1]. We define
U(u; t) = {x/x € X, u(x) = t}, which is called a upper t-
level cut of u.

Definition: 2.8
Letl < X. Define a function f; : X— [0,1] by,
(1 ifxel
filx) = { 0 otherwise’ for every x € X.

Clearly, f; is a fuzzy subset of X and it is called the
characteristic function of I.

Definition: 2.9

A fuzzy ideal zof X is said to be normal if there
exists a € X such that u(a) =1

Definition: 2.10

A fuzzy ideal x of X is said to be weakly complete
if it is normal and there exists z € X such that u(z) < 1.

Theorem: 2.11

Let 1 be a fuzzy bi-ideal of X. Then the finitely
generated set, X, = {x € X/u(x) = u(0)} is an bi-ideal of
X.

Theorem: 2.12

Let A be a non-empty subset and u, be a fuzzy set

in X defined by, 1, (x) = {51 Ot"}{;’r“mi s“l ,Vx € X and

s €[0,1). Then uy, is a fuzzy bi-ideal of X iff A is an
bi-ideal of X. Moreover, X, , = A.
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Lemma: 2.13
Lety4be the characteristic function of a subset

A c X.Then y, is a fuzzy bi-ideal of X iff A is an bi-ideal
of X.

I1l. PRIME FuzzY BI-IDEALS
Definition: 3.1

A fuzzy bi-ideal f is called a prime fuzzy bi-ideal
of X if for any two fuzzy bi-ideals g & h of X such that

gh<sf=g<f()h<f.

E.g:3.1.1
Let X ={0,1, 2,3} with “ — "&".” are defined as,
- lo 1 2 3 o 1 2 3
0 [0 0 0 o 0 |0 0 0 o0
1 |1 o 1 o0 1 |0 1 o0 1
2 |2 2 0 o 2 o o 2 2
3 |3 2 1 o0 3 jo 1 2 3
Let f, g & h be fuzzy subsets of X such that,
f(O=1 f(1)=08 f(2)=0.7 f(3)=05
g0 =1 g1)=08 g2)=06, g3)=03
h(0)=1, h(1)=0.7, h(2)=05 h(3)=02

Clearly, f is prime fuzzy bi-ideal of X .
E.g:3.1.2

Let X = {0,1, 2, 3} with “ — "&".” are defined as ,

w N kO

w N Pk o o
o o o o ek
w O w O N
o NN O w
w N = O

o O O o o
, O kr o K
N O N O N
w O w O w

Let f, g & h be fuzzy subsets of X such that,

fO=1 f1)=04 f(2)=04 f3)=1
9(0)=08 g(1)=0 g(2)=08 g@B)=0
h(0) =08, h(1)=0, h(2)=08 h(3)=0

Here g.h < f but neither g < f nor h < f, for some x € X.
Clearly, f is not a prime fuzzy bi-ideal of X .
Theorem: 3.2

Intersection of all prime fuzzy bi-ideals of X is also
a prime fuzzy bi-ideal of X.

Proof:

Let {f;/i € Q} be the set of all prime fuzzy
bi-ideals in X.

To prove: f = N;eq f; is also a prime fuzzy bi-ideal.

Let g & h be any fuzzy bi-ideals of X such that
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gh<Nieafi=9g.-h<f; forallieq.
Since each f; is a prime fuzzy b-ideal.
Therefore, g < f; (or) h < f;, forall i € Q.
(i.8) g < Niea fi (0r) h < Niea fi-

Note: 3.3

Every fuzzy prime ideal is a prime fuzzy bi-ideal
but the converse need not be true in general.

Theorem: 3.4

If £ is a prime fuzzy bi-ideal of X then the finitely
generated set is a prime bi-ideal of X.

Proof:

Assume that f is a prime fuzzy bi-ideal of X.
By Theorem 2.11, X, is a bi-ideal of X.
To prove: X¢ is a prime bi-ideal of X.
Let A & B be any two bi-ideals in X such that AB € X.
We have to prove A € X, or B < X;.
Define the fuzzy subsets g & h of X as,

_(f(0) ifxeA _(f(0) ifyeB
9(x)_{0 ifxeA h(y)_{o ifyeB

By Theorem 2.12, g & h are fuzzy bi-ideals.
Next we verify that g. h < f.

s g0 = EBOION e
= g(b) =h(c)=f(0).Sob e A&c €B.

Now, a = bc € AB € X;. (i.e) € Xy = f(a) = f(0).
Hence, g.h(a) < f(a),YVa € X. Thus g.h < f.

Since f is a prime fuzzy bi-ideal,

Sowe havethatg < forh < f.

Suppose g < f. If A & X, then there exists a € A such that
a & X;. This means thatf(a) # f(0). Already We know
that, (0) = f(a).But f(0) # f(a) andso f(0) > f(a).
Now, g(a) = f(0) > f(a).
Which is a contradictionto g < f. Hence A < X.
Similarly, If h < f, then we can show that B < X.
This shows that X, is a prime bi-ideal of X.
Theorem: 3.5

Let I be an bi-ideal of X and f be a fuzzy set in X

. (1 ifxel

defined by, £(x) = { VXEX&sE[0L). If

i ) N otherwise’ = N
I is a prime bi-ideal of X then f is a prime fuzzy bi-ideal of

X.
Proof:
Suppose | is a prime ideal of X.

To prove: f is a prime fuzzy bi-ideal of X.
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By Theorem 2.12, f is a fuzzy bi-ideal of X. Let g & h be
two fuzzy ideals of X such that g.h < f.

Toprove:g < forh < f.
Suppose not, (i.e) g £ fand h £ f.
Then g(x) > f(x) and h(y) > f(¥),V x,y € X.
Now, f(x) # 1land f(y) # 1
= f(x) = f(y) =sandsox,y € I.
Since | is a prime ideal, we have that < x ><y >¢& I.
Then f(a) = s and hence g.h(a) < f(a) =s.
Since a = cd,wherec =< x > &d =<y >.
Then, s = f(a) = g.h(a).
aeq {min{g (c), h(D}}
= min{g(c), h(d)}
> min{g (x), h(y)}
> min{f (x), f(N} =s

Therefore g.h(a) > s. Which is a contradiction.

Now, g.h(a) =

Hence, f is a prime fuzzy bi-ideal of X.
Corollary : 3.6
Let xp be the characteristic function of a subset
P € X. Then yp is a prime fuzzy bi-ideal iff P is a prime
bi-ideal of X.
Theorem: 3.7
If £ is a prime fuzzy bi-ideal of X then, £(0) = 1.
Proof:
Suppose f is a prime fuzzy bi-ideal of X.
To prove: f(0) = 1.
Suppose not, (i.e) f(0) < 1.
Since f is not a constant, then there exists a € X such that

f(a) < £(0).
Define the fuzzy subsets g & has, V x € X

g(x) = £(0) and h(x)={1 if f(x) =f(0)

0 otherwise
Since g is a constant function, g is a fuzzy bi-ideal.

Note that, h is the characteristics function of X.
Now, by Theorem: 2.12, h is the fuzzy bi-ideal of X.
Since h(0) =1 > f(0)and g(a) = f(0) > f(a).
We havethat, g £ f & h % f.

Let b € X. We know that,

g.h(b) = {,65;5 {min{o(c),6(d)}}  if b=cd

otherwise
Now, we prove, min{g(c), h(d)} < f(b), where b = cd.

For this, we consider two cases, h(x) = 0 & h(x) = 1inthe
following:
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Case - (i)

Suppose h(x) = 0.
Then h(x) < h(0) (By definition of k). Now,

min{g(c), h(d)} = min{ £(0),0} = 0 < f(xy) = f(b).

Case - (ii)

Suppose h(x) = 1. Then f(x) = f(0).
Now,min{g(c), h(d)} = min{f (0),1} = f(0) = f(x)

< flxy) = f(b).

From this, we conclude that,
g-h(b) = min{g(c),h(d)} < f(b) andso g.h < f.
Since, f is a prime fuzzy bi-ideal, we have g < forh < f.
Which is a contradictionto g < f.
Hence, f(0) = 1.
Theorem: 3.8

Every prime fuzzy bi-ideal is normal.
Proof:

By Previous Theorem 3.7, it is obviously true.
Theorem: 3.9

Every prime fuzzy bi-ideal is weakly completely
normal.

Proof:

Let f be prime fuzzy bi-ideal.
Then f is normal and f lies between the values 0 & 1.
It follows that, f(0) =1 & f(x) < 1,forall x € X.
Therefore, f is weakly completely normal.
Theorem: 3.10

If f is a prime fuzzy bi-ideal of X then,
[Im(f)| = 2. Moreover, Im(f) = {1,s}, where 0 < s < 1.
Proof:

Suppose f is a prime fuzzy bi-ideal of X.
To prove: Im(f) contains exactly two values.
We know that, by previous Theorem 3.7, f(0) = 1.
Let a & b be two elements of X such that,

f(a) <land f(b) < 1.

Enough to prove: f(a) = f(b).
Part-(i)
Define the fuzzy subsets g and has,Vx € Xand a € X

9(0) = f(@) and h(x) = {
By Theorem: 2.12, g & h are fuzzy bi-ideals of X.

1 ifxe<a>
0 otherwise

Since a €< a >, we have h(a) =1 > f(a) andso g < f.
Let z € X. We know that,

if z=xy

g.h(z) = {ziii{min{gm, hOHB
0 otherwise



INTERNATIONAL JOURNAL OF FUZZY SYSTEMS and ADVANCED APPLICATIONS

DOI: 10.46300/91017.2020.7.5

Ifx & <a>thenh(x) =0

= min{g(x), h(y)} = min{f(a), 0} = 0 < f(xy) = f(2).
Ifxe<a>thenh(x)=1

= min{g(x), h(y)} = min{f (a), 1} = f(a) < f(xy)

f(2)

We know that, f(x) = f(a), for all x € (a)
It follows that, f(a) < f(x) < f(xy) = f(2).
From these, we conclude that, g.h < f.
Since f is a prime fuzzy bi-ideal, we have g < forh < f
Since h £ f. It follows that g < f.
Now, f(b) = g(b) = f(a).
Part-(ii)
Now, we construct fuzzy bi-ideals p & 6 of X,

p(x) = f(b) and 6(x) = {01 if Zti:rvl:i:e

As in part-(i), we can verify that f(a) = f(b).

Thus from parts-(i) & (ii), it follows that f (a) = f(b).
Hence the proof.

Theorem: 3.11

Let f be fuzzy bi-ideal in X. Then f is a prime
fuzzy bi-ideal of X iff each level subset f;, t € Im(f) of f
is a prime bi-ideal of X.

 VxeX

Proof:

Assume that f is a prime fuzzy bi-ideal of X.
By Theorem 3.7, f; is an bi-ideal of X.
To prove: f; is a prime bi-ideal of X.
Let A & B be two ideals in X such that AB < f;.
Define the fuzzy subsets g & h of X as,

g(x)={1 ifxeA

0 otherwise
By Theorem 2.12, g & h are fuzzy bi-ideals of X.
Next we verify that, g.h < f.

1 if x€B

and h(x) = {O otherwise

if a=bc
otherwise
We conclude that, g(b) = h(c) >t.Sob € A& c € B.

Now,a =bc € AB C f,.(ie)a € f, = f(a) = t.
Hence g.h(a) < f(a),Va € X.Thus g.h < f.
Since f is prime fuzzy bi-ideal, we have g < for h < f.

Since, g.h(a) = {SSZIZ {min{g(b), h(c)}}

Suppose g < f.If A € f;, then there exists a € A such that
a & f;. This means that f (a) £ t. (i.e) f(a) <°t.

Now, g(a) =t > f(a). Which is a contradictionto g < f.
Similarly, If h < f, then we can show that B € f;.

This shows that f; is a prime bi-ideal of X.
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Conversely,
Assume that f;, t € Im(f) is a prime bi-ideal of X.
To prove: f is a prime fuzzy bi-ideal of X.
Let f be a fuzzy set in X defined by,
f(x)={1 if x€f;

s otherwise
By Theorem 2.12, f is an fuzzy bi-ideal of X.

To prove: f is prime.
Let g & h be two fuzzy bi-ideals of X such that g.h < f.
Enough Toprove: g < for h < f.
Suppose g * fand h % f.
Then g(x) > f(x) and h(y) > f(y), Vx € X.
Now, f(x) # land f(y) # 1
= f(x)=f(y) =sandalsox,y & f;.
Since f; is a prime ideal, we have that (x)(y) & f;.
Then f(a) = s and hence g.h(a) < f(a) = s.
Sincea =cd,c = (x)&d = (y). Thens = f(a) = g. h(a).
Now, g.h(a) = min{g(c), h(d)}

> min{g(c), h(d)}

= min{g(x), h(y)}

> min{f(x), f ()} =s.

Therefore, g. h(a) > s. Which is a contradiction.
Hence f is a prime fuzzy bi-ideal of X.
Theorem: 3.12

Let P be a prime bi-ideal of X and a be a prime
element of L, L € [0,1]. Let f be a fuzzy subset of X defined

1 if x el
by, =
Xy f&) {0 otherwise

Proof:

iff £ is a prime fuzzy bi-ideal of

Clearly, f is a non-constant fuzzy bi-ideal.
To prove: f is prime.

Let g&h be two fuzzy bi-ideals such that,
g<*fandh £ f. Then there exists x,y € X such that

9(x) £ f(x) and h(y) £ f(¥).

This implies that f(x) = f(y) = a and hence
x,y & I. Since | is prime, then there exists an element r in X
such that xry € I.

Now, we have f(x) £ a & f(ry) £ a (otherwise
h(y) £ a) and since « is prime,g(x). h(xy) £ a and hence
g-h(xry) £ a = f(xry)sothatg.h < f.

Hence f is prime fuzzy bi-ideal.
Conversely,
Let f be a prime fuzzy bi-ideal. Then, f(0) = 1.
Next we observe that f assumes exactly two values.
Let a & b be elements of X such that f(a) <1 & f(b) < 1.
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Defineg & h as, g(x) = {10 ot:ii}:e);vfis(‘? and

h(x) = f(a),Vx € X.
By Theorem: 2.12, g & h are fuzzy bi-ideals.
And also we have,g(x).h(y) < f(xy),Vx,y € X.

And hence g.h < f. Put g £ f. Since g(a) =1 > f(a).
Since f is prime fuzzy bi-ideal andso h < f so that

h(b) < f(b) hence f(a) < f(b). Thus f assumes only one
value, say a other than 1.

Let I ={x € X/f(x) =1}. Then clearly, | is a proper

bi-ideal of X and for x € X, f(x) = {; OHZ x fS’e .

Now, to prove: | is a prime bi-ideal of X & a is a prime
elementin L.

That « is prime follows that the fact that for any
a € L & for the constant mapa < f iffa < a. Let] & K be
ideals of X such that JK S I. Then y;xx = x;x € x; € f SO
thaty; € f or xx S f. Which impliesthat ] € 1 or K € I.

Corollary: 3.13

Let L be a complete chain and P is an bi-ideal of X.
Then P is a prime bi-ideal of X iff y, is a prime fuzzy
bi-ideal of X..

IV. CONCLUSION

We have analyse the concept of prime fuzzy
bi-ideal f in near-subtraction semigroups and investigated
some of its properties. We find

e f(0O)=1

o Im(f)={1,s}, where0 <s < 1.

e  Prime fuzzy bi-ideal iff each level subset is prime
fuzzy bi-ideal.
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