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Abstract:- This paper introduces a new
divergence measure for a fuzzy matrix
with proof of its validity. In addition, the
properties are proved for the new fuzzy
divergence measure. A method to solve
decision making problem is developed by
using the proposed fuzzy divergence
measure. Finally, the application of this
fuzzy divergence measure to decision
making is shown using real-life example.
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l. INTRODUCTION
A general problem in all fields like
Mathematics, Science and Engineering is to
distinguish two probability distributions P =
(pl' b2, pn) and Q = (q, az - qn)
Measurement of this distance in Information
theory is called divergence measure.
Information theoretic measures (entropy,
similarity measures and  divergence
measures) are consequential tools to manage
the precarious information and successfully
applied in different directions. Fuzziness or
degree of diceyness is measured by the tool
called Entropy. De Luca and Termini (1972)
commenced the fuzzy entropy measures to
define the uncertainty between fuzzy sets.
Subsequently, entropy measures of fuzzy
sets received great curiosity from
researchers in different areas like analysis of
contingency table by Gokhle and
Kullback(1978), in approximation of
probability distributions by Chao and Liu
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(1968), Kazakos and Cotsidas (1980), Lin
and Wong (1988), in signal processing
Kadota ansd Shepp (1967) and in pattern
recognition by Ben (1978), Chen (1973) and
in many other areas. To measure the distinct
information between fuzzy sets, essentially
Bhandari and Pal (1993) explored fuzzy
divergence measure. In due course, various
divergence  measures  developed and
modified by kapur (1997), Parkash (2000),
Rosenfeld (1985) for fuzzy sets. Bhandari
and Pal(1993) introduced divergence
measure for fuzzy sets, defined D (4, A™¢%")
ratio to D(4,A7%") an ambiguity measure
and a-order fuzzy entropy using Renyi’s a-
order  probabilistic entropy. Afterwards,
various scholars have consciousness on
divergence measure for fuzzy sets.
Corresponding to information measure of
Bhandari and Pal (1993), Fan and Xie
(1999)  introduce  exponential  fuzzy
divergence measure based on operations.
They also studied its relation with
divergence measure introduced by Bhandari
and Pal (1993). Montes et al. (2002) studied
the special classes of divergence measures
and used the link between fuzzy and
probabilistic uncertainty. Bajaj and Hooda
(2010) generalized the measure of fuzzy
directed divergence. Fuzzy directed
divergence measure has wide range of
applications in different areas. Sharma et al.
(2020) proposed a non-probabilistic
divergence measure for fuzzy matrices and
applied the same in decision making
problem and in feature selection problem.
Rani et al. (2020) studied an information
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measure and found application of fuzzy soft
matrices. Vlachos and Sergiadis (2007)
introduced the divergence measure for IFSs,
studied the relationship between divergence
measure and entropy measures and found
the application in image segmentation,
pattern recognition and medical diagnosis.
The remaining part of paper is organized as
follows. Section 2 is devoted to introduce
some conventional concepts, and notions
related to fuzzy set theory and fuzzy matrix
theory. In section 3, we proposed a new
fuzzy divergence measure for fuzzy matrix
corresponding to Bhandari and Pal (1993).
Section 4 provides more dignified properties
of the proposed measure in form of
theorems. It is followed by the applications
of the proposed divergence measure for the
IFM to multi-criteria decision making
(MCDM) and multi-attribute  decision
making (MADM) with a numerical example
in section 5. Finally, some concluding
remarks are drawn in section 6.

I1. PRELIMINARIES
This section is completely devoted to
explain some basic concepts and the
assumptions of fuzzy set theory and fuzzy
matrix theory. Then, we recall axiomatic
definition of fuzzy divergence measure.
A. Fuzzy set:
(Rani et al. (2020)) The linguistic values of
the alternatives assessment are usually
represented by fuzzy sets to deal with
uncertainty of real —world problems. Fuzzy
sets are the sets having degree of
membership as an element of the set. Zadeh
(1965) acquainted the fuzzy sets as the
expansion of the crisp sets.
Definition: (2020) A fuzzy set th(y) on U is
defined by a membership function m(y) : U
— [0,1] . For y € U, h () the membership
function denotes the degree to which y
belongs to fuzzy set m.
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B. Fuzzy Matrix Theory:

The basic idea behind the fuzzy matrix
theory is very elementary and an easily
applicable in all types of circumstances. The
algorithms and algebra of fuzzy matrix
theory are applicable for data related
problems. Social scientists apply this
approach to analyze interactions between
attributes and to analyze other analytical
tools.

Definition: Fuzzy matrix (2020): A fuzzy
matrix A of order m X n is defined as A =

[< aij, >]mxn where a;; is the membership
value of the element a;; in A. We may write
AasA=lay] . Forexample,

0.1 03 04
A=10.7 04 05
0.2 01 09

is 3 x 3 fuzzy matrix.
Definition: Let A = [a;;] € [F(M)]mxn, If
m # n, then A is called a fuzzy rectangular
matrix.
Definition: Let A = [a;;] € [F(M)]mxn, If
m=n, then A is called a fuzzy square
matrix.
Definition: Let A = [a;;] € [F(M)]mxn, If
n=1, then A is called a fuzzy column
matrix. For example,

0.2

07 ]

0.5
is 3 X 1 column fuzzy matrix.

Definition: Let A= [a;;] € [F(M)]mxn, If
m = 1, then A is called a fuzzy row matrix.
For example,

A=1[0.1 05 0.8]
is 1 X 3 row matrix.
Operations on Two Fuzzy Matrices
Here we performed some operation on fuzzy
matrices. Two fuzzy matrices A and B of
order 3 x 3 are taken for further operations
as follows.

A=
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0.7 0.5 0.2]

=103 02 0.1 (2.2.1)

0.3 0.7 0.6
0.2 0.3 0.1

=05 02 06 (2.2.2)

0.8 0.7 0.2 _
Union (Addition) Operation of Two Fuzzy

Matrices
Definition (2020): Let A=[q;], B =
[bi;] € [F(M)]mxn.Then Union of fuzzy
matrix A, B is defined by (A;,xnV
Binxn) = Cnxn = [Cijlmxns where Cij =
max(a;j, b;;) forall i and j.
Example: The union operation of two
matrices given by (2.2.1) and (2.2.2) is

0.7 05 0.2
(A3x3 U B3x3) = C3x3 = [0-5 0.2 0-6]

_ _ 0.8 0.7 0.6
Intersection Operation of Two Fuzzy

Matrices
Definition (2020): Let A =[a;], B =
[bij] € [F(M)];nxn. Then intersection of
A,B is defined by (Apyxn N Bmxn) =
Cinxn = [Cijlmxn, Where ¢;; = min(a;j, b;j)
forall i and j.
Example: The minimum operation of two
matrices given by (2.2.1) and (2.2.2) is

0.2 03 0.1
(A3x3 N B3y3) = C353 = [0.3 0.2 0.1]

03 0.7 0.2
Some researchers used suprimum and

infimum operation as an analogous to our
usual maximum and minimum.
Minimum-Maximum Operation of Two
Fuzzy Matrices

Definition: Let A=a;] €
[F(M)]mxn & B = [bji] € [F(M)]nxm-
Then Min-Max operation of A, B is defined
by  min — max(Amxn Bmxn) = Cmxm =
[Cijlmxms where cij =
min{max[(aij, bji) forj =

1t0n]}f0ri =1tom.
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Conjugate (Complement) of Fuzzy Matrix
Definition (2020): Let A=[a;], B =
[bi;] € [F(M)]mxn, then A is conjugate
(complement) of B denoted by B =A =
|a;;], where a;; = 1 — b;; forall i and j.
Example: The conjugate (complement)
operation of matrix given by (2.2.1) is
03 05 08
A°=B=10.7 0.8 0.9]

) 0.7 03 04
Maximum-Minimum Operation of Two

Fuzzy Matrices
Definition ~ (2020): Let A =[a;]€
[F(M)]mxn & B = [bji] € [F(M)]nxm
Then Max-Min operation of A, B is defined
by  max — min(Amxn, Baxm) = Cmxm =
[¢ijlmxmo where cij =
max{min[(al-j, bji) forj =
1t0n]}f0ri =1tom.
Example: The max-min operation of two
matrices given by (2.2.1) and (2.2.2) is

max — min(Asxs, Baxz) = C3x3

0.5 03 0.5
= 10.2 03 0.2
0.6 06 0.6
where
a1

= max{min(0.7,0.2),min(0.5,0.5), min(0.2,0.8)}

= max{0.2,0.5,0.2} = 0.5

P

= max{min(0.7,0.3),min(0.5,0.2),min(0.2,0.7)}

= max{0.3,0.2,0.2} = 0.3.
and so on

Example: The min-max operation of two
matrices given by (2.2.1) and (2.2.2) is
Min — Max(Azxs, B3xs) = C3x3
05 05 0.2
= [O.S 0.2 0.2]

0.3 03 0.3
where, a1 =

min{max(0.7,0.2),max(0.5,0.5),max(0.2,0.8)} =

max{0.7,0.5,0.8} = 0.5
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H,(A)

= min{max(0.7,0.3), max(0.5,0.2) , max(0.2, 0. 7)} 1

= min{0.7,0.5,0.7} = 0.5.
and so on.

I1l. Fuzzy DIVERGENCE MEASURE
Zadeh (1968) defined a measure of
information for a fuzzy set known as fuzzy
entropy, which is different from the classical
Shannon (1948) entropy, as follows

Zp(4) = Z A Gepi log py 3.

Later on, De Luca and Termini (1972)
provided the following measure of fuzzy
entropy:

n

1
Hor(A) = == [ua(x)logiss (x)

i=1
+ (1 — pa(xy))log(1
—ua(x))] (B2)
They also pointed out that it is quite
distinctive from Shannon’s information
measures because no probabilistic concept is
desirable to characterize it. After the
revolutionary work of De Luca and Termini
(1972), various non-probabilistic
information measures have been insinuated
by researchers and gave applications in
various fields. For a random variable X with

probability distribution P =
(p1,02) oo - Dn), Pal and Pal [1989]
introduced the exponential entropy as:
H.(P)
n
= ;Z p.(el_pi
n(Ve-1)g"
- 1) (3.3)

Later on, Pal and Pal (1992) defined an
exponential information measure for fuzzy
entropy, analogous to equation (3.3) as:
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n\/_ — Z(#A(xz)el palxy)

+(1- ,uA(x ))eﬂA@fJ -1) (34)

Bhandari and Pal (1993) described the idea
of fuzzy directed divergence considering the
elementary properties of Kullback and
Leibler (1951) directed divergence measure.
Fuzzy divergence measure as developed by

Ha(xi)log

Bhandari and Pal, gives a fuzzy information
Bhandari and Pal (1993) defined the fuzzy
information for discrimination in favour of
I1(A:B)
n
_ z pa(x;)
()
U
+ (1= pa(x)log -t (35)
1—pp(x;)
entropy by using I1(A, Ag) as follows:
1
Hpr(A) =1— —I(A Ap)  (3.6)
divergence measure between two fuzzy sets
R & S as follows:

measure for distinction of a two fuzzy set.
fuzzy set A against B by

us(x;)
Bhandari and Pal (1993) provide the fuzzy
Bhandari and Pal (1993) defined a
D(R,S)n= I(R,S) +I(S,R)

= z [(ﬂR (xl) _ .Us(xi))log ‘uR(xf)
— S( L)
+ (us(x) — ur(x))log T ”’;g ‘3 (3.7)

Definition: Shang and Jiang (1997) pointed
out that the measure in Equation (3.7) has a
drawback, i.e., when ug(x;) approaches 0 or
1 for any value of x;, its value tends toward
infinity. Therefore, using the idea of Lin
(1991) divergence measure as in equation
(3.4), for R,S € FS(X), Shang and Jiang
extended a fuzzy divergence measure (3.7),
as:
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n
DS](R!S)Z
i=1

Some other measure of fuzzy directed
divergence measures have been introduced
and studied by Pal and Bezdek (1994),
Kapur (1997), Fan and Xie (1999), Hooda
(2004), Bajaj and Hooda (2010), Kumar et
al. (2011), Bhatia and Singh (2013), Tomar

IV. LOGARITHMIC DIVERGENCE MEASURE FOR
Fuzzy MATRIX

In this section, a divergence measure for
fuzzy matrices R & S is proposed which is of
logarithmic form. The validity of the
proposed divergence measure is verified.
Here we define a fuzzy divergence measure
for fuzzy matrices:

Definition (2020): Let Fy, be the set of all
fuzzy matrices having m rows and n
columns and X & Y € Fy;. Then a mapping
J: FyX Fy » A is  called non-
probabilistic divergence measure of fuzzy
matrices if and only if

(.UR(xi) - lls(xi))ln

Volume 8, 2021

+| (us(x) — pr(x))In

(MR (xlil)Ri‘x:l)s (xi)> /
(3.8)
(2 - lllex‘lil)R(—x;l)s (xi))
=)

and Ohlan (2014), Verma and Sharma
(2014), Gupta and Santosh (2014), Ohlan
(2015) and etc. These fuzzy divergence
measures have application in various fields
including decision making problems, fuzzy
clustering, artificial intelligence etc.

a. J(X:Y) =0

b. JX:Y)=0 when X &Y are equal
fuzzy matrix

C. JX:Y) =J(Y:X) e
measure is symmetric in nature.
d. J(X:Y)isconvex in X and Y.

Thus we say that a measure is information
theoretic divergence measure for fuzzy
matrices if it satisfies axioms (a) to (d).

Here we proposed a divergence measure for
fuzzy matrices X and Y of order m xn
which is logarithmic in nature as follows:

divergence

m n i 1- ij
J(X:Y) = Z Z {(xij —yij)log ;—lj} + {((1 —x;)—(1- yu)) log 1= ;lj}

m n . L )
B Z Z I{(xij = yij)log %} + {(Yij — x;j)log 1= ;J}l (4.1)

where xl-j S X&yl] eEY

To show that the proposed measure is a
valid measure since it satisfies all the above
four axioms which are proving by following
theorem:

Theorem 4.1: J(X:Y) =0 if XandY €

[FM]mxn-
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ij
Proof: It is trivial that the measure is non-
negative for each a &b (where a = x;; €
Theorem 4.2: J(X:Y)=0if X=Y or
Xij = Yij-
Proof: We have
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T 25:5[{(% yij)log— } {(yl, xl,)logiif]ij}l

=1 j=1

Andif X =Y orx;; = y; t hn

J&X:Y) = i z”: [(xij — x;;)log ? + (x;j — xi5)log 1 : ilj
i=1j=1 l
](X:Y)=ZZ [0 + 0] 22
T =0

Hence proved.
Theorem 4.3: J(X:Y) = J(V: X).
Proof: To prove we show](X Y)-J(¥V:X)=0

N o (O N BE

i=1 j=1

Jv-X) = i zn: [{(yl] xi;)log —U} + {(xl, yiy)log 7 1- yij}l

i=1 ]:1
)

1-
(xij = vij) (logy— +log 1—x;

[ AN

m n | |
](X:Y)—](Y:X)=ZZ| = x|
[+(y” xij) < U)J

Yi

Yij
lo —+lo
g Xij gl_ylj

1-— yu> ]

[ (xl] yu) (logy—+log

-2

1—x
l=11=1[ (xij — vij) log—+log1 v J
_ii( ) (10922 + 10g==23) ~ (1092 + 1og +—2U
B ¢ Yy Ogyij Ogl — Xij gxlj 0g1 Vij
m n

xij 1 — yij Vij 1 — x5

- log—d——2U) _(gg L =2
ZZ[(xu y”)<<0gyij1—xij> <0gxij1_yij>)

i=1 j=1

Xij 1=y i1 —xy
= l -
l(xl] y”)<ogyl]1—xijxij1—)’ij

i=1j=
= Z Z[(xij — yij)log(1)]
i=1 j=1
,an/wm—ZZmu%MM=ZZ
i=1 j= i=1j=1

J(X:Y) —](Y:X) =0
Theorem 4.4: J(X:Y) is convex in X and Y.

E-ISSN: 2313-0512 6
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Proof: First we prove | (X Y) convex in X.

1 — Xij
J(X:Y) = Zz I{(xl] yu)log } {()’ij —xij)logl — ]}l
L Vij
1 —xij
log — _.(—1)1
i=1 j= > ! yU
When X = Yorx = yij, then

J(X:Y
](gxij ) ZZ[(XU yU)< >+lo'g—.j+ (yij l])(
aj(X:Y » .
]( ) Z Z [(xl] xl]) < > + lOg + (xl] xij) <_—x1> n lOg — i] (_l)l
i ij

i=1j=
o zSX " Zz [0 + log(1) + 0 — log(1)] = 0
i=1j=1
2/(X:Y) O\ —1 1 1 —1
0x;;° - Z z l(xij - yij) <x_121> ’ (x_u> " <xu> " (}’U XU) <(1 - x5)? )

1 ij

9J(X:Y) O\ 2 ~1 2
o 2l () * () + 0w (5m) + (55)
When X =Y or yU,then
2](X Y) ~1 2 ~1 2
ZZ =) (7)) + =20 (=) (755
2

Zi—i:) iilo+<x%>+o+<1_2xij>l :iiK"%)Jr(l_x”)l

i=1j=1 i=1j=1

YX:Y) 21 -x;+x)] v 2(1)
o ORI
Xij == xi(1 — xi7) =1 4= xij(1 = xi5)
0%J(X:Y 2
]( ) ZZ[ @ l>0wherexij>0
S oxt L xii (1= x;5)
The proof of the theorem shows J(X:Y) isa V. PROPERTIES OF FUZzY DIVERGENCE
convex function of X. MEASURE
Similarly, we can show that J(X:Y) is a In this section, some properties of proposed
convex function of Y. measure are proved in the form of theorems.
The proposed divergence measure is a valid Theorem 5.1: Let XandY € [Fylmxn
divergence measure of fuzzy matrices, then the following properties are satisfied by
satisfies all the four axioms. J(X:Y).

a. J(X:Y) =J(X°:Y°)
b. JIXUY): (XNY)] =J(X:Y)
J(X: (XUY)) =J(Y: (XNY))

E-ISSN: 2313-0512 7
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d. J(X:(XNY)) = J(Y: (XUY)

Proof: To prove thege theorems, we define S, = {Xi joryii; X EXory, €Y x;j = yij}
both fuzzy matrices into two sets as given g = { . ¥ v
below: 2 = xij Oryij ; xij € or yl} EY; xij < yl]}
(@) We have
m n
1-— xij
(X Y Zz (xl] yu)log (yij_xij)log _
— & 1=y
i=1j=1
](XC. YC)
m n x (1 xij)
1- 1- —_— =
=Yy |G ) =) ey {(( ) = (= ) oy
i=1j=1

m Xi;
J(Xe: YC);JZI l(yl] l])log 1= Vi + (xlj yU)lOgy]

JX:Y) =J(X:Y)

(b)  We have

JI(XUY): (XNY)]

m n I[

=)

_ 1 — max(x;;, yi;)
i=1j=1 |l+(m1n(xij,yij) — max(x;;, y;;))log 1 o

- min(xij:Yij)J

X 1 — X
{(xij —yi;)log y_l]} + {(yij — x;5)log 1— yu}l
X/ yES: ij ij

Xi: 1—x:;
e 2 Hoamsos 5 fou-xamor=

<maX(Xij:yij) — min(x;;, y;;)log min(x;;, ;)
1y Jij

max(x;j, Yi;) ) ]I
|
|

XijYij€S2
X
L5 fermmmetd] 3 e
XijYij€S1 Xij,Yij€ES2
Xijs yljesl Yij XijYij€S2 Yij

i=

I(xl, yu)log l iZ[(yU xu)log1 yul
=ii[{(xu—yij)logy2} {(yU xu)logl }l J(X:Y)

i=1j=1
Hence proved. Taking left hand side, we have
) J(X:(xuy)) =J(Y:(XNY))

E-ISSN: 2313-0512 8
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m n (x;j — max(x;; y--))logL
Y Uy max (X, Yij)
](X:(XUY))=ZZ| — Xij |
i=1 j=1 l+(max(xij,yij)) —x;j)log T maX(xlj,yij)J
Z [(xl] xl])log + (xu xu)log1 l

XijYij€S1
1—x;;
+ Z [{(xl, yij)log } {(yij—xij)logl_ ”}l
Yij

XijYij€S2
X 1 — X
{(xij —yi;)log y—Z} + {(yij — x;;)log 1= U}l

- Z Yij

Xij)Yij€S2
Taking R.H.S,
AN min(x;j, ¥i;)
Jerenny = ) > l{(min(xip ¥ij) = vij)log #}

Vij
1-— mln(xl],yl])}l
11—y
Vij 1-y
- Z [(yl-,- —yij)log ==+ (yij — yu)log Ul
Vij —Yi
XijYij€S1

+ Xy yij€; [{(xij — yi;)log ;_:} + {(J’u xu)log x”}] Lxi;vij€Ss [{(xij — yi;)log ;_Z} +
{(y” xij)log 1- yf}]

LHS=R.H.S.

(d) J&X:&xny)) =J(¥:(XUY))
Evaluating L.H.S. ,

i=1j=1

+ {(yl.j - min(xij;yij))log

[ (x: — min(x: vi: M
m n | (XU mln(xl]lyl]))log min(xij:yu) |
Jenm =y 1~
i=1 j=1 +(m1n(xu,yl]) xij)log 1 — min(x;;, ;i)
ij» Vij
= Z I{(xij - )’ij)log i} + {()’ij - xl-]-)l0g 1= U}
XijYij€S1 Yij Vi
1-— xij
+ Z (xij — xu)log + (xij — xi;)log T
XijYij€S2
Xi: 1 — Xi;:
= Z [{(XU = yij)log i} + {(yi,- — xyj)log —— U}l
Yij T—yi
Xij,Yij€S1

Taking R.H.S.

E-ISSN: 2313-0512 9
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. max(xj, yi;) }
. = y '
](Y. (XUY)) = Zz 1-— max(xu,yu)|

i=1j=1 l+ (yij — max(xij, yij))log 1

| (max(y,y) - yi))log

yl]
= Z {(xl-,- — yij)log U} {(yu xu)log U}]
Yij 1- ylj
XijYij€S1
x. .
+ z I(xu 11)109 + (xu xU)log 1= Ul
XijYij€S2
1—x;;
Z l{(xu yu)log } {(yij_xif)log _ U}l
1 -y
XijYij€S1
Thus L.H.S=R.H.S. Proof: From the part ¢ and d of theorem
Corollary 5.1: If X and Y € [Fy]mxn then (5.1), we have
we have As we know.

J(X: (XUY)) 4+ J(X: (XNY)) = J(X:Y)

[ Xii 1-— Xii |

XijYij€S2 = Yij)]
And also, ) ;
xij 1-— xij
JX:XNY)) = Z (xij = yij)log—¢ + 1 (yij — xi;)log —
| Yij 1-yij))
XijYij€S1
And now,
Xii 1—x;:; b
[{(xij —yi;)log i} + {(yij —x;5)log 1— U}l
Xi/Y1/€S2 yl} yU
J(X: (XUY)) + J(X: (xNY)) = _
xij 1 xij
+ Z (xij — yij)log —=1 + 1 (vij — x1j)log —
Yij 1-y
L xl] 3’11651 i
1—x;;
J(X: (XUY)) + J(X: (XNY)) = Z Z H(x” yu)log } {(yij — x;;)log — yl-]-}l
i=1j= Y
=J(X:Y)
Hence Proved. Proof: Again from the part ¢ and d of
Corollary 5.2: If X and Y € [Fy]mxn then theorem (5.1) we can prove it easily.
we have As we know that,

J(Y: (XUY)) + J(Y: (XNY)) = J(X:Y)

1—Xi'
JY:(xny)) = Z [{(XU yl])logy } {(yu xl])logl ylj}l
XijYij€S2
And also,

E-ISSN: 2313-0512 10
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J(Y: (xuy)) = Z l{(xij —yij)log ;_Z} * {(yij ~ij)log = Xij}l

XijYij€S1
And now,
ijpVij€S
J(Y:(XUY)) + J(¥: (xny)) = | 9T
3
L Xij,Yij€51

[ Xij 1—2x;)] T
R S e

Xij 1—x;;
{(XU - yl])lOg y_Z} + {(yl] - XU)lOg T yll}l_

1=y

i

J(Y: (XUY)) + J(Y: (xNY)) = Z Z [{(xij —yi;)log ;—;} + {(yij — x;j)log - ]}l

i=1 j=1
=J(X:Y)
Hence Proved.
Corollary 5.3: If X and Y € [Fy]mxn then
we have
J(xNY): X) = J((XUY):Y) < J(X:Y)
Proof: From symmetric property of
divergence measure
J(X:(xNY)) = J((XNY): X) & J((XUY):Y)
= J(Y: (XUY))
Now from part (d) of theorem 5.1 we have,
JX: (xXNY)) =J(Y: (xUY)
Hence,
J(ENY):X) = J((XUY):Y)
Now by using corollary (5.1) we have,
J(X: (XUY)) + J(X: (XNY)) = J(X:Y)
J(@&xNY):X) = J(X: (XNY))
=J(X:Y) —J(X: (XUY))
Thus,
J((xNY): X) = J((XUY):Y) < J(X:Y)
Hence proved.
Corollary 5.4: If X and Y € [Fy]mxn then
we have
a. J(X:Y9) =JX°:Y)

b. J(X:X°) =0whenx;; =0or 1foralliandj.
c. J(X:X¢)=0whenx;; =0.5foralliand j.

Proof: We have

11—y

J((XUY):X) = J((xNY):7) < J(X:Y)
Proof: By symmetric properties of
divergence measure,

J(X: (xUY)) = J((XUY): X) & J((XNY):Y)
= J(Y:(XNY))
Now by using part (c) of theorem (5.1) we
have,
J(X: (XUY)) = J(Y: (XNY))
Hence,
J((XUY):X) = J((xNY):Y)
Now using corollary (5.2) we have,
J(Y: (XUY)) + J(Y: (XNY)) = J(X:Y)
J(xNY):Y) = J(Y: (XNY))
=J(X:Y) —J(Y: (xUy))
Therefore,

J((XUV):X) = J((xNY):7) < J(X:Y)
Hence Proved.

Theorem 5.2: Let X and Y € [Fy]mxn then
the following properties are satisfied by

J(X:Y).

| ) m n ) xij - 1-x
J(X:Y) = ZZ I{(xij yij)log }’ij} + {(yij x;j)log 1= }’ij}l

i=1 j=1
@ First taking left hand side
m n

FSOEDN [(xij - (1= y)log

i=1 j=1

E-ISSN: 2313-0512

tj

1—x;;
(=) ) oo ]



INTERNATIONAL JOURNAL OF FUZZY SYSTEMS and ADVANCED APPLICATIONS

DOI: 10.46300/91017.2021.8.1

Volume 8, 2021

1— x5
J(X:Y°) = Zz l(xl] +yij — l)log + (1 —y;; —xij)log - ”l
i=1 j= H
Now, taking right hand S|de
m n
1—x; 1-(1—x;)
J(X°:Y) = Z Z [((1 xij) — }’ij) log —— L+ (yij— (1 - xij))log(l_—”l]
i Yij Yij)
R 1—x X
J(X¢:Y) =ZZ[((1 Xij —yij)) log ”+(xij+yij—1)log#l
=1 j=1 ij (1 _yij)
L.H.S.=R.H.S
(b)  We have
Yy — B B . )
J(X:X) = ZIZ (xij— (1 xU))log( + ((1 xij) — U)logl A=)
R m n
c xij 1 —xl-j
J(X:X°) = zz (—Dlog 7/———=+ (1 — 2x;;)log
= (1 -x) Xij
When x;; = 0 or 1 0or 0.5 for all i and j.

Hence Proved.
(©) As we know that,

J:X) = 22 [( Dlog 77—

i=1j=
When x;; = 0.5 forall i and j, then we have

J(x:X€) = ZZ |(~Diog

i=1j=1

(0 5)

1-— xl-j
+ (1 — 2x;;)log
) Xij

+ (—1Dlog (O 5)

J(X:X¢) = izn: [—2log(1)]

i=1j=

JX:X°) =i '

=17

Hence proved.
Theorem 5.3: Let X, Y and Z € [Fylmxn
then
a) J(X:2)+](V:2)—]((XUY):Z2) =
J((XNY):Z)
b) J(X:Z)+J(Y:2) —J((XNY):Z) =
J((XUY):2)

E-ISSN: 2313-0512 12
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Proof: To prove this theorem we define
fuzzy matrices into two sets as given below:

Slz{xij ory;;,; xl-jEXoryijEY; Xij = yll}}
SZ = {xij or yij; xij € X or yl] (S Y} xi]- < yl]}
(@) We have
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JX:2) +J(Y:Z) — J((XUY):2)

fizl{(_)lg} #fGay - moo =22 |
DN I R = |

=14 i=1j=1

max\ X;i, y
(max(x;j, yi;) — zij)log ————= (U ij)

1-— max(xu,yu)J
),

i=1j=1 +(Zij — maX(xij’yij))log 1—z
L lj

1-

/ {(xl-j —Zl-j)log—u}+{(zu xu)log ”}
| L Zij — Zij) |
Yij 1-y
Z I + {(yij _Zij)logz_fj_}-l_{(zl] yl])log U}
xijJ’ierijesll : Y 7).
\_ {(x.. — z,))log xi} + {(Z.. — x;,)log ﬂ}
_ ij ij Zij 5] 3] 1-— Zij
[ Xij 1—x;;)]
/ {(xl-j —ZU)ZO’gl}‘F{(ZU —xu)log_—zu}
| ij)]
H yu
+ Z | +11 (i = Zu)log +1(zij - yu)log T
XijYijZij€S2 —y :
\_ H(yu ZU)lOg } {(ZU yu)l09 1— U}
1-y
[{(yu zl])log } + {(Zu yl])log U}l
Zij

_ i Xij» yl] Zij€Sy
xij 1- xij
|+ l{(x” —ZU)ZO’g—}‘F{(Z” —x”)logl—}l
. =
ijYijZij€S2 J
mln(xu,yu)

I \______/

\

"

n [ (min(xij,yij)—zij)log

m
2.2
1 — min(x;;, ;i
i=1 j=1 l+(zu mln(xu,yu))log 1 _(Z.U_ y”)‘
ij
= J((XNY):Z)
Hence Proved. JX:Z)+J(Y:Z) = J((XNY): Z)
(b)  Using the result of part (a) of this = J((xuY): 2)
theorem we know that, Hence Proved.
J(X:2) +J(Y:Z) — J((xUY): Z) Corollary 5.5: If X, Y and Z € [Fylmxn

= J((XNY): Z) then
Thus we have
a. J((XUY):2) < J(X:2) + J(Y:Z)

E-ISSN: 2313-0512 13
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b. J(XNY):2) < J(X:2) + J(Y:2)
Proof:
(@) Using part ‘b’ of theorem (5.3) we
know that,

J((XUY):Z) = J(X:2) + J(Y: Z)

—J((XNY): Z)

Since J((XNY):Z) = 0,
Hence,

J((XUY):Z) <J(X:2) + J(Y:Z)
Hence Proved.
(b) Using part ‘a’ of theorem (5.3) we
know that,

J(xXNY):2) = J(X:Z) + ] (Y: Z)

—J((xuUY):2)

Since J((XUY):Z) = 0
Hence,

J(xXNY):Z) < J(X:2) + J(Y:2)
Hence Proved.
V1. APPLICATION IN DECISION MAKING AND

DATA REDUCTION

The proposed measure has application in
various decision making problems as well as
in data reduction. Here a real life example is
considered:

The Department of Statistics, Maharshi
Dayanand University, Rohtak has a problem
which software should be introduced for the
students. We have collected data about this
problem from teachers and also from outside
about the software in the form of fuzzy set
{$1,S5, e e, S6} having parameters
{P,P,,......,Pg}. The data is collected by

Sy
S
S3

Volume 8, 2021

interview method. There are six software
SPSS, C++, R, MATLAB, C language,
TORA from which only one is included in
the syllabus for students on the basis of
selected parameters. We have taken 8
parameters/attributes based on the software
chosen. The parameters are

1. Job efficient

2. Latest

3. Availability of tutor
4, Useful in Statistics
5. Cheap

6. Easy to learn

7. Basic

8 Curriculum related

Now, we have chosen only six parameters
from all, some biased parameters are
removed. They are:

1. Job efficiency

2 Latest

3. Useful in Statistics
4. Cheap

5. Easy to learn

6 Curriculum related

Now for evaluating six softwares, the
following six fuzzy sets will be constructed
as:

{( plﬂ 09)' (pZ' 08)' (p3' 09)' (p4' 01)' (pS' 08)' (pé; 10)}
{(p1,0.2), (p2,0.3), (p3,0.4), (P4, 1.0), (Ps, 0.2), (P, 0.1)}

{(plﬂ 09)' (pZ' 08)' (p3' 08)' (p4' 03)' (pS' 09)' (pé; 09)}

Sq = {(p1,0.6), (p2,0.6), (p3, 0.6), (P4, 0.2), (b5, 0.5), (Ps, 0.7)}
Ss = {(p1,0.3), (p2,0.2), (p3, 0.3), (P4, 1.0), (p5, 0.7), (Ps, 0.2)}
Se = {(P1,04), (p2,0.7), (p3,0.7), (P4, 0.7), (p5, 0.7), (P, 0.8)}

E-ISSN: 2313-0512 14
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Here, a table is presented, these six sets which is further converted in a fuzzy matrix 'S’ having
order (6 X 6) where rows represent software and column represents parameters as follows:

Software/.parameter P1 P2 P3 P4 Ps Ps
S 0.9 0.8 0.9 0.1 0.8 0.8
S, 0.2 0.3 0.4 0.9 0.2 0.2
S, 0.9 0.8 0.8 0.5 0.9 0.9
S, 0.6 0.6 0.6 0.2 0.5 0.5
Ss 0.3 0.3 0.3 0.9 0.7 0.7
Se 0.4 0.7 0.7 0.7 0.7 0.5
[ 09 08 09 0.1 0.8 0.8 1
| 02 03 04 09 0.2 02 |
g—| 09 08 08 05 09 09 |
| 06 06 06 02 05 0.5 |
| 03 03 03 09 07 0.7 |
04 0.7 07 0.7 0.7 05
Let . . . T = ‘T=[08 06 09 08 05 09]
{(Pli 08)' (Pz, 06), (P3' 09); (P4-; 08); (PSJ 05)1 (P6l 09)} .
be the standard of various parameters for a Now divide the fuzzy matrix S into six row
particular software provided by the head of matrices as  {S;,S,, ... ..., S¢JNow we will
department. find the divergence between each row
Then as a fuzzy row matrix T can be matrix and matrix T by using proposed
represented as: divergence measure
m n 1
x. . —_— x .
i=1j=1 yl} yl]
r' _ 2 _ 1—0.9'\
(0.9 - 0.8)log - + (0.8 = 0.9)log ——|
[ 0.2 1-0.2]
:(0.2 — O.6)log§ + (0.2 — 0.6)log o6
_ (0.9 - 0.9)log 2= + (0.9 — 0.9)log —~
J(S:T) =< o oo [ =1.42566
(0.6 — 0.8)log - + (0.6 — 0.8)log ——|
[ 0.3 1-0.3]
_(0.3 - O.5)logE + (0.3 - 0.5)log sl
[ 0.4 1-0.4]
\_(0.4 —0.9)log i (0.9 — 0.4)log ool
We need to find divergence of T with other J(S,:T) = 2.75611,
matrices (S,,Ss, ... ....., Sg) Which are given J(S3:T) = 0.7179453,
below: J(S,:T) = 1.42281

J(Ss:T) = 1.66764,  J(Se:T) = 0.9264.

E-ISSN: 2313-0512 15
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Third row matrix (S3)has minimum
divergence from the other row matrices. The
optimum solution of T is 0.7179453 which

The choice of preferred software for
students according to all teachers of the
department has been shown in the following
figure (1).The figure clearly shows that

2.75611

1.42566

0.7179453

Figure 1: The comparison chart of different
software showing divergence

In matrix S the columns of matrix are

representation the parameters of software,

thus for parameter reduction firstly we find

the order of significance of these
parameters.
Let Y =

Volume 8, 2021

is Software S3. Thus software S; will be best
in preference of S, S4,S1, S5, 5.

software (S3) has minimum divergence than
other softwares. Thus R software is the best
for the students according to teachers.

1.66764

1.42281

for various software for
parameter.

Then as a fuzzy column matrix Y can be
represented as:

F=[08 0.2 08 04 0.3 0.5]
Now divide the fuzzy matrix S into column
matrices as {Fy, F,, ... ... ,Fg}. Now we have
to find the divergence between these column

a particular

{(X1,0.8),(X;,0.2),(X3,0.8), (X4,0.4), (X5,0.3), (Xen&us0¢s and matrix F by using proposed

be the preferences of head of the department

n

divergence measure

m i 1—x;;
JX:Y) = zz I{(xij - )’ij)log %} + {(yij - xij)log 1— ;j}l

i=1 j=1

E-ISSN: 2313-0512
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(0.9 - 0.8)1 0'9+(08 0.9)! i |
|7 TR0 g TS T UI0G T
(0.2 0.2)1 0z, (0.2 —0.2)1 1-0.2
e T Re)t0g o T A0 T R A)0G T
: 0.9 1-0.9
(0.9 — 0.8)logﬁ + (0.8 — 0.9)log 108
J(Fi:F) =4 0.6 1— 06 (= 0158482
_(0.6 — 0.4)logﬁ + (0.6 — 0.4)log =04l
(0.3 —0.3)! 03, (0.3 — 0.3)! 1-03
|0 T B2)t0g e T DS = B8N0 9 T 5
(04— 0.5)l00 XX + (0.5 — 0.4)l0g -2
\(. .)ogﬁ+(. ')Ogl—O.S_J

Similarly, we may find divergence of F with
other matrices (F,, Fs, ... ....., Fg) which are
given below:
J(F,:F) = 0.16744,
J(F5:F) = 0.264444,
J(F,:F) = 3.311562
J(Fs:F) = 0.347209,
J(Fs:F) = 0.544886.
The minimum divergence from Y s
0.158482 which is defined with column
matrix F; as compare to other column
matrices.
We find the perfect solution of F is O.
158482 which is option F;. Thus parameter
P, is more significant in comparison to
F,, Fs, Fs, Fy, F,.
Now we have to take away parameters
which do not change the order of preference
of software or maintain the optimality of
decision. Here F, is least significant so we
first abolish F, and check the optimality of
the result.
J(By:B) = 0.33625,
J(By: F) = 2.72089,
J(Bs:B) = 0.53733
J(B,: B) = 0.70034,
J(Bs: B) = 1.63242,
J(Bg: B) = 0.90299.
The decision is not optimal after eviction of
F, so we cannot remove F,.
When we remove Fz then

E-ISSN: 2313-0512
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J(By: B) = 1.42504,
J(B,:B) = 2.57549,
J(B3:B) = 0.33625
J(B4:B) = 1.24281,
J(Bs: B) = 1.59404,
J(Be: B) = 0.85281.
We can remove Fs because optimality
maintain after removal of it.
When we remove F, then
J(B;:B) = 1.34047,
J(By:B) = 2.59289,
J(B3:B) = 0.63275
J(B,:B) = 1.42281,
J(Bs: B) = 1.50442,
J(Bg:B) = 0.90721.
We can remove F, because optimality
maintain after removal of it.
Similarly when we remove Fg, Fy,F,
individualy then optimality of decision is not
maintained so we can’t remove these
parameters individually.
When we remove F, & Fs both then
J(B;:B) = 1.15985,
J(B,:B) = 2.41227,
J(B3:B) = 0.25105
J(B4:B) = 1.42281,
J(Bs: B) = 1.43082,
J(Be: B) = 0.83362.
Here we can see from the result, solution of
the problem has not changed, decision is
maintained so we can remove these
parameters.
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Since solution is optimal so we can remove
any subset from these given parameters set.

o~

g
<
0 o
o R
.\—“'—1
H‘
2

F1 F

mS1
ms?

S3
ms4
W55

0.31199

I 0.31199

1.39044
2.03364
0.68273

I .33 761
I 1.18262

0.61514

1.34047
2.59281
0.63275
0.90721
HN 012326
N 0.16744
0.26444
N 3.1 3094

Rl

I ©.33625

2.72089

0.53733

F4
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Thus we can eliminate the following
parameters subset{ {F,, Fs}, {F}, {Fs}}.

2.57548

1.63242
1.42504
1.59404

1.24281

0.25105

0.70034
0.90299
0.33625

0.85281
I 1 .39044
I 1 .42281
I 1.43082

0.83362

I | .G66 7
0.71795
I 104111
1.55038
0.54471
I 1.1 5985
T | 41227

F5 F F2 AND F5

@

Figure 2: The comparison chart of Feature selection showing decision maintenance

To reduce any feature we check divergence
between features and then reduce one by one
feature to find out which feature removal
does not affect the result. The figure (2)
shows only removal of F,, Fs and both
F,and Fg maintain the optimality of the
result.

VII. CONCLUSION
The chapter introduced logarithmic
divergence measure for fuzzy matrix.
Proposed measure is a valid measure as it
satisfies all the axioms. Properties in the

E-ISSN: 2313-0512
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form of theorems are also proved of the
measure. An application of the measure is
presented in decision making problem and
parameter reduction problem. We may
eclectic the best alternative in preference to
other available alternatives in decision
making problem. We remove those features
which have inconsequential to make
decision and after eviction of these features
decision is maintained in feature selection
problem. Finally, the proposed divergence
measure is applied on a case-study to check
its real application.
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