INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

Geometric and rough set approach to inverse
kinematics for arm manipulator
Krzysztof Tokarz, Christian Manger

Abstract—- In this paper the construction of the arm of the robot

decision algorithms can be used in many applications with
satisfying accuracy [3-6].

has been presented. The possibilities of different methods of
calculations of reverse kinematics has been discussed. The geometric
approach intended to work with the controller based on low-resource
microcomputer has been presented. Details about mechanical and
electronic construction of the arm of the robot has been described.
Additionally, Rough Set Theory which deals with imperfect
knowledge is proposed to be used to manipulate the robot arm. The
information system considered in the Rough Set Theory can be
obtained in a myriad of techniques usually belonging with either
statistical analysis or machine learning methodologies. The approach
presented in this paper is the example of the latter category.

Arm consists of segments named links that represent bones,
and joints. Palm is represented with the effector placed at the
end of the arm. Arms of robots are built usually with servos
connected together with the links. Servos can be prismatic or
revolute. Prismatic servos move linearly with the effect of link
extension. Revolute servos turn changing the angle between
concurrent links (Fig.1.).

II. BACKGROUND

Keywords—robot, inverse kinematics, forward kinematics, rough
sets, relative reduct, decision algorithm.
I. INTRODUCTION

S

INCE many years people try to replace human work with
machines. Machines called robots are faster and more
effective than people. Many elements of robots are built with
inspiration from the nature. Construction of the manipulator as
the arm of the robot is based on human arm. The scope of this
paper is to present the geometrical approach to calculations
needed to control the arm manipulator constructed in Institute
of Informatics at Silesian University of Technology. Second
part of the paper presents also some details about hardware
implementation of the arm and software implementation of
calculations.
In the paper there is presented application of Rough Setbased methodology to the problem of robot arm manipulation.
Rough Set Theory, developed by Polish scientist Zdzislaw
Pawlak [1] in the early 1980s, deals with the problem of
imperfect knowledge that has been studied by scientists for
many years. Such imperfect or incomplete knowledge can be
interpreted and manipulated in many ways, probably the most
popular of which is provided by the fuzzy set theory due to
Lotfi Zadeh [2].
Classical Rough Set Theory provides tools for succinct
description of knowledge about the Universe by means of
relative reducts and relative value reducts and resulting

Fig.1 Types of joints

The action of joint can be described with the variable that
represents the angle for revolute joints and the displacement in
the case of prismatic joints. Set of joint variables determines
the current position of the effector in the space. Controlling the
arm placement can be done using one of two possible
algorithms: forward and inverse kinematics. In forward
kinematics all joint variables are known and are used to
calculate coordinates of current position of the effector [7].
The question of inverse kinematics is to calculate set or sets
of joint variables that allows effector to reach the chosen point
in the space. Inverse kinematics calculations are much more
complicated than forward kinematics. Forward kinematics
always has the solution and it is always only one solution.
Inverse kinematics can have the solution or not. It can give
also infinite number of solutions. In some situations even if the
solution exists it can be unreachable because of construction of
the robot. Set of reachable points forms the working space.
The subset of this is the full operation space [8] in which
points can be reachable with specific approach of the effector.
To reach any point in the working space with any angle of the
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more detail in the next section. Especially the modifications
dedicated for continuous attribute space such as those
presented in [16] and further developed in [17] or quasidominance rough set approach elaborated by Cyran [18] are of
importance in the context of this paper.

effector the arm should have six degrees of freedom. Any arm
that has more than six degrees of freedom is called redundant–
the human arm has seven degrees of freedom. Generally
redundant robot possesses more degrees of freedom than is
needed to execute a given task [9]. Controlling the redundant
manipulator is difficult because there are more than one way to
reach the position, and calculations often give infinite number
of results. The algorithm commonly used in inverse kinematics
calculations is Denavit-Hartenberg. It is based on
transformations of matrix, and has big computational
complexity [10]. Other algorithms are geometrical and use
trigonometric calculations [11]. Trigonometric approach is
simpler for manipulators with smaller number of degrees of
freedom. For manipulators with larger number of degrees of
freedom one possible solution is to split the problem into
smaller parts and make calculations with geometrical approach
[12,13]. It is usually done while the controller has too small
computational power to make calculations with matrices.

IV. ROUGH SETS FOUNDATIONS
The fundamental concept of Rough Set Theory (RST) is the
indiscernibility relation which using available information
(values of attributes A) about objects in the Universe partitions
the input space into some number of equivalence classes [x]A
that are such granules of knowledge, within which single
objects cannot be discerned.
While in classic set theory elements are either included or
not included in a set, in RST the indiscernibility relation leads
to lower AX and upper approximations ĀX of sets, the first
comprised of objects whose whole equivalence classes are
included in the set, the second consisting of objects whose
equivalence classes have non-empty intersections with the set.
If the set difference between the upper and lower
approximation of some set, called the boundary region of this
set, is not empty then the set is said to be rough, otherwise it is
crisp.
Sometimes among the attributes describing objects of the
Universe there are distinguished two classes, called
conditional attributes C and decision attributes D. Then
information about the Universe can be expressed in the form
of Decision Table.

III. MACHINE LEARNING APPROACHES
Machine learning algorithms are characterized by their
efficiency when dealing with large data sets. Not only do they
achieve high accuracy in classification tasks, but are also
popularly used in feature extraction process [14].
Artificial Neural Networks are often employed in
classification of the scenery for the robot arm manipulation. As
long as recognition is incorrect, the network weights are
adjusted until the network can properly identify scenery. Then
the network can be used for recognition of unknown scenes.
The genetic algorithm approach starts out with definition of
a set of rules expressing some characteristics of the robot
movement. Then these rules are tested against a set of known
movements presented to the program and each rule is given a
fitness score basing on which some rules are disregarded,
leaving only these with highest scores (selection). These are
next slightly modified (mutation) and some new rules are
added. The process is repeated until the rules that evolved
correctly attribute movements to tasks.
Decision trees represent a special type of a classifier, which
is trained by repetitive selection of individual features that
stand out at each node of the tree. In classification procedure
there are considered only those features that are required for
the studied pattern. Quite often decision trees are binary with
feature selection built in the structure which makes them
suboptimal for most applications, yet they work fast.
Support Vector Machines are examples of a two-class
classifier. As the criterion for optimization there is considered
the margin between the decision boundaries of the two classes,
defined by the distance to the closest training patterns called
support vectors. The classification function is defined by these
patterns and their number is minimized by maximizing the
margin. The main drawback of this method is the
computational complexity of the training procedure.
Rough Set Theory and its notions constitute yet another case
of machine learning approaches [15] and they are discussed in
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A. Decision Tables
Decision Table (DT) is defined as 5-tuple
DT =< U , C , D , v, f >

(1)

where U, C, and D are finite sets (U being the Universe, C set
of conditional attributes and D set of decision attributes), while
v is a mapping which to every element a∈C∪D assigns its
finite value, set Va (domain of attribute a), and f is the
information function f: U×(C∪D)→V, where V is a union of all
Va and f (x, a) = fx (a) ∈ U for all x and a.
Thus Decision Table in its columns specifies all attributes
defined for objects within the Universe, both conditional and
decision ones, while rows provide values of these attributes for
all objects. Each row constitutes also the decision rule as for
specified values of condition attributes the values of decision
attributes are provided.
For each decision table there is defined its consistency
measure γC(D*) which answers the question whether the table
is deterministic. All decision rules provided by rows of DT are
compared, one by one against all others, and if there are at
least two that have the same values of conditional attributes
but different for decision attributes D, the table is not
deterministic.
The consistency measure γC(D*) of Decision Table is equal
to the C-quality of the approximation of the family D*
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γ C (D *) =

card (Pos C (D *))
card (U )

C (x ) ⊆ D(x ) ⇒ C c (x ) ⊆ D(x )

(2)

otherwice the value of attribute c is D-dispensable for x. If for
every attribute c∈C value of c is D-indispensable for x, then C
is called D-independent for x.
Subset C’⊆C is a relative value reduct of C if and only if C’
is D-independent for x and

where the C-positive region of the family D*, POSC(D*), is
defined as
POS C (D *) = U C Di

(3)

xi ∈D*

C (x ) ⊆ D(x ) ⇒ C ' (x ) ⊆ D(x )

B. Relative Reducts and Relative Value Reducts
It may often happen that information contained in a
Decision Table is excessive in this sense that either not all
conditional attributes or not all their values are necessary for
correct classification indicated by decision attributes. Rough
Set Theory provides tools for finding, if they exist, such
functional dependencies [19] between conditional attributes
which may lead to reduction of their number without any loss
of information and they involve the concept of a reduct.
A set of attributes R ⊆ C is called relative reduct of C with
respect to D or D-reduct of C (REDD(C)) if R is the maximum
independent subset of C with respect to D. If R is D-reduct
then
POS R (D *) = POS R (D *)

and

CORE Dx (C ) = I RED Dx (C )

V. CONSTRUCTION OF THE ARM
The construction of presented arm of the robot is inspired
by human arm [21, 22]. Original arm has seven degrees of
freedom and the same the constructed arm has. The detailed
configuration is presented in the Fig.2. The mechanical arm
uses 8 servos controlled by 8-bit microcomputer.

(5)

otherwise the attribute c is irremovable from C with respect to
D (D-irremovable).
A relative core of C with respect to D (D-core of C) is the
set of all D-irremovable attributes of C.
(6)

The relation between D-reduct and D-core is given by the
following formula
CORE D (C ) =

I

R∈RED D (C )

R

(7)

Further reduction of the Decision Table is achieved by such
elimination of some values of an attribute for some elements of
the Universe (without eliminating the attribute itself) that does
not diminish the classification abilities of DT for this set of
attributes. That leads to the concept of relative value reduct
(D-value reduct) and the core of value reducts (D-value core)
[20].
It is said that a value of attribute c∈ C is D-dispensable for
x∈ U if
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(7)

where REDDx(C) is the family of all D-reducts of C for x.
Relative reducts can be perceived as masks put on decision
rules included in the decision table, indicating for each rule
these attributes whose values are sufficient to perform correct
classification. It is quite common that for a decision rule
several distinct relative value reducts can be used and this
results in the necessity of choice among them.

Attribute c∈C is redundant in C with respect to D (Dredundant) if

CORE D (C ) = {c ∈ C : POS C (D *) ≠ POS C −{c} (D *)}

(9)

The set of all D-indispensable for x values of attributes in C
is called the relative value core of C for x and denoted by
COREDx(C), with the property

k
k
C
→
D⇒R
→
D (4)

POS C (D *) = POS C −{c } (D *)

(8)

Fig. 2.. Configuration of the arm of the robot
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be still used in this mode of operation.

Human arm does not allow prismatic move so all servos
used to build the arm are revolute. The servo number 8 is for
moving the effector, so it is out of the scope of this paper.
VI. GEOMETRIC APPROACH
The arm is controlled with simple, 8-bit microcontroller.
Computational power of this microcontroller does not allow to
perform advanced algorithms on it. Because the seven degrees
of freedom manipulator needs sophisticated calculations there
is a need to find simpler methods of calculations, especially for
the inverse kinematics.
Decoupling inverse kinematic problem into simpler
problems seems to be interesting solution. One approach is to
split the arm into two parts – the arm and the spherical wrist.
First part as the arm with elbow presented in the Fig.3, is
responsible for locating the center of wrist. Second, as
presented in Fig.4, determines the orientation of the wrist. Fist
part calculation problem is named inverse position kinematics,
second is named inverse orientation kinematics. It is possible
to make calculations for both parts with planar geometric
approach.
Calculations need the wrist to be spherical with all axes
intersecting at one point. It means that position of the center of
the wrist is the function of variables calculated for the inverse
position kinematics. This approach with sample calculations is
in details described in [23]. Calculations of inverse position
kinematics presented here are based on this approach.

Fig. 4. Configuration of spherical wrist

Point of the split, marked as P2 in fig.5 is the center point of
spherical wrist, and also the central point of the frame X1, Y1,
Z1. Calculations begin with determining joint variables for
servos 1, 2 and 3 representing angles q1, q2 and q3. These
variables determine the position of the wrist. Second is to
calculate variables specifying the orientation of the wrist.

Fig. 3. Configuration for position of the center of the wrist

The point for decoupling is located at the end of the link d3
where the joint number q4 is placed. Because described arm
has seven degrees of freedom split is not enough, the first part
of the arm is still too sophisticated for geometrical
calculations, so additional simplification has to be made.
Calculations assume that the joint number q2’ is immobile in
such position that links d1, d2’, d2”, and d3 are coplanar
reducing to 6 number of degrees of freedom for the arm. In
such situation length d2 is the sum of d2’ and d2”. Because the
arm can be used also in forward kinematics mode this joint can
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Fig. 5. Geometric schema of the manipulator

The input parameters for the calculations are coordinates of
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the point PP and angles α, β, and γ. Having coordinates px, py
and pz first task is to calculate coordinates of point P2 as the
center of the spherical wrist: p2x, p2y and p2z.

p2 x = px − l * cos(α )
p2 y = py − l * sin(α )
p2 z = pz − d 4 * sin( β )
where: l = d 4 * cos( β )

Of course while the joint 3 is below line d angle q2 will be the
difference

q2 = λ − µ

Next step is to calculate joint variables of spherical wrist. The
geometric schema of the wrist is shown in the Fig. 6. Angles
q1, q2 and q3 determine position of frame X1, Y1, Z1.
Geometrical approach to calculations can be used also for
inverse orientation kinematics i.e. for setting joint variables for
the spherical wrist.
First it is to calculate two angles α1 and β1 as transformations
of angles α and β into frame X1, Y1, Z1.

(9)
(10)

Calculation of the q1 angle is trivial.

tan(q1 ) =

p2 x
p2 y

α1 = α − q1
β 1 = β − ( q 2 + q3 )

(11)

p x
q1 = arctan( 2 )
p2 y

d 2 = p 2 x 2 + p 2 y 2 + ( p 2 z − d1 ) 2

(12)

d = d 2 + d 3 − 2 * d 2 d 3 * cos(π + q3 )

(13)

2

2

(20)
(21)

The assumption has been made that the X1 axis is coaxial to
d3. The angle between planes X1Y1 and X0Y0 is q2+q3. The
angle between planes X1Z1 and X0Z0 is q1.

If point P2 is placed on the Z0 axis equation (11) gives infinite
number of results. In such situation the angle q1 can be left
unchanged.
Next is to calculate the distance d from the joint 2 to point
P2.

2

(19)

(8)

From equations (12) and (13) it is possible to calculate
angle q3.

p 2 x 2 + p 2 y 2 + ( p 2 z − d1 ) 2 − d 2 − d 3
(14)
2 * d 2 d3
2

cos(q3 ) =

q3 = arctan(

1− D2
)
D

Fig. 6. Geometric schema of the spherical wrist

(15)
Now it is to calculate d4ry as the projection of d4 onto the
X1Z1 plane and d4rz as the projection of d4 onto the X1Y1
plane.

for the joint 3 as shown in Fig. 5 or

q3 = arctan(

− 1 − D2
)
D

d 4ry = d 4 cos(β1 ) sin(α1 )
d 4rz = d 4 sin( β1 )

(16)

for the joint 3 in the position below line d.
Now it is possible to calculate q2 as the sum of angles
λ and µ.

λ = arctan(

p 2 z − d1

)

p2 x 2 + p2 y 2
d 3 * sin(q3 )
µ = arctan(
)
d 2 + d 3 * cos(q3 )
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(22)
(23)

Having these values it is to calculate joint variables for
spherical wrist.

d 4ry
d 4rz

(24)

d 4ry 2 + d 4rz 2
cos( β1 ) cos(α1 )

(25)

q 4 = arctan
(17)

q5 = arctan
(18)
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in the most stressed position must handle the load exceeding 4
kg. In Table 1 the loads between servos are presented. Servo 1
is for rotating the whole arm so it is not taken in the table.
Joint 3 is on the axis of 2’ so their loads are equal, the same
for joints 4 and 5.

Last angle q6 can be calculated with known value of q4.


π π
γ − q 4 ⇒ β ∈ − 2 ; 2

q6 = 
π − (γ − q 4) ⇒ β ∈ − π ;− π ∨ β ∈ π ; π

2
2

(26)

Table 1. Loads for servos [kg/cm]

No. of
servo
2’
3
4
5
6
7
sum

If both angles α1 and β1 are 0 then the q4 is unspecified and
can be chosen arbitrary.
VII. IMPLEMENTATION
Implementation consists of two main parts, mechanical and
electronic. Mechanical part has been developed with servos
connected with links. Electronic part is made using 8-bit
microcontroller with few additional elements.

2

2’ and 3

4 and 5

0,330
0,715
1,045
1,375
0,308
0,352
4,125

0,330
0,660
0,165
0,209
1,364

0,033
0,077
0,110

Servos used in the project have parameters that allow
effector to carry the load not exceeding 0,4 kg. Parameters of
servos are presented in Table 2.

A. Mechanical part
Mechanical implementation of the arm of the robot is based
on servos. There are two groups of servos available, digital
and analog. Digital servos have better stability and accuracy,
but are much more expensive. Because the arm of the robot is
first project of this type the less expensive analog servos have
been used. Both types of servos are controlled using pulse
width modulation signal. Frequency of this signal must be
50Hz that gives 20ms of the period. In typical servo during the
20 ms period the pulse of length from 0.5 ms to 2.5 ms should
appear. Pulse of 1.5 ms sets the servo to neutral position equal
to 90°, 0.5 ms pulse sets servo to 0° while 2.5 ms pulse sets
servo to 180°. Servos are connected with links of lengths as
shown in Fig 7.

Table 2. Parameters of servos used

Servo
Dimensions
[mm]

h
l
w

[kg/cm]
Speed [s/60˚]
Power supply [V]
Weight [g]

6,7
23
12.2
29
1.8
0.13
4.8-6
13

1,2’,3,4,5
40.7
19.7
42.9
13
0.20
4.8-7.2
55

2
66
30.2
64.4
20
0.20
4.8-7.2
160

B. Electronic part
Electronic part of the project is based on 8-bit
microcontroller Atmega 644. This integrated circuit is
equipped with 64 kB memory for the program, 4 kB memory
for data and 32 input/output ports. The block schema of the
controller is presented in the Fig. 8.

Fig. 7. Lengths of arm links (in mm)

Servos are loaded with the charge taken by the effector and
by other servos. This load depends on the weight of servos and
the length of links. The most loaded servo is the servo 2 which
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Fig. 8. Block schema of the controller

The arm of the robot can be controlled directly with
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Algorithm certainly can fail. This observation brings
immediate conclusion as to how the classification properties of
rough set-based classifier can be enhanced. The higher
coverage of the input space by the training samples the higher
chance of correct classification. Another direction of future
research is also indicated by more detailed considerations of
the choice of relative reducts and relative value reducts and
how this selection reflects upon classification procedure.
To make the arm moving two algorithms have been
implemented. One of them, forward kinematics algorithm does
not need high computational power. Second, inverse
kinematics algorithm in matrix version is too sophisticated for
the microcontroller used in the project. To allow 8-bit one chip
microcomputer to control the arm the simplified method of
calculations has been used. Geometrical approach with split
the calculations into two parts is the good choice for small 8bit microcomputers. The arm built is intended to be the base
for next research on control algorithms with usage of different
methods and more powerful processors.

keyboard. Every servo has two keys, one for right and one for
left direction of the rotation. Arm can be also controlled from
PC computer using serial port. Current state of the controller is
shown in the alphanumerical LCD display that has 2 lines of
16 characters. Servos are connected to microcontroller with
74HTC238 multiplexer working with rotating logic one on the
outputs. This multiplexer can reduce usage of microcontroller
outputs from 8 to 4.
Software for microcontroller has been written in C using
WinAVR programming environment. The main function of the
software is sending periodically pulses to all servos. The
frequency of pulses must be stable so procedures are triggered
by interrupts generated by two hardware timers. Timer number
1 is used to generate 2,5 ms periods, timer number 2 generates
pulses of variable length for controlling all servos. Whole
cycle consists of eight 2,5 ms periods one for each servo.
During each period one servo gets 0,5 – 2,5 ms pulse. Sample
cycle is presented in Fig 9.
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