
 

 

 
Abstract—This article is aimed at analyzing group performance 

based on common weights. The recommended methods in this area 
are just capable of comparing the groups under evaluation and are not 
capable of measuring group performance. To evaluate group 
performance, in addition to group efficiency, some other indicators 
are required as efficiency of each unit in the related group and the 
efficiency spread.  In this way, none of the methods have considered 
all these cases for group efficiency analysis. In this study, a method 
is presented in order to analyze group performance using common 
weights method to be able to estimate all the mentioned indices. 
Moreover, the recommended approach will be compared with the 
current methods by an illustrative example. At the end, the method 
will be applied for the evaluation of group efficiency performance in 
banks. 
 

Keywords—Performance analysis, Group efficiency, Efficiency 
spread, Common weights. 

I. INTRODUCTION 

INCE the introduction of data envelopment analysis (DEA) 
by Charnes et al. [1] and its consequent development by 

Banker et al. [2], new branches have been developed in this 
particular scientific field most of which were abstract concepts 
from other sciences whose transition to measurable 
mathematical expression was made possible by data 
envelopment analysis. Ranking, return to scale, efficiency, 
cost efficiency, group or program performance, etc. are some 
examples of abstract concepts mentioned above. For further 
information refer to the article by Cook and Seiford [3]. 
Group or program performance consists of assessment of 
executed program within a system which includes 
homogenous decision making units (DMU). The university 
colleges provide the ideal groups to be assessed, in which the 
decision making units are their departments.  It is also possible 
to consider bank branches in different regions of urban 
location as groups of decision making units.  

Although wide spread studies have not been conducted on 
group performance, but some of the following may be pointed 
out as relevant. Comanho and Dyson [4] presented a method 
for pairwise comparison of groups that were subjects of 
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evaluation based on Malmquist productivity index. Even 
though this method has considerable economic analysis 
benefits such as calculation of efficiency spread of groups, its 
incapability to make a relevant comparison of entire groups, 
which is one of the more positive sides of data envelopment 
analysis, is its most serious drawback. Also this method does 
not provide score for determining the overall efficiency of 
groups. Another method is the idea of common weights which 
Cook and Zhu [5] proposed to calculate the performance of 
each group and the units within each one, and applied the 
method to analyze the performance of power plants as groups 
of DMUs, in Canada. In this method, the efficiency of each 
unit within each group is identified, but a suitable outcome is 
not obtained for the overall efficiency of groups and the 
proposed index is solely for the relevant comparison of 
groups. In his article "Group performance evaluation, an 
application of data envelopment analysis" Bagharzadeh 
Valami [6] presented an index for comparing and ranking 
groups and used this index to compare the performance of 
various bank branches under different regions. However this 
method cannot be utilized to compute the overall efficiency of 
groups and the efficiency of units within them. For this 
purpose only geometric means of CCR efficiency of units up 
to specific efficiency frontiers are used to evaluate group 
performance. The advantage of this method is in the simplicity 
of performing its calculations and the ease by which they are 
comprehended. When comparing the two, it can readily be 
seen that the Comanho and Dyson method [4] provides a more 
comprehensive set of information as compared to group 
performance evaluation method presented by Bagharzadeh  
Valami [6]. The proposed method in this article is to evaluate 
group performance using the common weights concept which 
is able to compute the overall efficiency of each group and the 
units contained within them in comparison to other groups as 
well as the efficiency spread of groups. A difference between 
the method proposed by Cook and Zhu [5] and the method 
proposed by this paper is that the Cook and Zhu method [5] 
uses separate common weights to evaluate the performance of 
different groups and the efficiency of units contained within 
them while the proposed method of this article uses a single 
set of common weights to evaluate the performance of all 
groups and their relevant units.  

In this article first an overall review on the conducted 
studies on group efficiency is done and then the preliminary 
idea for computing the overall efficiency of each group and 
the units within each one is presented. Afterwards, a method 
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to calculate efficiency spread based on the amount of inter-
group efficiency is proposed. In order to solve the presented 
model, a linear programming process is described that can 
produce an efficient solution for the multi-objective 
programming problem which was presented at the outset of 
this section. In Section V an example is solved using the 
method proposed by this article, the results for which will be 
compared to the results obtained using available methods in 
the literature and finally a practical example for the bank 
branches in Iran is presented. 

II. PRELIMINARIES 

Consider the following multi-objective linear fractional 
programming problem as: 

 
      ,,...,1,max Kkxdxcxz kkkkk    

 0,|.  xbAxxSxts                                              (1) 

 
such that  Kkkk ,...,1,   are scalar and S  is a nonempty 

set, and n
kk

m RdcxRb  ,,, , and A is an nm  matrix 

and kz  is the kth objective function.  

Definition1. Sx  is called an efficient solution of model 
(1) if and only if there is no x  , such that xxSx  ,  and 

    Kkxzxz kk ,...,1  and at least for one k ,    xzxz kk  . 

Definition2. Sx *  is called a complete solution of model 

(1) if and only if for all x , such that *, xxSx   and 

    Kkxzxz kk ,...,1*   

III. LITERATURE REVIEW 

A. Group Performance Based on Productivity Index  

Using Malmquist productivity index for group performance 
was firstly suggested by Comanho and Dyson [4]. Assume 
that there are N   groups available to be evaluated and group 
i  has i   DMUs  Ni ,...,1 ; All units within different 

groups are homogenous and by consuming m   inputs yield 
s outputs. 

Let us compare groups A and 
B  which has A   and B  

units respectively. The performance comparison of the two 
groups is as follows: 
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in which  iiA yxD ,   is the efficiency of unit  yx,  in group 
i  

with respect to the technology of group A and has been 
obtained by utilizing the following: 
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Ratio (3) compares efficiency spread of groups A   and B , 

and (4) is the productivity gap between the technologies of the 
two groups. Therefore it can be concluded that the best 
performance is greatly influenced by two factors: (a) less 
dispersion and (b) technology domination. If the calculated 
index in (2) is less than the unit, then A has a better 
performance than B . 

The value BAIE ,  less than one indicates a low efficiency 

spread. In other words if 1, BAIE  then this means that the 
efficiency of units within group A  is closer than the 
efficiency of those in group B  so compatibility of overall 
efficiency in group A  is at a higher level than group B . In 
this way units in group A  have a more homogenous 
performance as compared to the ones in group B . Formula 
(4) makes the comparison of technologies of the two groups 

possible and the value BA
adjIF ,  less than one indicates a higher 

productivity at the technology of group A  compared to the 
technology of group 

B .  

B. Group Performance Based on Common Weights  

Cook and Zhu [5] proposed utilizing the common set of 
weights method for evaluating group performance. Fractional 
CCR model for evaluation of unit p  from group k  is as 

follows: 
 

,max k
p

k
p vxuy  

,,...,1,,...,1,1. Nijvxuyts i
i
j

i
j    

,0u  

0v                                                                                       (6) 
 

Assume that k
p  stands for the efficiency of unit p  from 

group k  then the coefficients  kk uv ,   used for the evaluation 

of group k   must be determined in such manner that the 
yielded efficiency of these coefficients has the least amount of 
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distance to the CCR efficiency of units in group k . Therefore 
they proposed the following multi-objective linear fractional 
programming problem for evaluating the performance of 

group k  in which kk

k
 ,...,1  are considered as the goals of the 

objectives: 
 

,,...,1,max k
k
j

k
j jvxuy   

,,...,1,,...,1,1. Nijvxuyts i
i
j

i
j    

,0u  

0v                                                                                       (7) 
 

The goal programming equivalent to model (8) using 
infinity norm is as follows: 

 

,min kd  

,,...,1,. k
k
j

kk
j

k
j jdvxuyts    

,,...,1,,...,1,1 Nijvxuy i
i
j

i
j    

,0u  
,0v  

0kd                                                                                   (8) 

 

Let  kk uv ,  be the optimal solution for model (8). The 

optimal value of the objective function of model (8) is 
considered as a score to evaluate the performance of group k  
and the efficiency of units in group k  are determined through 

multipliers  kk uv , .  

C. Group Performance Based on Group Frontier  

Bagharzadeh Valami [6] presented an index for group 
performance in 2009 based on the comparison of entire units 
in all groups with the efficient frontier of evaluating the 
group. Consider the production possibility set as follows:  
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Output-oriented CCR model based on the above production 

possibility set is as follows: 
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Assume that A  is a subset of DMUs which has been 
considered as a group of DMUs. Then the production 
possibility set based on A  will be: 
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The distance of unit  yx,  to A
cT  is obtained as follows, 
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and group performance of group A  is calculated by the 
following formula: 
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Accordingly the performance of group A  is measured 

based on geometric mean of efficiency of all units with 
respect to production possibility set of group A . It can 
therefore be concluded that group performance of A is better 
than group that of B if    BPAP  . 

IV. COMMON WEIGHTS MODEL FOR ANALYZING GROUP 

PERFORMANCE 

Assume that  mvvv ,...,1   and  suuu ,...,1  are 

respectively input and output weight vectors. Then the 
efficiency of unit j  in group h  is obtained as outlined below: 
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The overall efficiency of group h  can be defined as convex 
combination of efficiency of whole units within that group 
and so we have, 
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In other words, the performance of group h is the product 

of the efficiency of all the units within it. From a statistical 
viewpoint, 

hGE  is the weighted mean of the efficiency of 
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units in group h and from an economic viewpoint, h
jw  is the 

share of unit j  in group h  to calculate the overall efficiency 

of group h . 
Then following multi-objective programming problem is 

used as a common weights model to calculate the overall 
efficiency of groups as: 

 
,,...,1,max NhE
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,,...,1,,...,1,1. NhjEts h
h
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,0u  

0v                                                                                     (14) 
 

In order to solve the above-mentioned problem, more 

detailed arguments shall be put later on. Consider *v and *u  
are the optimal weights yielded from the above model, the 
overall efficiency of groups and their relevant inner units are 
obtained as follows: 
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A. Performance Analysis  

With due attention to management issues, an effective 
management is a well-balanced one which has high 
performance. According to model (14), performance for each 
group can be calculated by estimating the score of its 
efficiency, but in order to evaluate a well-balanced 
management it should be examined whether different parts of 
a group (DMUs of groups) have similar performance or not. If 
the answer is affirmative, then it can be claimed that the 
performance of the group is balanced, otherwise if some units 
of group have a higher level of performance while other units 
show low performance, overall group performance is not 
balanced. The existence of such situation results in 
consequential damages which in many instances are not 
recoverable. Compensation for weak performance of an 
inefficient unit with low performance requires immense time 
and expenditure, but if done in an appropriate manner, it can 
lower the costs involved. 

According to the points outlined above dispersion value of 
efficiency of units within a group indicate a well-balanced or 
unbalanced management system. The lower the dispersion 
level, the more balanced are the levels of management and 
implementation. Based on the dispersion level which was 
called within-group efficiency spread by Comanho and Dyson 
[4] the following index to determine the level of management 
balance in groups is presented. 

Assume that 
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1 ,..., hh

h
EE   signifies the efficiency of units in 

group h  then 
** h

j
h
p

h
pj EEe    indicates the performance gap 

of unit p  and  unit j . In such case we will have: 
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as the number of such gaps and efficiency spread of group h  
can be explained that  
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In this relation he  is the mean of efficiency gaps of units in 

group h . It is obvious that if he  has the tendency to move 
towards zero then the efficiencies of DMUs in group h  is 

extremely close. The larger he  becomes, the bigger the 
efficiency gaps for units in group h  turn, in fact the smaller 
the efficiency spread is, the higher is the uniformity and 
balance of performance. Formula (17) is comparable to IE  
index of formula (4) in Comanho and Dyson's  method [4]. 

B. A Method for Solving the Proposed Model 

Consider model (15), it can be outlined as shown below: 
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Assume that, 
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then we have, 
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Three separate analyses of the above discussion can be 

conducted: 
1. 

hGE is the weighted-sum of outputs to that of inputs 

which is the same as efficiency concept of data envelopment 
analysis. In other words, group h  is considered as a DMU 
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whose outputs and inputs are respectively the collective 
outputs and inputs of all units in group h . 

2. 
hGE is a linear fractional function. We know that the 

properties of problems with linear fractional objective 
functions are very close to linear programming problems. 
According to implemented changes, problem (18) is 
transformed to a multi-objective linear fractional 
programming problem. Several reliable techniques with 
proper calculation timing to solve and find solution are 
available for such problems.  

3. h
jw  which is the contribution of unit j   hj ,...,1 of  

group  Nhh ,...,1   in calculating the overall efficiency of 

the group is obtained based on the optimal solution of the 

problem. Moreover the fractional denomination in h
jw  for 

various units of one group is the same. The higher is this value 
for each unit, the more is the role of the unit in calculating the 
overall efficiency of a group. As it is known the weighted-sum 
of inputs within the economic concepts is cost of unit. So the 
more cost in a group, the more share in the overall efficiency 
of the group and of course from the economic outlook this is 
greatly meaningful. 

Therefore based on the explanation presented, non-linear 
multi-objective programming (18) can be transformed into a 
multi-objective linear fractional programming problem as 
follows:  
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Here a method to calculate and obtain an efficient solution 
for the above problem is presented. Based on the solution 
obtained, the overall efficiency of each group and the 
efficiency of units in that group as well as the weight for each 
unit and efficiency spread can be calculated using formulae 
(16), (15), (19) and (17), respectively. 

From the constraints of problem (18) we have, 
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So the number one could be considered as the cause for 

target. Accordingly we have 
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and so there is 0h which 
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It is apparent that if the value   hh dd  is zero then 
hGE  

equals unity which means the overall efficiency of group 
h has reached its peak (100% efficiency). But if at least one of 


hd   or 

hd  is larger than zero or equivalently if   hh dd  is 

positive then 
hGE  will not reach its maximum peak. In a 

situation like this group h  is inefficient. To calculate the 
maximum overall efficiency of group h  or to reduce its gap to 

the one,   hh dd  can be minimized. Model (21) therefore will 

be transformed to the multi-objective linear programming 
problem outlined herein below: 
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which in turn can be transformed into the following linear 
programming problem: 
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Nhdd hh ,...,1,0,                                                          (23) 
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has been added to the model as a 

normalized constraint to prevent zero weights. 

Suppose that    **
1

**
1

** ,...,,,...,, sm uuvvuv   is the optimal 

weights of the above model with the optimal value *z . 

Theorem1. If *z  equals zero then  ** ,uv  is the complete 

solution to the multi-objective linear fractional programming 
problem (21). 

Proof: Since the objective function of model (23) is a 
summation of non-negative variables, if the optimum value of 
the problem equals zero then all the variables appearing in 
objective function will be zero. Therefore we have 

 Nhdd hh ,...,10,0   . So,  
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On the other hand the number one is the supremum of the 

objective functions of model (21) so the obtained solution 

 ** ,uv  is the complete solution for model (21). 

In an event that the optimal value of the above problem is 
larger than zero the model below which was first used by 
Hosseinzadeh Lotfi et al. [7] to test the efficiency in multi-
objective linear fractional programming may be utilized to test 
the efficiency of the optimal solution of model (23): 
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in which 
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If the optimal value of the above problem equals zero, 

 ** ,uv  is efficient solution of (21) [7], otherwise  suppose 

that  uv,  is the optimal solution of the above problem with 

the objective function value is non-zero then the above model 
can be used to test the efficiency of  uv, . Let that 

     ll uvuvuv ,,...,,,, 2211  is the continuum of the solutions 

obtained from the model (24) which their optimum objective 

function values does not equal zero. Suppose that for  tt uv ,  

and inserting  Nhxvnyum
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model (24) the optimal solution  11,  tt uv  with non-zero 

optimal value of objective function is obtained. So we have 
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Because the optimal value of objective function is positive 

then at least one of 
1t

hd  or  Nhd t
h ,...,11 

  is positive 

yielding: 
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and there is the strict inequality for at least one h , this point 

shows that  tt uv ,  is not the efficient solution for model (21). 

On the other hand  Nhxvyu
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 to the number 

one is limited and for each repetition at least one of them is 
larger and other ratios do not deteriorate. Therefore in the 
worst case a solution like  uv ~,~  is obtained which 
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   so  uv ~,~   is the complete 

solution for multi-objective linear fractional programming 
problem (21). We could use the following algorithm to 
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calculate an efficient solution to the multi-objective linear 
fractional programming problem (21). 

Step1: Solve model (23) and name its optimal solution as 

 11,uv  and its optimal value as *
1z  and move on to the next 

step. 

Step2: If we have 0*
1 z  then  11,uv  is efficient solution, 

otherwise put 1t  and move on to the next step.  
Step3: Solve linear programming problem (24) by utilizing 

 Nhxvnyum
hh

j

h
j

tt
h

j

h
j

tt
h ,...,1,

11

 




  and named its 

optimal solution  11,  tt uv  and its optimal value as *
1tz  and 

move on to the next step. 

Step 4: If we have 0*
1 tz   then  11,  tt uv is efficient, 

otherwise put 1 tt  and go back to step 3. 

V. EXAMPLE 

Two examples are given to clarify this argument. The first 
example compares the new method with the existing group 
performance methods. For the other example which is a 
practical example, the capabilities of the recommended 
methods are used to evaluate bank branches as groups of 
DMUs.  

A. Illustrative Example 

Here an example to compare the aforementioned methods is 
presented. Data have been extracted from Bagahrzadeh 
Valami [6]. Consider one input and two outputs according to 
the following Table I. 

Suppose there are three groups being assessed which are 
represented with A, B and C and are as:  
 

 ,, 65 DMUDMUA   

 ,, 76 DMUDMUB   

 87 , DMUDMUC   

 
Farrell frontier yielded from all units and also frontiers for 

three groups and the position of all DMUs related to these 
frontiers are provided in following Figures 1 to 5. 

 
 
Through utilizing model (23) the weight vector 

   3.0,6.0,75.0,, 211 uuv  is obtained. The optimal value of 

the model based on the solution is 0.8 so the obtained solution 
is not a complete solution. Because optimal value of model 
(24) is zero then based on the data represented in Table I the 
optimal solution of this problem which is 
   3.0,6.0,75.0,, 211 uuv  will be an efficient solution for 

problem (21). Table II represents contribution of each unit 
within groups, the efficiency of those within their relevant 
group, the overall efficiency of groups and the efficiency 
spread for the three groups.  

 
 

Fig. 1 Farrell frontier yielded from all units. 

 
Fig. 3 Farrell frontier yielded from group B. 

 
Fig. 4 Farrell frontier yielded from group C. 

 
Fig. 2 Farrell frontier yielded from group A. 

 
Table I: Data for eight units 

 

 
Fig. 5 Comparing all Farrell frontiers in Figure 1 to 4. 
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As it can be seen in the second column of the above Table 
II, the weight of each unit in corresponding group which is 
used to calculate group efficiency is equal to 0.5. Since the 
number of units of each group is two, the efficiency of groups 
is precisely the arithmetic mean of the efficiency of units 
inside those groups. Additionally by using the data in the third 
column, the units inside each group can easily be compared 
and ranked which is one of the advantages of the method 
mentioned in this paper. Overall group efficiency can 
conveniently be calculated based on the data represented in 
the above mentioned columns as shown in column four of 
Table II. Therefore, group C is ranked first and groups B and 
A are ranked second and third respectively. The last column in 
Table II signifies the efficiency spread for groups which for A 
and C is the same, even though these two have different group 
efficiency. The aforementioned value is higher for group B 
which illustrates lack of management balance in that group as 
compared to the other two. Table III shows the ranking 
comparison obtained from this method versus methods 
described in section III.  
 

As it can be seen group ranking based on the new method 
has similarities to Cook and Zhu [5] and Bagharzadeh Valami 
[6]. The difference in ranking between the new method and 
common weight method of Cook and Zhu [5] exists in high 
rankings; however the difference between the new method and 
Bagharzadeh Valami [6] method is in low rankings. And as 
far as Comaho and Dyson [4] method is concerned, the 
difference is quite noticeable and far apart. 

B. Applicable Example 

The objective of this section is to analyze the proposed 
method of the article in a wider scope and to illustrate the 
capability of the method to group performance in application 
case. Wider or larger scope here means the number of groups, 
the number of units within groups and additional evaluation 
indices of DMUs. To do so an example of Bagharzadeh 
Valami [6] including twenty four bank branches in Iran 
divided into five groups for evaluation has been considered. 
Each branch has three input indices as payable interest  1I , 

personnel  2I  and arrear claims  3I  as well as five output 

indices including the total sum of four main deposits  1O , 

other resources  2O , facilities  3O , receivable interest  4O   

Table II: Analysis group performance by using the proposed method. 
 

Table III: Ranking Groups based on different methods. 
 

Table V: Outputs for twenty four bank branches inside five groups [6] 

 

Table IV: Inputs for twenty four bank branches inside five groups [6] 
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and service fee  5O . As Tables IV and V illustrates the 

number of DMUs within groups is different, group two with 
nine units has the largest aggregation and group three with 
two units has the least, also the number of units for the first 
and last groups are equal and total five units. 

The third column in Table VI shows weight of units used in 
calculation of overall group efficiency and the efficiency of 
units in each group is given in by the values shown in the 
fourth column. Based on the method proposed in this article 
the efficiency of each group is measured by the efficiency of 
units within that group which are represented by values in the 
fifth column. The last column indicates the efficiency spread. 

By further reference to the fourth column of Table VI it can 
be seen that all groups except group four include one efficient 
unit. By utilizing the values of this column all units inside 
groups can be compared. The following group ranking can be 
performed based on overall group efficiency values:  

45312 GGGGG  . 

Group two with the most statistics for units has the highest 
efficiency score. It is obvious from the last column of Table 
VI that group four has the least score of efficiency spread 
therefore the efficiency for the units inside it is extremely 
close. However, since group four has the lowest efficiency, it 
can be concluded that efficiency of its units must be low. The 
efficiency values in column four namely ,2895.019   

3090.0,2239.0 1718   are evidence for this fact. 

According to another study, group two has the highest 
efficiency spread which indicates that units with high and low 
efficiency must exist within that group. But since the group 
has the highest ranking then the number or score of units with 

higher efficiency must be greater than those with a low 
efficiency. This point is reaffirmed based on values in column 
four. Six units namely 6, 8, 11, 12, 13 and 14 have a higher 
efficiency than the corresponding group and three units 7, 9 
and 10 have a lower efficiency than the overall efficiency of 
group two. In fact the number of units with high efficiency is 
twice the number of those with low efficiency which is 
effective in increasing the efficiency of group two.  

VI. CONCLUSION 

A method based on common weights has been proposed to 
analyze group performance and put forth in this article which 
is contrary to Comanho and Dyson's method [4] that evaluates 
group performance by utilizing paired comparison, and it 
performs relative comparison between the groups and 
therefore coincides with data envelopment analysis. In the 
method proposed in this article, common set of weights used 
is an efficient solution for the proposed multi-objective linear 
fractional programming problem which reinforces the theory 
put forth by the method. By referring to the solved example it 
is clear that the method from calculation point of view is more 
cost effective because common weights can only be yielded 
through utilizing linear models. Furthermore by using the 
obtained common weights overall group efficiency, unit 
efficiency within each group, the rate of the effect of units on 
overall group efficiency and the amount of efficiency spread 
are calculated. It is worth noting that none of the proposed 
methods are capable of calculating all these indices, so the 
capability in the method proposed by this article results in a 
more comprehensive evaluation as compared to the methods 
in the literature. The authors of the article are attempting to 
utilize the proposed method to evaluate group performance in 
which DMUs within groups are non-homogenous. 
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