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Elliptic Curve Over IF,, [i]

Seddik.Abdelalim, Abdelhakim. Chillali and Said. Elhajji

Abstract—In this paper we study the elliptic curve E, , and E, _;,
over ring FF,,[ ], where i? 1. More precisely we will establish a
isomorphism between E, ,and E,_,. After we define an internal
composition law= on the setE = E, , U E, _, and we proof that
Card(E) = 2Card(E, ) — 1. At the end we give an example of
cryptography.
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I. INTRODUCTION
Let p be a prime number. We consider the ring
A={a+ib/a,b€F, i2 = -1}

L
Ais vector space with basis (1, 7).

Lemma 1.1:

a + ibis invertible inF, [ i] if and only if a® + b? # 0 [p]
Proof:

=)Let a + ibbe invertible then there existc + idin F,[i]
such that(a + ib)(c + id) = 1.

So,ac — bd +i(bc +ad) =1, therefore{

We have

(a+ib)(a—ib)(c +id)(c —id) = (a®? + b?)(c? + d?)
and

(a+ib)(a—ib)(c+id)(c—id)=(a—ib)(c—id) =1
We deduce (a? + b2)(c? +d?) = 1,50 a® + b? # 0 [p]
&)Assumea? + b? # 0 [p]then there exist tinF,such that
(a? + b?)t = 1. We can write(a + ib)(a — ib)t = 1m

ac—bd =1
bc+ad =0

Lemma 1.2:
Let pbe a prime number. Then the following propriety are
equivalent:

1. F,[i]is field
2. p#1 andp # 3[4]
Proof:

1< 2)
Assume that F, [ i] isn't field then there exist a + ibis not
invertible.
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By lemma 1.1, we have a? + b2 = 0 [p]. So, a? + b2 =k,
k € Z. We can write a = ta,, b = th;witha; A b, = 1.
Suppose a is not divisible by p then p doesnot diviset and
hencep/(a? + b?), then ai + b? = kp.
Since, see (proposition 1.2 [ 10, 11]), we have p # 3 [4].
We deduce that p =2orp =1 [4].

1=2)
Suppose p = 2, we can write 12 + 12 = 0 [2], then 1 +
iisnotinvertible absurd.

Assume p = 1 [4] then’== = 2k. There exist cinF, such
2

-1 -1

thatcpT # 1, since cP~1 = 1 then cpT = —1and hence
()2 =c*=-1.%12+(cF)?=1-1=0.

We deduce that c* + i isnot invertible absurd.m

. THESETE=E,,UE,_,

Let (G,*) and (H,V)are two abeliangroups with the same
unit element e such that G and H are isomorphism.

We put ¢ the isomorphism between two groups (G,*) and

(H,V).

Theorem 1.2:
Let E = G U H andA the mapping defined by:
AMEXE->E
(x,y) = xAy
x*yifx,yEG
Where xAy = XWyifxy€H

p(X)Vyifx€EGy &G
xVo)if x€GyeEG
Then Ais an internal composition law, commutative
with identity element e and all elements in E are invertible.
Proof:
It is clearly that Ais an internal composition law over E.
Show that e isidentity elementof A.
Let xin E.
If x € Gthen xAe =x*e=e*xx =eAx =x,
becausex € G and e is unit element of (G,*).
Else, x € HthenxAe =xVe =eVx = eAx = x,
becausex € H, ¢(e) = eande is unit element of (H, V).
Ais commutatif ?
We have (G,*) and (H,V) two abeliangroups with the same
unit element e. Letx,y € E.
If xy€EGthenxAy =x*y=y*x=yAX
If x,yEHthenxAy=xVy=yVx = yAx.
If x € G,y ¢ Gthen xAy = @(x)Vy = yVo(x) = yAx.
Ifx ¢ Gy€eGthenxAy = xVe(y) = @(y)Vx = yAx. m
Let p a prime number such that p = 3[4]and E,,, E,_, are
two elliptic curves defined over the fieldF, [ i] by:
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Eap = { (xy)/y® =x° +ax + b} U {0}
Ea-b = { (xy)/y* =x° + ax — b} U {oo}

Proposition 2.2 :

Ifb = 0thenE,, NE,_, = {0}

Proof :

Assume that (x,y) € E,, N E, _p, = {oo},then

y?=x3+ax +bandy? =x3+ax—b,sob=—b,ie:b =
0, absurd. m

Theorem?2.3:
The mapping pdefined by :
p: Ea,b - Ea,—b
(X' Y) = (_X' iY)
andp(c0) = oo, is an isomorphism of groups.

Proof :

pis defined?.

Let (x,y) € E,p then y* = x* + ax + b, then

—y? = —x3—ax — b, i.e: (iy)? = (—x)® + a(—x) —

bthereforep((x,y)) = (—x,iy) € E, _p.

pis injective?.

Let(xo, ¥o), (x1,¥1) € Eqp SUCh thatp((x, J’)) = p((x1,¥1))
Fh?n(__xo' ¥o) = (—=x1,i¥1) 80, (X0,¥0) = (x1,¥1) i€ip is
injective.

pissurjective?

Let (x,y) € E,_pthen y?=x3+ax—b. It is clearly
that—y? = —x3—ax+b so, (iy)2=(-x)*+a(-x)+b
therefore (—x,iy) € E,p and p((—x,iy)) = (x,y) iep
issurjective.

pis homomorphism?.

Let (xq, o), (x1,¥1) € E, , there is three cases:

1%casex, # x4

P((xOIYO) + (xlvyl)) = {

withm, , =222 and x; = m2, — x, — x;. See [7, P27].
0

xX1—X

P(mé,b —Xp — X3, Mg (X; — X3) —¥1)
(—mZ , + Xo + Xq,img  (X; — X3) —iyy)

(=x0,1y0) + (=24, 1y1)
Zmb T Xo FXg, Mg _p(=X; = X,) —iyy)

p((x0,¥0)) + p((x1,31)) = {(m

_ 1 -iyo

withm, _, = — and x, =mg _p + xo + x5.

Itis clear that m, _;, = % _
—A174o0

m2, = —mZ_yandx; = —x,. S0 hence,
p((xOJ Vo) + (x4, yl)) = p((x0,y0)) + p((x1,y1)).
2"case x, = x,and v, = y;:

_ P(mé,b — 2Xg, Mg (Xg — X3) — ¥o)
PGy + (ay) = {(—mz,b + 20,1 (X = X5) = 1Y)

—im,p then,

2
withm,, , = % and x; = m2, — 2x,. See [7, P27).
0

(=x0,1y0) + (—x1,iy1)
mg _, + 2Xp, Mg, (—Xo — X4) — iyo)

p((x0,¥0)) + p((x1, 1)) = {(

- 3(— 2
withm, _, = % and x, = mczz,—b + %o + x;.
; . 3x3 ,
Itis clear that m, _, = =i 2= —img then,
0
mZ, = —mZ _pandx; = —x,. So hence,
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P((XOJYO) + (x1'3’1)) = p((x0,¥0)) + p((x1, ¥1))-
3"case x, = x,and y, = —y;:
We have:
P((xo' Yo) + (x1'Y1)) = p(0) =00
and
(—=x0,y0) + (—x4,1y1)
p((x0,¥0)) + p((x1,¥1)) = ]
P((XOI)’O) + (x4, Y1))
So, p isan homomorphism. m

Corollary2.4:
LetE = E,, U E, _pand + the mapping defined by:
+HEXE-SE
(P,Q)—P+Q
Such that:
P+Qif P,Q €EE,,
PtQ= P+QifP,Q€E,

p(P)+Qif PEE,Q &Egy
P+p(Q)if PE€E.pQ€EEy

Then +isan internal composition law, commutative with
identity element oo and all elements in E are invertible.

Proof:

Since theorem 2.1, proposition 2.2 and theorem 2.3, we have
+is an internal composition law, commutative with identity

element oo and all elements in E are invertible. [ |
Corollary 2.5:

Card (E) = 2Card(E,p) — 1.

Proof:

We have:E, ;, is isomorphic toE, _,. Then
Card(E) = Card(E,p) + Card(E, ) — Card(Egp N Eq_p), SO
Card (E) = 2Card(E,,)—1.m

. CRYPTOGRAPHICEXAMPLE

Letp=7,a=2+3iandb=1+1.
We have:

Eap ={(xy)/y* =% +ax +b} U {[0:1: 0]}

E, b ={xy)/y*=x3+ax—-Db}uU{[0:1:0]}
Coding of elementsof E = E, , UE, _;.
We will give a code to each element P € E defined as it
follows:
if P =[xq+x;i:yo+ y1i:z], where x;,y; € F,for
j=0o0r1landz = 0or1, thenwe code P as follows:

X0X1YoY1Z-

We conclude,
E={00100,00131,00361,00411,00641,01021,01051,01351,014
21,02111,02661,03141,03631,04311,04461,05161,05611,062
01,06231,06501,06541,10121,10241,10531,10651,12251,
12521,14031,14041,14111,14661,15021,15051,15351,15421,
16201,16231,16501,16541,20011,20061,23141,23631,25251,
25521,26311,26461,31141,31631,33001,33321,33451,35301,
35401,36341,36431,41331,41441,42031,42041,44001,44241,
44531,46311,46461,50101,50601,51141,51631,52221,52551,
54311,54461,60261,60321,60451,60511,61021,61051,61351,
61421,62201,62231,62501,62541,63161,63301,63401,63611,
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65221,65551}.

We have: Card (E) =91

Remark:

With this application, we can encrypt and decrypt any
message of any length.This application was implemented by
Maple.

IV. CONCLUSION

In this paper, we present an example of cryptography that is
not associative.
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