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Construction of the «-automorphism

S. Abdelalim, M. Zeriouh and M. Ziane

Abstract—Let A a monomorphism from A to A’ where
AA e F[G] , we consider B " a basic subgroup of A’
B, @D <X, >

iel,
k

0(X;) p

suppose there exists N, € IN™ such that the restriction of A to

, we

B =@ B, with

i~k

; Viel,

p" A is an isomorphism from P™ A to P A" and we pose:

AR = A [6]and A, = A +B, [2]
We show that if & € Aut(A) is written in the form:

a =rmid, + p, where 77 is an invertible P -adic number and
p e Hom(A, AY) with Al is the first Ulm subgroup of A then,
there exists an automorphism ¢, of A, = A, + B'2 such that for

al &, e A ay(a,)=7a,+p*a where 3’ € A and
aA=Aa.

Keywords—About Abelian goups, [0 -group, order, direct sums

of cyclic groups, basic subgroups, monomorphism group,
automorphism group.

l. INTRODUCTION

N 1987, P. Schupp showed, in [4], that the extension
property in the category of groups, characterizes the inner
automorphisms. M. R. Pettet gives, in [5], a simpler proof of
Schupp’s result and shows that the inner automorphisms of a
group are also characterized by the lifting property in the
category of groups. The automorphisms of abelian P -groups

having the extension property in the category of abelian p -
groups are characterized in [1].
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Il. MAINRESULT
Proposition 2.1
i AN BZ’ is the direct sum of cyclic groups.

(i) IfA,NB, =B,,®B;,

B;,l = @ <Xy1i > O(X2,1,i) =p,Vie |2,1
ielu

Bzx,z = (‘D <Xy2i > O(Xz,z,i) = pz,Vi € |2,1
iely,

then there exists a subgroup B;yl of 82' such that

Bzx,l - B;,l

(i) B, @ B;, isadirect factor of B, .

Proof

(i) Since we have B, = @ < X,; > and 0(X,;) = p°,
iel,

Viel,

while p?B, =0 i.e. B, isabounded group therefore
A, "B, is also a bounded group

then by theorem 17.2 [3]: A, M BZ' is direct sum of cyclic
groups.
(i) Wehave A, \B, =B,, ®B;, (5) with:

B, = @ <Xu;>;0(X,)=p,Viel,
ielyy
x 9 e And
BZ,Z = @ < Xz,z,i >, O(XZ,Z,i) = p ,V| S I2,l
iely,
we have:
* ' . 2 .
X, €8 B, =@ <X, >;0(x,;)=p°,Viel,

icl,

r
then X,,; = MX,, where m; €Z
-1

;
therefore  PX, :O:E pm;X, ;.
1 i

j=1

hence Vj=1..,r: pm; X, =0
then Vj=1..r: pm;

hence Vj=1..,r ;Elmj' €Z: m; = pmj'
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]
then X, =z PM; X = pz M Xpi, = PYau, (6)
i1

-1
- ! ! 2

where Y,,; =Y M X, €B,;0(Y,,;)=p,Viel,, then
=l

821CB;1 ®<y21|>0(yz1|) p2>Vi€|2,1

Ielu
(iii) Since B, ® B;, is a subgroup of B, a B, ®B;, is
the direct sum of cyclic groups of the same order p2 and
(Bzx,l ® Bzx,z) M szZ’ =0
then by proposition 27.1 [3]:
B, ® B;, is adirect summand of B,.

We pose: B, =(B;, ®B;,)®B, (7)where B, isa
subgroup of 82' .
Definition 2.2

We define the homomorphism a_3 from 82' to A’ as
follows:

alg, = 7idg
0‘3’5;,2 = a,

Under the conditions of Theorem 1.4 see [2] p, 251, we will
enunciate and prove the following lemmas.

Lemma 2.3

a; B, a,

Proof

By (6) and (5): PY,y; =X,1; € By = A,
and by theorem 1.4 [2], we have.

4
az(xz,l,iJ )= 7Z-X2,1,ij + p"°611 (8) where @, € A

o _ ng-1
We pose: 053(y2’l,ij )= Yo, TP & (9)
while

(%) = ACHS
= Pt (¥,1)
= pry,., +p*a)ia e A
= Py, + P

= TX, L +p" a1
= 22 (Xz,l,ij )
Lemma 2.4
%3 B;,1®B;, =a,-
Proof
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% %
Let by, € By, we have:

— — r
O (bz,l) = O (Z M;Xaai, )
-1
r R
= ijaS(Xz,l,ij)

j=1

r
= z m;a, (XZ,l,ij )
i

r
= (Z msz,l,iJ )
i—1

= a,(0;,)
Let b=b;, +b;, € B}, ®B;,
we have:
ab) = a0, +h5,)
= (b)) + s (05,)
= a,(b;,) +a,(b;,)
= a,(b)

Proposition 2.5
() Vb, € B}, 1o (b;,) = 7bj, + p" ', 14, € A
(i) Vh;, € B}, 1, (b),) =7b;, + pPa, s a € A

Proof
(i) Since we have:

.
b2,1 € BZ,l = @ <Y,;; > then bzx,l = Z M Y4

islu t=1
therefore:

a_s(bzx,l) = 06_3(2 m; y2,1,it)
t=1

r _
= Z m, as(yz,l,i, )
t=1

> m(zy,.,; + 0" 'a); a € A by (9)
=1

r
7y, + png_lz m,a,
t=1
4 , r
=7y, + P e e =) ma e A
t=1
(if) Since we have:
by, €B;,= @ <X,,; > A, by (5)

icly,

r

then by, = Z MX,,; where X,,; €A,
t=1

therefore :
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r
a, (bzx,z) =a, (Z m, Xz,z,i,)
=1

I
M-‘

ma, (Xz,z,it )

t=1

m, (72')(2,2,it + pnéaiy);ai €A [2]

I
M-(

t

r
« 4 '
= 7y, + p" z m.a,

t=1

= 7b;,+p¥a ;8 =D ma e A
t=1

I
—_

Definition 2.6
We define the endomorphism o, of A, = A, + B, as

3,
follows: —

Remark 2.7
a, is well defined

because: if a, + b2' and X, + y2' are two elements
of Ajsuchthat a, +b, =X, +Y,
then a,—X,=-b, +y,

therefore  azy(a, —X,) = &, (b, +,)

i.e. a, (a2 - Xz) = a_s(_b2' + yZV)
ie.  o,(a,)+aob,)=0,(%)+a(y,)
ie. a(a, +h,) = a5 (X, +VY,)

Proposition 2.8
Forall a, € Athereexists N, € IN* and a) € A
such that oz, (a,) = 7ra, + p™*a’
Proof
Wehave: a,e A=A +B,

then 3(a,,b,) € (A, x B, ) suchthat a, = a, +b, hence

a;(8;) = a3(8,) + o (bzr)
and by definition 2.6, we have :

a,(a;) = a,(a,) + 0{_3(b2)

and by theorem 1.4, [2] there existsn,e IN" and &, € A

such that: @, (8,) = 7@, + p”3a1 + a_a(bzr)
and by (7) we have b, =b;, +b, +h,
then by definition 2.2, we have:

ISSN: 1998-0140

Volume 8, 2014

a,(b;) = ay (b, +b;, +b,)
ie.  ay(b)=a,(;,) +a,(b;,) + 7b,
The proposition 2.5 and definition 2 2 show that:
0‘3(b) = ”bz,l"'p al +by, + p° a1 +7b, 'a:l a‘l €A
7(0;,+b, +b)+ p (3, + pay)
m, +pa e =8+ pa e A

therefore
as(a;) =
= 7(a, + bzr) +

ra,+pa, +7b, + ptta’
p""(pa, +a,)

= ma+p"a)al = pa+a €A (10)
Proposition 2.9

o, is an automorphism of A,
Proof
Let &, ekere, then o (a;) =0

and by (10) we have: 7a, + png’laiO =0
which is equivalent to a, = —7r’lp”g_la10 eAcCA
and since =0, then a;(a;) = a,(a;)
ie. 0=a,(a;) then 0=a,
ie. kera, =0 then ¢, is a monomorphism.
On the other hand let @, € A,
then o, (8,) = 7@, + p"a where a° € A
hence @, =7 ‘ay(a,) -7 tp"”
ie. a, = o, (7 'a,) - tpal
and since we have —72_1p”g’la1 e A cCA, and
a, € Aut(A,)
then 3la, € A, < A;such that:
B no &) =a,(a,) = a,(a,)
S0 83 = 053(72 a3)+a3(a2) = as(” a; +a,)
which means that ¢, is an epimorphism and hence ¢, is an

automorphism of A,.

Proposition 2.10
The following diagram is commutative:

Ao A
al La,
Ao A

Proof
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Wehave Vae A, A(a)e A Cc A

then a4 (a)=a,4(a) because oy, =a,
=, A (@) because &, =a
= Aal™A(a) because o, = Aol
=a(a)

therefore a4 = Aa
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