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Solitary Wave Solutions of a fifth order Equation

Chung-Hsien Tsai, Shy-Jen Guo, and Jeng-Chi Yan

Abstract—The objective of this research is to study the existence
of solutions of a fifth order model equation for steady capillary-gravity
waves over a bump with the Bond number near 1/3. We proved that
there exist solitary wave solutions of equation (1).

Keywords—Classical fourth-order Runge-Kutta method, Green’s
function, Solitary wave solution, Steady capillary-gravity wave.

I. INTRODUCTION

PROGRESSIVE capillary-gravity waves on an irrotional
incompressible inviscid fluid of constant density with
surface tension in a two-dimensional channel of finite depth
have been studied since nineteen century. Assume that a
coordinate system moving with the wave at a speed is chosen so
that in reference to it the wave motion is steady. Let H be the
depth of water, g the acceleration of gravity, T the coefficient of
surface tension, and p the constant density of the fluid. Then
there are two nondimensional numbers which are important and
defined as F = c¢? /(gH), the Froude number, and 7 =T /(pgH ?)

the Bond number.

When F is not close to 1, the linear theory of water waves is
applicable. But when F approaches to 1, the solutions of
linearized equations of water waves will grow to infinity (Peters
and Stoker [17]). Therefore for F close to 1 nonlinear effect
must be taken into account and thus F =1is a critical value. The
first study of a solitary wave on water with surface tension is due
to Korteweg and DeVries [11] after whom the K-dV equation
with surface tension effect is named. A stationary K-dV
equation with Bond number not near1/3 can also be formally

derived by different approaches. However, if z is close to 1, the
formal derivation of the stationary K-dV equation fails.
Thus 7 =1/3is also a critical value.

It becomes apparent that the problems for F near 1 and
for 7 near1/3depend on each other and are difficult because

they are not only strongly nonlinear, but also very delicate.
Since the full nonlinear equations for the water waves are too
complicated to study, it is of interest to study model equations.
In Hunter and Vanden-Broeck’s work [9], a fifth order ordinary
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differential equation considered as a perturbed stationary K-dV
equation was obtained with the assumption that F =1+ F,¢*
r=1/3+7, and €is a small positive parameter. By integrating

the fifth order ordinary differential equation once and set the
con-stant of integration to be zero, then the model equation
becomes

3 1
2Fn— =+, — 1, =0.
277 2 77 lnxx 45 nxxxx

The model equation has been studied extensively by many
authors [1-7,9] and several types of solutions have been found,
such as periodic solutions [1, 5, 6, 7], solitary wave solutions
[2-7,9], generalized solitary wave solutions (solitary waves with
osciallatory tails at infinity) in the parameter region 7, <0 and

F, >0 [1,9], etc.

We add a bump y=Db(x) at the bottom of the two-
dimensional ideal fluid flow and then derive a forced model
equation

3 1
2F277_§?72+7177xx__77xxxx =b (1)

45

Equation (1) has been studied extensively by Tsai and Guo
[21-27] and several types of solutions have been found.

In this paper, we shall prove that there exist solitary wave
solutions of equation (1).

Il. DERIVATION OF THE MODEL EQUATION

We consider the two-dimensional flow of an irrotional
incompressible inviscid fluid of constant density p* with
surface tension T* in atwo-dimensional channel of finite depth.
A rectangular coordinate system (x*, y) is chosen such that
the flow is bounded above by the free surface y* =#"(x",t")
and below by the rigid horizontal bottom with a bump
y =—-H+b"(x").
The governing equations are:
In —o<x <o, —H+b"(X)<y" <n’

4. +8.,. =0, )
at the free surface, y" =n"
n.+ ¢, — 4, =0, ©)
¢i+%(¢;2+¢;2)+ gn*—p*(%;gz);— B;- 4)
at the bottom, y" =—H +b"(x")
¢ ~4.0,. =0 5)
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Where ¢"(x*, y*,t") is the potential function, B*is an arbitrary
constant, and H is the depth when the bumpb* is zero. In order

to investigate long waves and derive asymptoyic solutions, it is
conventient to introduce the following dimensionless variables:

K=ty =tt= )“Mt*,

t (x" t) B— _
n(xt) = o (6)
¢(x,y,t)=

szb(x) WD B (x7),

where M is a positive integer to be chosen later.
In terms of the nondimensional variables (6), (2)-(5) become:

In o< x<ow, -1+ A"b(X) < y< an

ﬁ¢xx + ¢yy = O’ (7)
At the free surface, Y =an
ﬂznt +a¢x77x _1871¢y = O! (8)
2 g 2 1,2 _ ﬂ‘”]xx :B_Z
/3¢t+2(¢x+ﬂ #,)+n —(1”%73)% 20 9)

at the bottom, y =-1+ 8"b(x)

¢y _ﬂM+1¢xbx =0. (10)
In (7)-(10), @, B, and 7 are nondimensional parameters
A sy o T
a—Hl ﬂ (L) 1 T p*gHz' (11)

We seek solutions for periodic water waves of wavelength 1,
and introduce the dimensionless wavelength

PE
A= 12
C (12)

The Froude number F is defined as
J #,dx (13)

(gH)’
Since we are interested in small amplitude and shallow-water
waves with 7 near § , in (7)-(10), we take

a=¢, f=e (14)
and expand 7, 4,7, and B as
n=0n,+an+En, +
¢:%+¢0+5¢1+62¢2+
r=iter +ér,+ (15)

B=B,+eB +B,+--
F=F +eF +F,+--
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Substituting (14) and (15) into (7)-(10), taking M =4 in (10),
and expanding at the boundary condition y =0andy=-1, we
obtain in —°<X<, _1y<0

¢y +ap +E¢, +O(EF))+ (, +et, +€2¢2W +0(’)) =0, (16)

aty= 0l
e (71 +e€7, + O(ez )
B, +¢B, +§B2 +0(&) 4 (0,0 + O}
(770x + 6771>< + 62772)( + 0(63))
~ H{(#hy (X.0.) + (13 + @3, +O())dh,,, (X, O.1)
+e(h, (%, 0,) +€ (17, + a7, + O(€")) b, (X, 0,1)
+O(cM)) + 62(¢2y (x,0,1) +O()) +e”’(@y(x, 0,1)

+ {(

+0(€?)) +O(e")}=0, a7
(¢ (%,0,1) + gy (x,0,8) +O(e?))
N é{{BO +eB, +§B2 +0(€%)
+ (¢ (%, 0.0) + gy, (X, 0.1)) +ah, (x,0,1)
+&¢,,(x,0.) +O(E)Y + € {(dh, + b))+,
+E ¢y, +O(E) Y3+ (11 +ap, +E17, +O(E))
- 6(% + 67—1 + 6212 + 0(63))(770xx + a]lxx + CZUZXX
+0())(1+0(€7))
_ (By+eB +€B, + B, +¢'B, +O("))? (18)
B 26 ’
aty=-1
(¢Oy (X' -1 t) + qlg.y (X' -1 t) + €2¢2y (X1 -1 t)
g, (11,0 +0() - (BB I8 2O),
+¢ (X, ~1,1) +O(e))b, = 0. (19)
From (16) to (19), we have
o(e™):
oy (x,0,1) = 0. (20)
0@®):
¢0yy(xl y,t):O, (21)
BOUOX _¢1y (x,0,t) =0, (22)
By (X,0,8) +177, =0, (23)
#p, (X,~1,t) =0. (24)
From (21) and by (22) or (24), it follows that
¢0y =0, ¢0(X- Y-t) = ¢0(X!t)- (25)
O(e):
¢0xx(xlt)+¢1yy(xv y,t) =0, (26)
By + Biloy _¢2y(x 0,t)=0, (27)
O¢1x(x 0 t) + Bl¢0x(x O t) + (X oY +771 _%UOXX = 01 (28)
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¢, (x,-11)=0. (29)
From (26) and by (29), we found that
¢y (% Y. 1) == (X, 1) (Y +1), (30)
and
BeX,Y.) =t DT+ +RL (6, (31)
From (22), (23), and by (30), we obtain
B, =1, (32)
Gox =—Mo- (33)
From (28) and by (25), (31), and (32), it follows that
¢1xx (X’ O!t) = %noxxx /M Bl’]Ox (34)
=Ry (x,1). (35)
0(&):
G (X Y1) + 6, (X y,1) =0, (36)
Mot + Botla + Bty + (B, + 4y )0~y — 5y =02t y =0, (37)
¢0t +¢2x + Bl¢1x - Bz’70 +”_zg +17, _%nlxx “hlloxx = Oat y= 0, (38)
#,,(x,~11t)=0. (39)
From (36), (39) and by (31), we found that
RZ(th) = _%¢0xxxx (X, t) - Rlxx (X, t)v (40)
4, (X, y,1) = y_3y_2X+th +1
1y (6.0 = e (1 0+ -+ ) TR OGO +D. - (4D)
and
_ SAN A ¥
g (xy.t)= ¢oxxxx(><,t)(24 5t ) +R, (X, 1)( > y)+Ry(x,1)
(42)
From (27) and by (32),(41)
R,(X,t) =1y, + Big,- (43)
From (37) and by (30),(32) ,(33),
Max =Tt = Byt = (B, = 2170)170, + ¢, (X,0,1) (44)

Differentiating (38) about x and by (33) , (35) , (42)
1
Mox =Moy — R3xx - BlRlxx + (BZ - UO)nOX +§771xxx + T o (45)

By (34), (35), (40), and (43)
B, =0. (46)

By (44), (45), and (46)

1
Mo = —2Mor — 2By + 31061705 ~T1 o + Rau + ¢3y (x,0,t)

3
(47)
0(&):
o (XY, 1) + 65, (X, Y,1) =0, (48)
¢, (X, ~L1) =Bb,. (49)
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From (48), (49) and by (42), we obtain

By (X1 = o (00~ S R (1) +Ro () 45, (4,00
(50)
By (32), (33), (43), (46), and (50), we have

1
2770( + ZBZUOX - 3770770x T 0w ~ 52 Moo = bx' (51)

45
The Froude number F is defined and expanded as

F=F, +&5 +F, +O(c")
éjﬂ(Bo+cBl+esz+O(e3)
170 é

=B, +eB, +¢B, +§J':¢Dxdx+0(e3).

+ ¢y, + O(e))dlx

(52)

By (33) and the mean value of periodic solution over a period is
zero, we found that

rqﬁ dx=—r dx=0
0 0x 0 '70 .
Ifn,is a solitary wave solution with the properity that

IO @y, X = —J-O n,dx < oo,
then, with A =, the term

(53)

1 ¢2
ZIO ¢0xdx
in (52) will be zero. We shall see that all the solitary wave

solutions discovered in the following chapters will satisfy (53).
Therefore, we have

B,=FK, B=FK, B,=F,.
and then (51) becomes

1
27701 + 2F2770x _3770770x + 00w — 5= Moxoox — bx . (54)

45
Next, we assume 77, = 0 in equation (54), integrate (54) once and
set the constant of integration to be zero, then we have the
following model equation

3 1
2':2770 _Eﬂozx + 0o — 772 Moo — b. (55)

45
In the following sections, we shall use 77 for,in equation (55),
that is,

3 1
2':277 _5772 Ty — = Mhoox = (56)

45
and disscuss the solutions of the model equation (56).

I1l. PROBLEM FORMULATION

We follow Zufiria [28] to construct a Hamiltonian
associated to (1).

Whenb =0, we rewrite (1) as

135 2

Mook — 452—1’7)0( -90 F277 + T n = 0. (57)

We multiply -n, to (57) and integrate the resulting equation,
then equation (57) has first integral as
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1 45 45
H =45F,7% +=n? — +—n?-—n°
2?7 anx ﬂxxxnx 2 Tl’?x 2 ’7 1

(58)
where H is a constant. Introducing the change of variables

ql = 771 p]. = nxxx _45T177x,}

q2 :77)()(7 pz :77)(,
then (58) becomes

45 45

H (q11q27p1' p2)=45FzQ12 +%q§ —P.P; _?Tlpzz —7%, (59)
and we have
dz
azJVZH(z)z Az+g(2)= f(z,u), (60)
where # = (7,,F,) e R?,
g, 0 0 10
| % |ere, 9|0 0 O L) (61)
P, -1 0 00
P, 0 -1 00
and
0 0 0 -1 0
_ 0 0 -1 -45¢, 0(2) = 0 (62)
~%F, 0 0 o0 | B |
0 -1 0 0 0

Therefore (59) is a two degree of freedom Hamiltonian with
two parametersz,and F,. Because different parameters (z;, F,)

in (59) give rise to different eigenvalues A for the linearized
system of (60) at the origin, we divide the parameter plane
(7., F,) into following nine cases

Case 0 (7, =0,F, =0): 1=0,0,0,0.

Casel (r, eR,F, >0): A=%£r,twi;rw>0,

Case 2 (7, <0,F, =0): 1=0,0,£wi; w>0,

Case 3 (7, <0,F, <0, (457,)” +360F, > 0):
A=2Wi, = wi;w, >w, >0,

Case 4 (7, <0,F, <0, (457,)* +360F, = 0):
A==xwi,twi;w>0

Case 5 (7, €R,F, <0, (457,)* + 360F, < 0):
A=xazbi;ab>0

Case 6 (7,>0,F, <0, (457,)> +360F, =0):
A=xr,£r;r>0

Case 7 (7,>0,F, <0, (457,)* +360F, > 0):
A=xr,x5;,>1,>0

Case 8 (7,>0,F, =0): 1=0,0,£r;r >0,

We rewrite (1) as follows,

o =451, ~90F 7 =500+ ) =, (63)

IV. SOLITARY WAVE SOLUTIONS

We consider the problem

ISSN: 1998-0140
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Mook = 457177xx - 90F2’7 = B(X) _7772 y O <X <0 (64)

1() =1(-0) =0 (65)
where b(x) = —45b(x) is even.
Since we are interested in even solutions, we shall only

consider X € [0,0) hereafter.

Case 7: 7, >0,F, = pr’, p € (—45/8,0)

First, we change (64) and (65) to an integral equation by
constructing the Green’s function G(x,s) of

Myoox — 452—1’7)« - 90F277 =0 y O<X<oo (66)
11,(0) = 17,4, (0) = 17(0) =77, (0) =0.. (67)
and obtain
_ 1 —n|x-s| —n|x+s|
G(x,s) = —Zrl(rf 9 (e +e )
+ 1 (e—r2|x—s\ +e—r2|x+s|) (68)
2n(5' - 1))
where
f, = |/ (457, + \[(457,)° + 360F, ) /2,
t, = (455, (85 + 360F,) /2, §>>0. (69)
Hence (66) and (67) is equivalent to
()= G(x, s)(B(s)—%nZ(s»ds =1L09+1,00  (70)
where
1,(x) = j:G(x, s)B(s)ds,
1,09 = [ G827 (5)ds ()

We denote by H,, the Banach space of even functions
f € C"(~o0,00) with the norm

1, = sup €, fx) (72)

where
C; F() = sup (™| FX ()

0<x<o0

and d is a constant to be specified later.

Theorem 1 Ifg(s)eH,, and Y (x) :J':G(x, s)g(s) ds,
thenY(x) e H,.,, and

1Yl ,<C. 190 e, C, =C/(r,—d)
Hereafter we shall use C as a generic positive constant, which is
independent of Y and g
Proof: From (64), it is straigthforward to check
that Y (x) € H,.., wheng(s) € H .. Next we show that
sup (sup e™Y“ (X)) <Clig(X)ll,,

0<k<m+4 0<x<w
Here we only consider the case m=0. The proof for other cases
are similar. From (68), we have

Y (X)+Y,(3) + Y, + Y500 + Y, (X) +Y5(X) + Y5 (X) + Y7 (X) + Y5 (X)
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where
Y,(0) = Lact—gﬂ“@@u,
Y,(x) = LW g (s)ds,
Y = L,m “t-9g(s)ds,
Y.00=]; me"z‘“’g(s)ds ,
0= m Eg(s)ds,
Y,00=|" m e " 9g(s)ds
%= m e g (s)ds,
%= m e Ig(s)ds,

Estimating Y|, we have

1 —nx [* g
Iv,| < me J-Oes|g(s)|ds
1\"1 2

< Ce™™ "g"HO J’Xe(rls—&s)ds
<
0 _d)ngnHO
Hence CY,()<Cllglly,/(r—d) and it follows that
IYill,<C, g lls, , if we choose d<r,. Y,,....Y; can be
estimated in the same manner and we obtain|d |<r, .
Let
S7:{neHm|||77||HmSM, m24}, (73)

where M is positive and will be specified later. We also define
an operator

QM = G( (%,5)(B(s) - nz(s))ds.

We want to show that the operator Q, maps 87 into S;and it is a

contraction. Then, (64) subject to (65) has a solitary wave
solution.

(74)

Theorem 2 Assume beH,_,, O<d<r? with M and
bl , satisfying (77), (78), and (79), then the operator
Q, mapsS;into S, .

Proof: Assume7 € S;and by Theorem 1,

11,001, =l .[OwG(Xv $)b(s)ds [l <C, lIbll,, , (75)
Before estimating [I1.(X) s, , we first show that
7% [, <2™*M?. Since ll7lly, <M , we have
e n XM,
fork=0,1,...mand 0<x<oo, If we choose 0<d <r,, then

e* |7V () [|7* () lce M2 < M2,

0<j+k<m, jk=01,.,m
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and it follows that »* e H,, , and || [l,_,<2"°M?. Now,

135 135
11, () s, —||—— G(X s)n* (s)ds|l,, S—C l7* N, .

<135(2™*)C,M?
By (75) and (76), we have

(76)

Qs M, <M llu, + 112 Ml <C, lIB]l,, , +135(2™“)C,M?.
In order to havellQ; ll, <M, we need to choose

M <M<M", (77)
where
M* =2y 13527 4)C,, M, =C, [|b]l,_, . (78)
Also from1-4M;M, >0, we obtain
~ 1
b <— .
” ||Hm 4 135(2m—2)c72 (79)

Furthermore, we have
Theorem 3 By following the same assumptions in Lemma 5, if
(80) and (81) hold, thenQ; : S, — S, is a contraction.

Proof: Assumen,,n, €S,
1Q; () —Q, () Il

< IIf 6 s)(b(s)——m ())ds
_j G(x s)(b(s)—ﬂni(S))dSIIHm

< 135” [ 6(x5)7(s) - (s) s,

< %n -l

< B2 -nt,

<

135(2")M |73, =13, Il
For choosing135(2™) M <1and having (77) satisfied, we need

. 1
M <min{M*,———}.
<M o (80)
From (77) and (80), we also need
- 1 ,
135(2™)
that is,
C C
1-1-4M M, < L =——
N = e —d) (81)
The inequality (81) will hold if we choose
C ~
max{0,r, -—————}<d <r,.
{0.r, S AN 4M1M2)} > (82)

Since Q, :S; = S, is a contraction, and it follows that there
exists a fixed point7,is S, such that

16 = Q; (17,).

For Case 5 and Case 6, the proofs of the existence of a
solitary wave solution of equation (1) are similar to Case 7.
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Thus we only give a brief discussion for Case 5 and Case 6 and
the associated Green’s function.

Case 5:

Here F, < —£72 the Green’s function is given by

1
G(X,8) = ————=—(cos(b| x—s|-@)e "
4aby/a? +b?
+cos(b | x+s|—@)e™), (83)
where0 < x <o,

a=/(45z, +[-360F,) /2>0,
b = /(-45z, + [ -360F,)/2 >0,

) a
0) = ———,

in(@) a’ +b?

cos(0) = b

Va?+b?’

Case 6:
Here in this case, F,=—4%7/,7, >0, the Green’s function
becomes

G(x,8) = —% (@+r|x=sDe™ +@+r|x+s[)e ™), (84)

where r =/%2, and Y (x)in Theorem 1 becomes

Y () =Y, (X) +Y,(X) + Y5 (X) +Y, (%)

Y5 (X) + Y5 (X) + Y (X) +Yg(X)
where

Y, (X) = 4—13'[: e "*)g(s)ds,
Y,(0 =3 [ e Ig(s)ds,
Y, (x) = ﬁjox r(x—s)e"**g(s)ds,

Y, = [ r(x+5)e g (s)ds,

Y0 =3[ e g (s)as,
V()= [ e g(s)ds,

4r°
Y, (x) = #Lﬁ r(s—x)e "¢ g(s)ds,
Yo(X) =% jw r(x+s)e " *9g(s)ds.

Estimating|Y; |, we have

1 - X rs
Yol < =6 | (x=9)e" [g(s) s

<Ce™lIglly, [, (x-s)eds

1
=C
g, (G

< Cllgll, ™.
Hence C;Y;(x) <C |l g I, and it follows thatl|Y; l., <Cllgll,,
if we choosed <.

1 -rs
Y, 1< 5 ze" [ (s=x)e ™ g(s)| ds

(e ® —e ™1+ (r—d)x))

ISSN: 1998-0140
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<Ce™llglly, [ (s—xe s

C, _dx
= e
@) 191l
<Cligll, e

HenceC;Y,(X) <C |l glls, , and it follows thatllY; Il
<Cllgl,, if we choosed >—r. OtherY;,i=1,2,4106,and 8
can be estimated in the same manner and we obtain|d |< r.

V.NUMERICAL RESULTS

In this section, we shall give solitary wave solutions of
equation (1) numerically by using classical fourth-order
Runge-Kutta method.

CaseS5:t1=1 F2=-6

0.005

VT

-0.01

-0.02

=t o ot RS
S

|
-0.015 \
|
\

-0.025

-0.03
-20 -15 -10 -5 [e] 5 10 15 20

Figure 1: A solitary solution of equation (1) for Case 5 with
7r,=1F,=-6, and compact bump b(x)=exp(1/(x* —1)) on
interval (-11).

Case 6 :t1 =1, F2 = -5.625

[

-0.01

-0.02

Il
Il
I
I

-0.025

-0.03
-20 -15 -10 -5 (o] 5 10 15 20

Figure 2: A solitary solution of equation (1) for Case 6 with
7, =1,F, =-45/8, and compact bump b(x) =exp(1/(x*> —1)) on
interval (=11).
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Case 7 :t1=1, F2=-4.793

\ ’ LW‘W\F: /[ } =

|
-0IR et if

|

|

i [

(¢]

-0.01}

‘ l

0015 F———

-0.02 ’T Lo

‘
-0.028——t————

w

-0.03 {—— ———i——-r-

]
——

|

5

-0.035 ;»ﬁh_.{____ =
0

20 -15 10 1

&l

Figure 3: A solitary solution of equation (1) for Case 7 with
7,=1F,=-810/169 ~-4.793 , and compact bump

b(x) = exp(1/(x* —1)) on interval (-11).

VI. CONCLUSION

We showed the existence of solitary wave solutions of a fifth
order model equation for steady capillary-gravity waves over a
bump with the Bond number near 1/3.
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