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Abstract— The main purpose of the paper is to present one
approach of completion of a given lattice to lattice with some
properties of Boolean lattices and its applications to concept lattices.
We provide some proofs, examples and their applications. Also we
construct a minimal P- completion of one concept lattice, that
naturally arised in a study of the suppressors of plant viruses.
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In practice often the Formal concept lattices are very big and it
is difficult to study and say about properties of such lattices.
To reduce or correct the big formal concept lattices to lattices
with well studied properties is usual problem of the Theory of
Formal Concept Analysis [5].

From the point view of the Lattice Theory and Formal
Concept Analysis it is natural to correct given lattice to lattice
with a well studied properties without losing relations (order)
between elements.

Doing this we will extend a given lattice to other lattice
guiding by the following two principles of completions:
extended lattice should have the "well-known"
properties;
extended lattice should preserve partial order of given
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lattice.

Under "well-known" property we mean a property that is
natural defined in Lattice theory, as well as, a property that
can be expressed by the first order formulas. For example, the
"well-known" property is "to be complete lattice™ or "to be
distributive lattice".

Also for finite lattices we will use the next principle:

The difference between given a lattice and the extended
lattice should be "difficult to distinguish™.
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For given finite lattice and finite extended lattice which
satisfies to condition 1) and 2) our measure of "difficult to
distinguish" is a rational number that is equal to the number of

added elements divided by the number of all elements of
extendeded lattice.

Terminology corresponds to G. Birkhoff [1] on Lattice
Theory, S. Burris - H. P. Sankappanavar [2] on Universal
Algebra, H. M. MacNeille [7] on Partially ordered sets and B.
Gunter - Willy [5] for formal concept analysis.

I1.PRELIMINARIES AND DEFINITIONS

The authors assume that the reader is familiar with the basic
concepts of lattice theory, universal algebra and formal
concept analysis.

Definition 1. Let P be a set of some properties of lattices
and L a lattice. A latice L* is called P- completions of L if L is
embedding to L as poset and L* satisfies to all properties from
P.

We note that not for any finite lattice L and a set of
properties P there are P- completions of L.

We will extend given lattice to lattice with some properties
of Boolean lattices. The reason of such consideration is the
following theorem that provides existence of P- completion:

Theorem 1. Let P be a set of some properties of finite
Boolean lattices. For any finite lattice L there is a lattice L’
such that P are valid on L* and L is embedded into L* as
partially order set.

From the above theorem and fact that every nontrivial
universal Horn class contains the class of all distrinutive
lattices, in particular, the class of all boolean lattices we get:

Corollary 1. Let P be a consistent set of the universal
Horn sentences. Then for any finite lattice L there are P-
completions of L.

We recall some main classes of lattices in which we will
find completions.

- A lattice L
distributive law:

Vxyz[x A(yVz)=(xAy)V(xAZ)];

- A lattice L is called modular if it satisfies to modular

law:

is called distributive if it satisfies to

Vxyz[x <y =xV(yAz)=yA(xV2)]
A lattice L is called meet (join) semi-distributive if it
satisfies to meet (join) semi-distributive law:
Vxyz[x ANy =xAz=>xAy=xA(yV2)
(Vxyz[xVy=xVz=>xVy=xV Y A2)]).
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An element a of the lattice L is called an atom if 0 < b <
a implies b = a for all b € L. A lattice L is called atomic
(coatomic) if every element of L is a sum of some atoms (an
intersection of some coatoms) of L.

Let L be an arbitrary lattice and B(L) a set of all subsets of
the set L. Obviously, B(L) is a boolean lattice for any lattice
L. A lattices L that are isomorphic to the lattice B(X) for some
set X is called a lattice of the set of subsets.

Further we will often use the following lattices: Ns is a
lattice with basic set {0, a, b, ¢, 1} and partial order 0 < a < 1,
0 < b <c<1,and M; is a lattice with basic set {0, a, b, ¢, 1},
and partialoder0 <a < 1,0<bh < 1,0 <c <1 (seeFigure
1). The lattice N; is called pentagon and M is diamond.
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Fig. 1. Lattices N5 and M,

I1l. MINIMAL P- EXTENSIONS OF THE FINITE LATTICES
Further we will consider finite lattices only. For a finite set A
we sign |A| the number of elements of the set A . Let L be a
finite lattice, P a set of the properties of the lattices and P a
set of all P- completions of L. A number

1, if P(L)=¢

dp(L) = L] —|L]

min{—-—=
L]

is called a P-defect of the lattice L.

So, we have 0<d,(L) <1 for any finite lattice L.
Furthermore, d,(L) =0 if and only if L satisfies to all
properties from P and d,(L) = 1 if and only if L does not
have P- completions.

Definition 2. A P- zCompletion L* of finite lattice L is
called a minimal P- completion if d,,(L) = (|L*| — [L])/IL*].

We note that a lattice can have more than one
nonisomorphic minimal completions.

In some cases, the problem of finding the minimal P-
completions of certain lattices is quite simple. In particular, we
study the lattices pentagon N and diamond M5 on
distributive, modular and semidistributive completions.

Let D, M and SD, be distributive, modular and meet
semidistributive properties, respectively. And let N¢ and M2
are lattices on the Figure 2. Note that both lattices are
isomorphic, but fixed elements a, b,c have different partial
orders.

:LePL)), if P(L)=0
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Fig. 2. Minimal D- completion and M- completion of N;

Lemma 1. The lattices N¢ and N? are all minimal D-
completions and M-extention of the lattice N; and d,(N;) =
dy(Ns5) = 1/6, dSD/\(NJ')_= 0.

Proof. Obviously, if |L| — |L| = 1 for some P- completion
L, then L - minimal P- completion. We use this fact to find all
minimal D-, M- and SD,- completions of the lattice Ns.
According to Dedekind Theorem [1], Ns is the smallest
nonmodular lattice and Birkhoff Theorem [1], Ns and M5 are
the smallest nondistributive lattices. It is easy to see N2 and
M¢ are the 6-element lattices. Hence |L|—|L| =1 and,
therefore, N2, N are minimal D- u M-completions of the
lattice N.. So D-defect and M-defect of the lattice N equal
1/6,i.e., dp(Ng) = dy (Ns) = 1/6. As Ng is semi-distributive
lattice, then dgp,(Ns) = 0.

We show there are no other minimal completions. Let L be
some minimal D-completion of Ng. As dp(Ng) = dy(Ns) =
1/6, then L consists of 6 elements, in particular, a, b,c,0,1 €
L. Due to the fact that L is distributive lattice, from the
condition avb =aVvc follows c=cA(avb)=(cAa)V
b. Hence b and a A ¢ are incomparable. In this case we receive
L = N¢. In the case of avb <aVc elements aV b, ¢ are
incomparable. Consequently, L = N2.

The little more difficult minimal D- and $D,- completions
of the lattice M;. Let B(3) and SD,(7) be lattices on the
Figure 3, and B(3)¢ is a lattice dual to the lattice B(3).

Lemma 2. Let B(3), SD,(3) and SD,(3)* are lattices on
the Figure 3.

1. The lattices B(3) up to isomorphism is unique minimal
D- extensions of the lattice M5 and d,(M3) = 3/8;

2. The lattices §D,(3) and SD,(3)* up to isomorphism
are all the minimal §D,- extensions of the lattice M; and

dSDA(M3) =2/7.

B(3)
SDA(3) SDA(3)*
ﬁ 1 1
b! o)
E/<( j / 2 hve
C a ,\
ﬂf\by\ Z\b \>Cf\b

0
Fig. 3. LatticesB(3), SD,\(3)I/ISDA(3)+
Proof. We consider an arbitrary D-completion iM; of the
lattice M;. We assume aAb=aAc=bAc. As M; is
distributive lattice, then

a=aV((bAc)=(avb)An(aVc),
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b=bv(anc)y=((bva)n(bVc),
c=cVv(aAnb)=(cva)A(cVDh).

Using the conditions a,b,c are incomparable, from the
first equality we receive that the elements (a vV b), (a V ¢) are
incomparable. Similarly, from the second and third equality
we receive (aV b), (bVc) are incomparable and (cV b),
(a V) are incomparable. Hence, (aV b), (aVvc) and bV ¢
are incomparable. Consequently, any D-completion M,
contains at least |[M;|+3 =8 elements. As B(3) is
distributive lattice and contains exactly 8 elements, by
definition of the minimal P- completion we get B(3) -minimal
D- completion. Hence dp(M;) = 3/8, as M; is a modular
lattice, then d,,(M3) = 0.

From proved above also follows that any minimal D-
completion of M; of exactly 8 elements and contains B(3) as a
sublattice. Therefore, B(3) is single minimal D-completion of
M; on conditionaAb =aAc=bAc.

In a dual way considered the completion on condition of
aVb=aVc= bVc. Inthis case we get a lattice dual to the
lattice B(3), this lattice is also D-completion of M.

2. Obviously, that the lattices SD,(3) and SD,(3)"are
SD,-completions of lattice M;. Therefore, any minimal SD,-
completion is not more than 7 elements and dsp, (M3) < 2/7.

We consider arbitrary minimal SD,-completion M of the
lattice M5, generated by the elements a, b, c. Since M5 is meet
semi-distributive lattice, in M; are executed the following
implications:

aAb=aANc—->aAb=aAN(bVc),
bhna=bAc—->bAa=bA(aVo),
cha=cAb->cAha=cA(aVDh)).

Let aAb=aAc=bAc. Then, by meet semi-
distributive law (xAy)V(xAz)=xA(yVvz) for any
x,y,Z €{a,b,c}. Thus, the sublattice generated by the
elements a, b, ¢ are a distributive and have at least 8 elements.
It contradicts a condition that any minimal SD,- completion
has no more than 7 elements.

The lattice M; will also more than 7 elements if a A b,
aAc, bAc are incomparable. Therefore, without loss of
generality, put bAc>aAc. Hence anc=0 and aA
b Z b A c, since otherwise b A ¢ = 0. We will assume a A b is
incomparable with b Ac. Then by [M;| <7, we get aVv b =
aVc=bVc=1.This means M; = SD,(3). We will assume
aAb<bAc. Then aAb =0. Consequently, 0 =aAb =
aAc and by meet semi-distributive law 0 =aA (b V).
Hence, bV c # 1. Thus the elements b Ac, bV c different
from 0,1,a,b,c and by |[M3| <7, avb=aVvc=1. This
means uro M; = SD,(3)*. Consequently, dsp,(M3) = 2/7.

From the proof of this lemma implies that the lattices
SD,(3)%, SD,(3)* are minimal SD,- completion of the lattice
M, where SD,(3)% is lattice dual to the lattice SD,(3).
Obviously, dsp, (M;) = 2/7. Also easy to see in the general
case for an arbitrary lattice L number of defects dgp, (L) and
dsp, (L) do not necessarily coincide.

Note that the choice of the minimal completion (or set of
properties P) may be dictated by practical considerations , and
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as will be shown in the next section , is consistent with the
principle of the third replenishment of finite lattices.

IV. CONCEPT LATTICE OF SUPPRESSORS OF THE PLANT
VIRUSES AND EXTENSIONS

In this section we will construct a minimal P- completion of
one concept lattice, that naturally arised in a study of the
suppressors of plant viruses.

We present the article from biologist[7]. In the review the
current knowledge on activities and biochemical mechanisms
of selected Virus-encoded suppressors of RNAI (VSRs) with
regard to their biological role of suppressing RNAI in
plantswas described.

There is a diagram which shows on Figure 4:

Fig. 4. Biological Chemistry of Virus-Encoded Suppressors of
RNA Silencing

In the review paper [8] the current knowledge on activities
and biochemical mechanisms of selected Virus-encoded
suppressors of RNAIi (VSRs) with regard to their biological
role of suppressing RNAI in plants was described. The
database of this paper allow us to get the context § =<
Sup, Sil; I >, where the set of objects Sup is the set of
suppressors that are produced by plant viruses to suppress the
immune system of the cells of plants; Sil is a set of attributes
that are a variety of immune mechanisms of plant cells, the
binary relation | consists of the pairs (s,7) € Sup x Sil such
that a pair (s, r) belongs to I if and only if suppressor s € Sup
and suppress immune mechanism r € Sil. The context § is
represented as Context 8h* Table § on Figure 5.

Sup\Sil | Interaction | SIRNA | Interference | Interference

with RISC | binding | with sSiRNA | with sSiRNA
methylation | synthesis

PO X

2b X X X

122K X

P19 X X

P21 X X

AC4 X

HC- X X X

201




INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

Pro

126K X

16K

V2

CP/p38

XXX | X

P6

Sup (abbreviation of Suppressors) is a set consists
suppressors PO, 2b, 122K, P19, P21, AC4, HC-Pro, 126K,
16K, V2, CP/p38, P6; and Sil (abbreviation RNA Silencing)
is a set consists immune mechanisms Interaction with RISC,

siRNA binding, Interference with siRNA methylation,
Interference with siRNA synthesis.

Fig. 5. Context Table §

From the context § we construct concept lattice FCL(S)
pictured on Figure 6.

[ SiIRNA binding|  [Interference with siRNA synthesis |
‘ .

Interference with siRNA metilation |
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~_ |
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Fig 6. Concept lattice FCL(S)

Put a=[P0], b=][P6,16K,V2,CP/p38] and c =
[122K,AC4]. Itiseasyto seethataAb =aAcandaAb #
aA(bVvc). This means that the lattice is not meet
semidistributive. We consider minimal meet semidistributive
completions (SD,- completion of FCL(S). Using the methods
of completions we produce the lattice FCL(S)* pictured on
Figure 7. We will omit detailed presentation and reasoning.

| SIRNA bmding‘ ‘Inlcrfurcntb with siRNA synﬂ'wslﬁl
\ ]
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T

Fig 7. Concept lattice FCL*(S)

The authors, being no experts in virology, have courage to
assume the following:

- there is a suppressor [xx?] which participates in the
process of suppression of immune Interference with siRNA
synthesis and Interaction with RISC mechanisms, but doesn’t
participate in process of suppression of immune siRNA
binding and Interference with siRNA  methylation
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mechanisms;

- [16K] or [V2] or [CP/p38] or [P6] supressor
participates in the process of suppression of the Interaction
with RISC immune mechanism.

The authors would like to note that in the publication [6]
have been shown that the suppressor of P1, which is not
included in the Sup, participates in a locking of process of
Interaction with RISC. Probably this known suppressor is an
Interference with siRNA synthesis suppressor.

V.CONCLUSION

In the paper was introduce a definition of P-extension of
lattice, where P is a set of some properties of lattices. The
existence of such extensions for every finite lattice and any
properties of Boolean lattices was shown. In particular, there
were found all distributive and meet semi-distributive
extensions of pentagon and diamond lattices. Using these
results and database of suppressors we construct meet semi-
distributive, co-atomistic lattice of suppressors of plant
viruses.
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