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Nonlinear thermodynamic model for reduced
Cosserat continuum

Vladimir Lalin, Elizaveta Zdanchuk

Abstract—In this paper we investigate a reduced Cosserat
continuum. This model was suggested as possible model to describe
granular materials. Here we get thermodynamic equations for the
current and reference configuration.
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I. INTRODUCTION

IN this work we are aiming to establish a system of

thermodynamic equations for reduced Cosserat continuum.
The idea of the reduced Cosserat continuum as an elastic
medium is proposed as a model for granular medium as well.
This type of medium and its behavior is very important in
different branches of engineering and industrial applications
such as mining, agriculture, construction and geological
processes.

Most of the models suggest that the sizes of solid particles
are negligible in comparison with typical distances between
particles. Our model deals with granular materials where
grain’s size and nearest-neighbour distance are roughly
comparable. In contrast to solid bodies in granular materials
there is no “rotational springs” that keep rotations of
neighbouring grains. For example in the simplest case, solids
can be modeled as an array of point masses connected by
Springs [1].

Originally an idea of an equal footing of rotational and
translational degrees of freedom appeared in [2]. In that work
authors obtained good correspondents between their
theoretical results with experimental data. We used this work
as in inspiration in our studies.

There are two well-known theories for described solids:
moment theory of elasticity (Cosserat Continuum), moment
theory of elasticity with constrained rotation (Cosserat
Pseudocontinuum). There exists a vast amount of literature on
these models, such as [3], [4], [5], [6], [7], [8]- A practical
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application of these models requires an experimental
determination of a large number of additional constants in
constitutive equations. These theories can still be applied to
granular media although there are many other specific models
describing this type of media [9], [10], [11], [12], [13]. In
recent papers [14], [15] more advanced Reduced Cosserat
Continuum was suggested as possible model to describe
granular materials.  In this continuum translations and
rotations are independent, stress tensor is not symmetric and
couple stresses tensor equal to zero. A feature of this model
that it has a classical continuum as its static limit. More
advanced studies of this model were performed quit recently in
the works [16], [17], [18].

In this paper, we further develop results achieved in [19],
[20], [21] for reduced Cosserat continuum as a suitable model
for granular medium. In these works we have presented linear
reduced Cosserat continuum equations, plane wave
propagation and dispersion curves for an isotropic case. It is
now very relevant study of thermal problem in the mechanics
[22], [23], [24]. Here we present thermodynamic nonlinear
reduced Cosserat continuum equations for the current
configuration.

Il. SYSTEM OF EQUATION FOR THE CURRENT CONFIGURATION.

In reduced Cosserat continuum each particle has 6 degrees
of freedom, in terms of kinematics its state is described by
vector r and turn tensor P. The turn tensor is orthogonal tensor
that is defined by 3 independent parameters with determinant
equal to 1. Current position of the body at time t is called the

current configuration (CC). Let us introduce a basis
s _ k k(s
n(x*,t) =or/ox , a dual basis " (1) and a Hamiltonian
V=rk ik
for the CC OX

In this paper we obtain thermodynamic equations for the
nonlinear reduced Cosserat continuum as Eulerian description
for the CC.

Here we list equations that are necessary to establish the
system of equations for the CC:

a linear momentum balance equation
d
Ej‘pvdv = jn -tdS
v S (1)
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a kinetic momentum balance equation

%I(pJ L0+ x pV)dV :Irx(n-r)dS

v S )
an energy balance equation:
dr,1 , 1 B
EJ.(E/N +Ea)-pJ-(o+pH)dV—J‘n T-vdS +Q

v S ©)
and the Reynolds transport theorem

%J PAdV = J pAdV

(4)
where p is density for the CC, T - stress tensor, v - velocity
vector(vzr), r - radius vector for the CC, o - angular

velocity vector(P =oxP) , N - an outward unit normal to the
surface S, J - mass density of an inertia tensor, IT - mass

G,
_ _ ()=—C(.)+Vv-V(.) _
density of the strain energy, ot - material

time derivative, A - arbitrary scalar, vector or tensor field, V -
volume limited by a surface S, Q - thermal power. To simplify
calculations we assume that the body forces are equal to zero.

We shall combine equation (4), Gauss-Ostrogradskii
theorem and equations (1) and (2). As a result we get motion
equations for the CC:

VT ©)
T, =ploxJ-0+J o) ©6)
where Tx denotes a vector invariant of tensor T. A

definition of this vector invariant was given by Lurie [25].
Equations (5) and (6) are the first two equations in our
system describing CC.
Heat Q is sum of a heat coming into the volume V through
its surface and a heat distributed in volume and can expressed
as a following formula

Q:j—n-hd5+qudv:j(pq—v-h)dv. @)
S \% \Y

Here Nis a heat flux vector, q is a heat source per unit mass.
After combining equations (3), (4), (7) and applying an

V-(A-a)=V-A-a+A"-.Va

identity we arrive at

Ip(v-v+d)-J-m+ﬁ)dV ZJ(V-T~V+TT W) + (pq -V -h)dV
\ \Y

: ®)
Since volume V is an arbitrary volume, than using (8) and
equation (5) we obtain the following relation
Al=1" --VW-pJ-0)-o+pq-V-h (9)
Now let us apply relation (6) for a second term in the right
hand side of an equation above. The latter combined with
(@xJ-0)- 0=0 o5
—p(J-(i))'mz‘rI o=t (Ixo)
The equality above was obtained with help of expression

(A-B)-a=A-(Bxa) i g =) [26]. Now we can rewrite
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the equation (9) in the following form
pAl=1" -(VW+Ix0)+pq-V-h. (10)
A strain state for reduced Cosserat continuum is described

; e(x*,1) .
by a strain tensor ">/ . We can define it for the CC as:
e=I-FT.pT (11)

. .ol _gpT .
where F should satisfy a relationF = =VR' with R as a
radius vector in the reference configuration.
Let us differentiate the expression (11) with respect to time,

T T 5T pT )
using F =-VV-F " and P' =—P" x® {9 obtain rhe
De=é+exo+Vv-e=Vv+iIxo (12)

From now we will use this short notation for

DA=A+Axw+Vv-A for an arbitrary tensor A.
Value DA is shown to be an objective derivative [11].

The equation (12) is the compatibility equation for the CC.
And it is number 3 in our system of equations.

After having introduced strain and stress, it is necessary to
establish a relation between them. This was done through
constitutive equations. Let us substitute (12) in (10) and obtain

pll=1" --De+pq—-V-h (13)

One can easily recognize the first law of thermodynamics in
(13).

As we know from [25], the second law of thermodynamics
can be expressed as

pOn—(pq-V-h)—h-VIng>0, (14)

where 7=1(8:0) s 4 unit entropy, @is a temperature.

Recombination of terms in the expression (13) gives us

pq-V-h=pll-1" --De.

Let us substitute this into (14) to get

pO—pll+1" --De—h-VIng>0

Further, we use f=I1-6_ the Helmholtz free-energy
function. With equation above this results in

1" -.De—p(f +07)—h-VIng>0

(15)
Applying a techniques describing in [26] we can get
. T .
f= i~~De +ﬂ.9
oe 00 (16)
Substituting (16) into (15) we obtain
(r—pﬂ)T -.De—p(ﬂm)é—h-vmezo
oe 00 ) (17)
It is shown in [25] that equation (17) holds only if
of of
T_p%_o, p(£+77)—0, ~h-VIng=0
which leads us to the following result
T= pi
oe (18)
A,
00 (19)

In our case a mass density Ilis a function of two
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arguments: a strain state €and a temperature‘g. A partial
derivative of IIwith respect to € can be transformed in the
following way

ot 00 of of 00 of

00 00, of
—=—t—+——=—+ =
oe e 0oe 00 c0e oOe

"o % "%

(20)
Here we used definition off and expression (19). Using
this expression (20) and the equation (18) arrive at
oIl
T=p—
oe (21)
The expression (21) is the constitutive equation for the CC.
In order to obtain next equation for the CC we need to refer
back to the expression (13). For that we introduce

—_ T .. —_ i ) H 1 1 I
¢=1 De—p(f +0n) 4 unit energy dissipation.

In the elastic medium(”:O, thus the first law of
thermodynamics has a following simple form
pOn=pq-V-h. (22)

Since we consider isotropic mediaN ==KV where K
denotes the coefficient of thermal conductivity.

Time derivative of 77 (e, 0) in combination with
technique describing in [26] results in
:8_’79'+6_’7..(D9)T
06 oe

And with help of formula (21) we arrive at

n

pea—’79+pea—’7-~(oe)T =pQq+V-kvVeo. (23)
00 oe

Combining formulas (18) and (19) results in

on__1lox

on
el
Now we introduce 00 - the specific heat capacity of

constant deformation.

After substitution of £ and (24) into (23) we arrive to the
following equation

,wézpq+v«v9+agngaT. (25)

The last equation is a heat conductivity equation for the CC
and it is the fifth equation in our system.

The system of equation for the CC will not be full without
the mass conservation law [25]

/3+pV-v=0_ (26)

I1l. SYSTEM OF EQUATION FOR THE REFERENCE

CONFIGURATION.

Now let us obtain the system of equation for the
reference configuration (RC). Usually RC is selected as a

known position of the body at the initial time t = O.
Letr(x®,0)=R(x®). We introduce the
ISSN: 1998-0140
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basisR, (x*) =0R/ox*, the dual basis R*(x®) and the
0

o

To write down the system of equation for the RC we need to
use tensors and vectors in a basis for the RC.

For the RC we need to use “rotated” velocities vector
Vv=pP.v 27)
Q=P .0 (28)

The vector Q is used in rigid body dynamic [27]. There it
was called the right angular velocity vector and is defined by
the equation

P=PxQ,
where (..) :%(...).

Hamiltonian in the RC V = R?®

(29)

For the CC tensor J was defined as follows
J=P-J,- pT [27], where J is the known mass density of an

inertia tensor for the RC. The stress state for the RC for the
reduced Cosserat continuum is described by the stress tensor
[26]

T=£0pt.1.p,
o)

(30)

where p, is a density in RC,F=Vr' .

The strain state for the RC is described by the strain tensor
[26]
E=F".P-I

This strain tensor is identically equal to zero when body
moves as rigid.

Define V, as a volume for the RC which changes in V for

the CC. Volumes V and V, consist of the same particles.

The Nanson’s formula is necessary to establish the system of
equation for the RC [25]:

nds =22 N-Fds,,
Yo
where N is an outward unit normal to the surface S, .
So we shall combine equation (1), (32) and Gauss-
Ostrogradskii theorem.
Because V,, is arbitrary, we get

oPT
oxs

To be able to write down motion equations and compatibility
equations we need an additional tensor K .

(31)

(32)

poV=V-T-PT +R®.T.

(33)

VPT ——KxPT . (34)
T
Hence &*— = _K _xPT , (35)
ox® )

because K satisfies a relation K = r’K .

Now let us apply relation (35) for a second term in the right
hand side of an equation (33). The latter combined with

A, =-Aland (AT -K), =R*-AxK,, that is valid for any
tensor A, results
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T
TP

ox®
=—(R® - TxK{)-PT =(K"-T),-PT

Then we shall transform term in the left hand side of an
equation (33).
V=(P-V)=(PxQ)-V+P-V=(V+QxV)-P'

Let us return to the equation (33) and multiply it by the
tensor P on the right. After combining equations (33), (36) and
(37) we obtain a local form of the linear momentum balance
equation for the RC

R® -

s T, «PT)=
-R*>- T-(KyxP") (36)

(37)

V-T+(KT-T), = po(V+Qx V)
The equation (38) is the first motion equation for the RC.
Further we shall combine equation (2), (28), (30), (32) and
Gauss-Ostrogradskii theorem. Since volume V,, is an arbitrary

volume, than we get

(38)

Po((P-34-Q)+(rv)) =—V-(T-PT xr)~R¥-T-PT xr,

(39)
Now let us transform a second term in the left hand side of
an equation above.
(rxv)=rx(V+QxV)-P". (40)
Than we transform the first term in the left hand side of an
equation (39).
(P-Jy-Q)=P-(J,-2+QxJ,-Q) (41)
Now let us apply relation (36) for the first term in the right
hand side of an equation (39).

VA(T-PT)xr=—rx(V-T+(K"-T),)-P". (42)
Then we apply equation (31) for a second term in the right

hand side of an equation (39).

RE-T-PTxr, =—P-(E+1)"-T),. (43)
So after combining equations (38), (40), (41), (42, (43) we

arrive at a local form of the kinetic moment balance equation

for the RC.

(E+1)T-T), = po(Jp-Q+QxJ;y-Q). (44)
The equation (44) is a second motion equation for the RC.
Equations (38) and (44) are the first two equations in our

new system describing RC.

Now let us obtain compatibility equations for the RC.
For the RC basis does not depend on time. So after using the
opportunity to reshuffle 6/ot and 6/0x we get

FT=Vv.
We shall differentiate with respect to time equation (31).

As we know I =0 . Using equations (27), (29), (45) we
obtain

(45)

E-V.-P+FT.-PxQ. (46)
Now let us apply relation (27), (34) for the first term in the
right hand side of an equation (46).
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e _—
V-P=V(v-P)-VP' .v=VV+KxP' -v= (47)

_VV+KxV

Further let us apply relation (31) for a second term in the
right hand side of an equation (46). So we get

E=VV+KxV+(E+)xQ. (48)
The equation (48) is the first compatibility equation for the
RC. And it is number 3 in our new system of equations.
Now let us obtain equation relating K and Q. We shall
transpose both sides of the equation (29). We arrive at
sey OPT
-R°Qx——=
ox*®

VPT =-VQxP'
(49)
=-VOxPT +R°Qx (K, xPT)

Now let us transform a second term in the right hand side of

an equation (49). The latter combined
withax(bxA)=bx(axA)+(axb)xA, which is valid for

any a, b, A [27] results
VP = —VOxPT +Kx(@xPT)— (K xQ)xP" (50)
Than let us differentiate with respect to time expression (33),
so we get
(VPTj=—KxPT +Kx(@xPT) (51)
For the RC basis does not depend on time, which leads to
(VPT)=V(PTJ.
As we can see the left hand side of an equation (50) is equal

to the left hand side of an equation (51). We obtain the
following relation

KxPT =(VQ+KxQ)xPT . Hence

K=VQ+KxQ. (52)
The equation (52) is the second compatibility equation for
the RC. And it is number 4 in our new system of equations.
Further let us return to an energy balance equation (3). For
RC it can be expressed as a following formula:

d 1 1
EJ-(EpOVZ 592 pod @+ poll)dVg = JN-T-VdSO +Q
Vo S
(53)
0
Thermal power is Q = j(poq —V-H)dV, for the RC, where
Vo

H is a heat flux vector for RCand H=JF ™ .h.
Applying a techniques describing above for CC we can get

. 0 0 . 0
Pll=(V-T=pV)-V+TT .VV = py(J,-Q)-Q+ p,q—V-H
and than

) 0 0
PlI=TT (KxV+VV+(E+1)xQ)+p,q-V-H. (54)

An expression in brackets in the right hand side of an
equation (54) is E. So we can easily get
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. . 0
poll=TT -E+pyq-V-H. (55)
The second law of thermodynamics for RC can be expressed
as

0 0
P01 —(Peq—V-H)—=H-VIn6>0.

(56)
Let us substitute (55) to (56) and use f = f(E,@)- the
Helmholtz free-energy function to get
. . 0
TN E-po(f +07)—H-VInO=0 (57)
T
The latter combined with f _i E+i9 results
oE 060
o 1 . of : 0
T-py—) E-pog(—+n)0-H-VInG=>0. 58
(T-po 6E) ’00(63 1) (58)
As we say earlier equation (58) holds only if
of of 0
T- =0, —+1)=0,-H-VIng>0,
Po g =0, Po(S+1)
which leads us to the following result
of
T= 59
Po = E (59)

One can easily recognize that an equation (20) can be
expressed as

oIl 00 of of 00 of 00 06, o
SNt s = () == (60)
oE OE OE 060E OE 0E OE OE
for RC.

Using this expression (60) and the equation (59) arrive at

oIl
T= 61
Po = oE (61)

The expression (61) is the constitutive equation for the RC.
Now let us introduce unit energy dissipation for the RC

¢J:TT ~-E—p0(f +9n).

In the elastic medium? =0 , thus the first law of
thermodynamics for the RC has a following simple form

(62)

0
Pobn =pod-V-H.

(63)
Applying a techniques describing for the CC we can get
0 .
Pox0 = pod - VH+HZ; ET. (64)

0
Since we consider isotropic media H=-kG™-V @, where
G=JYEE" +E" +E+1).
Now we arrive to the foIIowing equation

oT

Poxb = p0q+VkG V0+969 ET.

(65)

The last equation is a heat conductivity equation for the RC
and it is the sixth equation in our system.

IV. CONCLUSION

Here we gather all the equation in our system.
For the CC:
motion equations
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V-t=pv
T, =plox)- -0+l o)

the compatibility equation
e+exm+Vv-e=V+lxa
the constitutive equation
T= pa—H
oe
the heat conductivity equation

p;(é = pq+V~kV€+9%~(De)T

the mass conservation law
p+pV-v=0

The system for the CC consists of 26 equation and depends
on the following unknown functions: 9 stresses T, 9 strains €,

6 velocities vV, @, temperature ¢ and density p. As a result we
have 26 unknown functions. The problem becomes fully set
after adding the boundary and initial conditions.

For the RC:
motion equations

V-T+(KT-T), = po(V+QxV),

(E+1)"T-T), = po(Jp-Q+Q2xJ,-Q),
the compatibility equation

E=VV+KxV+(E+1)xQ,

K=VQ+KxQ,
the constitutive equation
oIl
T
Po OE '
the heat conductlvity equation

oT

Poxb = poq+VkG’1 V¢9+969 ET.

The system for the RC consists of 34 equation and depends
on the following unknown functions: 9 stresses T, 9 strains E,

6 velocities V, Q, temperature ¢ and 9 components of the
additional tensor K. As a result we have 34 unknown
functions.

The main advantage of our work is that our description as
for the CC as for the RC does not contain kinematic unknown
r, P as well as strain gradient F. Unknowns r, P can be found

by integrating equations Y = r ,
system of equation.

P=w0xP jfter solving the
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