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On the solvability of the L” and BM O Dirichlet
problem for elliptic operators

Gabriella Zecca

Abstract—We study the BM O and the LP solvability of the
Dirichlet problem for a second order divergence form elliptic
operator with bounded measurable coefficients in a Lipschitz
domain. We obtain a relation between the BMO-constant of the
operator (see Definition 6) and the solvability exponents p.
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I. INTRODUCTION
Let 2 C R™ denote a Lipschitz domain. For K > 1

we consider the class £(K) of measurable (not necessarily
symmetric) matrix fields A(z) € L°°(2) such that

45 >
- < (A@)6,6) < K¢ 1)

for a.e. x € 2 and for every £ € R™.
We examine the classical Dirichlet boundary value problem:

Lu=0 1in
{um=feamn @
where
L =div(A(z)V) 3)

is an elliptic operator whose coefficient matrix A(x) belongs
to £(K). (See [1],[2] and [10] for some applications).

For 1 < p < oo, the problem (2) is called LP- solvable and
the operator (3) is said LP-resolutive, if there exists a constant
C, > 0 for which the following holds: For any f € C(99)
the unique solution v € VVﬁ)CQ(Q) N C(Q) to (2) satisfies the
uniform estimate

HNUHLP(BQ) <C ||fHL:D(8Q) )
where Nu is the nontangential maximal function,

Nu(z) = sup |u(y)|

yeg(x)
(here G(x) is a truncated cone with vertex at ) and where C

depends only on the Lipschitz character of (2 and the ellipticity
of L.

In order to state a necessary and sufficient condition that
problem (2) is LP- solvable we shall recall a key notion of
the theory, namely the “elliptic measure”. To this effect we
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assume that € contains the origin of R™ and we consider the
linear functional

F e C09) —s u(0)

where u € W,lof (2)NC(Q) is the unique solution of problem
(2). Then, there is a unique Borel regular probability measure
wr, on Jf) such that

u(0) = (0)dwi (o),

o0
Such wy, is called “elliptic measure” associated with L (see

[14]).

Definition I.1. We say that the measure w supported on 0S)
belongs to the Gehring class By, 1 < q < 00, if w is absolutely
continuous with respect to the surface measure o on 052, and
the Radon-Nikodym derivative w = ‘fl—‘; verifies the “reverse

Holder inequality”

with a certain constant B > 1 and for all surface balls A C
of.

Theorem 1.1. [14] The following conditions are equivalent
(% + % = 1): i) problem (2) is LP- solvable; ii) the elliptic
measure wy, of the operator L belongs to the Gehring class
B

T
We refer the reader to the papers [5], [6], [3], [8] and to
[12] for more details.

To define the BMO-solvability for L as in [7], we shall now
introduce some notations.

For every © € 00 we set B.(z) = {y:|ly—z| <r},
A, (z) = B, (x) NI, and we denote by T'(A,.) = QN B,.(x)
the Carleson region above A,.(z).

A measure p in ) is Carleson if there exist rg > 0 and
C' > 0 such that for all » < rq,

W(T(A,) < Co(d,).
For such measure ;. we denote by ||u||cqr the quantity

Ittllcar = sup (o(A)"Lu(T(A)))*
ACOQ

We say that a function f : 02 — R belongs to BMO
(Bounded Mean Oscillation) with respect to the surface mea-
sure do if

sup U(I)*l/ |f — fr|*do < .
1CoQ 1
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Here f; = o(I)~! [, fdo. We denote by | f||gao(p) the
number

T Pp— (aml / |f—fz|pd0>
I1CoN I

It can be shown that, for any 1 < p < oo, ||f||smo(2) < o
if and only if || f||parop) < 0o. Moreover, || - || garo(p) and
|- 1l Bamo(2) are equivalent in the sense that there is a constant
C > 1 such that the inequality

C ' frow) < IfllBaoe) < ClfllBrow)
holds for any BM O function f.

Definition 1.2. The Dirichlet problem (2) is called BM O-
solvable for L (and the operator L is said BM O-resolutive)
if the solution u for continuous boundary data f satisfies

I1Vul?é(z)dzllcar = I1fBrr0e)-

Here 6(x) =dist(x, 0). Equivalently, there exists a constant
C such that for all continuous f,

sup U(A)_l//T(A) |Vu|?6(x)dx

ACOQ

<Cswp a0 [ I~ fiPdo
I1CoQ I

®)

Note that even though one defines BM O-solvability only
for continuous boundary data, the solution u can be defined for
any BMO function f : 90 — R and moreover the estimate
will hold. In addition, such a solution v will have a well-
defined nontangential maximal function Nu(z) for almost
every point = € 02 and in the nontangential sense

f(ﬂf)Zy

lim

u(y), for a.e.x € 00
LAme ()

(see [7]).

We will call BMO-constant of the operator L the quantity

[[Vul?(2)dz||car ) ’
1 fllBrro)

BMO(L) = sup ( (6)
Moreover we will denote by Ds(c) the doubling constant
of the surface measure o on €2, and precisely

o(A(z,2r))
Dy(0) =sup ————5-.
A PNE)
An easy computation shows that, for example, if Q@ = D,
the unit disc of R?, then Dy(0) = 3 and in case 2 = B the
unit sphere of R?, then Dy (o) = 4.

In [7] the following result is obtained (see [7], Theorem
2.2).

Theorem 1.2 ([7]). Assume that L is BMO-resolutive. Then
there exists pg > 1 such that the LP Dirichlet problem for L
is solvable for all py < p < .

Last result is obtained by the authors by proving that an
operator L in our class £(K) is BMO-solvable if and only
if the elliptic measure wy, belongs to the Muckenhoupt class
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Ao = UB, with respect to the surface measure o on the
boundary of the domain of solvability 2. And when the density
of elliptic measure with respect to o belongs to some By,
using Theorem 1.1, it turns out that the Dirichlet problem is
LPo solvable where 1/go+1/pp = 1. The range of solvability
(po,00) can be then obtained by observing that B,, C B, for

q < qo-

In this note our aim is to give an upper bound for such
exponent py in terms of the BM O constant of L appearing
in (6). In particular our main result is the following

Theorem L.3. Let Q2 C R™ be a Lipschitz domain and let L be
a divergence form elliptic operator with bounded coefficiens,
satisfying the strong ellipticity condition. Assume the operator
L be BMO-resolutive. Then L is LP resolutive, for all p >
14 pg where

po =C - Dy(wp)? - BMO(L) + e -log Do(0). ()

Here C = C(n), Dy(wy) is the doubling constant of the
elliptic measure wy, and BMO(L) is the BMO constant of
L defined in (6).

We note explicitely that (7) gives a control for the greatest
lower bound of the solvability exponents p which is linear
with respect to the BM O-costant of L.

It is worth to point out that a similar result can be easily
obtained in the context of the Orlicz boundary data using
Theorem 4.4 in [19] (see also [21] and [20]).

Finally, using [18] Theorem 1.3, we shall prove a simul-
taneous BM O-solvability result for two different operators
without assumption on the distance of the operator’s coeffi-
cients near the boundary (see Section IV).

II. PRELIMINARIES

In this section we recall some results about the real variable
theory of weights, which will be useful in the sequel (see [5],
[6], [3], [8], [12D.

Definition IL1. Let v be a finite measure on 0S). Then v
belongs to A (do) if for all € > 0 there exists an 1) > 0 such
that for every surface ball A and subset E C A, whenever

ZEB < n then ZEB < e

Theorem I1.1. Assume that the measure v supported on OS)
belongs to A.. Then there exist constants 0 < f <1< H <

o0 So that 5
UE) _y (7E))
v(A) o(A)

for any surface ball A C 0X) and any measurable set E C A.

(®)

It is well known that A, is the union of Gehring classes
By:
AOO - Uq>1Bq

Definition I1.2. For any A, measure v on OS2 we define

H
B;(v) = inf {5 :0 < B <1< H and condition (8) holds} .
)
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If we switch the role of the measures o and v on 92 in (8)
are preserved the properties of the weights supported (see [4])

Theorem IL.2. The measure v supported on OS) belongs to
A with respect to o if and only if there exist constants 0 <
a <1< M such that

5 ()

for any surface ball A C 0 and for any measurable set
F CA.

(10)

It is therefore natural to associate to weight v a constant
defined as

A (v) = inf { M :0<a<1< M and (10) holds}
!

(1)

We emphasize explicitly that a measure v belongs to Ao,
if and only if Ao (v) < oo or, equivalently, B;(r) < oc.
That is why we will call (9) and (11) A.- constants of v. For
example, in dimension n = 2, if w is defined by ‘;—“; = o“

with o € (—1,0], then w € Ay and By(w) = 5.

III. PROOF OF THEOREM 1.3

A main tool in our proof will be the following result:

Theorem IIL.1 ([7]). Let L be BMO resolutive. Then the
ellipic measure wr, belongs to Awo. In particular, for any € >

0, assuming n = e~ ore , for all surface ball A C 02 and
for all measurable subset E C A,
o(E) wr(E)
o(A) wr(A)
Here C' = C(n), d = Dy(wr) is the doubling constant of wr,
and C = BMO(L) is the BMO-constant of L.

<e (12)

Proof. The thesis can be obtained by following line by line
the proof of Theorem 2.1 in [7]. For the convenience of the
reader we give here the details. Let A be a surface ball on
the boundary of 2 and assume f be a positive and continuous
function supported on A. By the assumptions and also by
using [13], one can see that if Lu = 0 and v = f on the
boundary then, for some constant Cy = Cy(n, §2),
’I/Afde <CoClflsro.  (3)
Suppose that o(A) = r and let ¢ > 0. Let E C A be
an open set. We shall find 7 > 0 such that o(E)/c(A) <
1 implies wr,(E)/wr(A) < e. To this aim let x(E) be the
characteristic function of E. Define the BMO function

f = maw{0,1+ §log M(x(E))},

where M (x(E)) denotes the Hardy-Littlewood maximal func-
tion of x(E) with respect to surface measure on the boundary
of Q, i.e.

M(xE)(x)
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and where ¢ is to be determined. The function f verifies the
following properties:
i) f>0,
ii) || fllBamo <6,
iii) f =1 on E.
Observe that if = ¢ 2A, then
o(E)
<.
o) =7
Then, for any 6, if one choose 7 sufficiently small, then
1+ dlog M(xg)(z) <0 so that f =0 outside 2A. Assume

M(xe)(r) <

n=e5. (14)

Using a standard mollification process, one can find a family
of continuous functions, f;, ¢ > 0 verifying:
e ft—>finLP ast—0

o Vt, 3C || fellBMo < CillfllBMOS
o suppfi C 3A.

1 on E, by (13) we have

1
3A /fde

<— d
wL 3A ta()*/ frdwr

<CCy hm sup | fell Bro <

Now, since f >

wL(E)
WL(?)A)

CCICQHf”B]\/[O

Now we choose -

2CC1Cy’

so that by last inequality we find
wi(E) _ e
UJL(A) 2d2

5:

where d = Dy(wy,) is the doubling constant of wy,. At this
point the thesis easily follows.
O

Proof of Theorem 1.3. Using Theorem III.1, the statement of
Theorem 1.3 follows by using a well known argument (see for
example [9]). For the convenience of the reader we give here
some details.

Assume that L is BM O resolutive. Then, by Theorem III.1,

. cd?c

for any € > 0, assuming 7 = e~ = , for all surface ball
A C 99 and for all measurable subset E C A,

a(E) wr (E)
o(A) wr(A)

Moreover, since wy, << o we consider the Radon-Nikodym
derivative w = dwy,/do. To obtain the thesis of Theorem 1.3,
we shall prove that for £ € (0,1) one can determine h =
h(e,d,C,n, ) such that wy, € Biip(do). To this aim we
will use a classical argument due to Coiffman and Feffermann
[4] and Muckenhoupt [15]. Let us fix 0 < € < 1 and consider
the n € (0, 1) associated to & according to (15). Let A C 99
be a surface ball. We take an increasing sequence Ay < A\; <

< A < ..owith \g = wdo and, for any k € N, A\ =
A

<e (15)
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Ao (%)k, where S = Ds(o) is the doubling constant of the
surface measure o on §).

Now we make the Calderon-Zygmund decomposition of A
for the function w and the value Ao, that is we consider a
family A ; of disjoint surface ball satisfying

Ao <7[ wdo < S)\o
Ao, j

Then, we make the Calderon-Zygmund decomposition of
any A ; for the function w and the value A;. In this way we
obtain a family A; ; of disjoint surface ball satisfying

(16)
a.e.xr ¢ UjENAO,j = D().

A1 <7[ wdo < S\
Ay a7

w(z) < A\

and so on. In this way we obtain a family Ay ; of surface
balls such that

a.e.x ¢ UjENALj = Dl,

Vk, {Ak,;} ey is a disjoint family
)\k <][ wdo < S)\k
Ap j

w(z) < )\)c

Moreover, since each Ay ; is contained in Ay ; for some ¢,
than Dk+1 C Dg.

(18)

a.e.xr ¢ UjeNAk,j =: Dy,
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Then, for any i > 0,

/wl'*'hda:/ w'tdo +
A A\Do

< Awr(A\ Do)+ Y Ny wr(Dy \ Diya)
k=0

<A {wL(A\DO) +

o0

E / wthdo
k=0 Dr\Dk+1

oo

(Sﬂl)(k“)hffkwL(Do)}
k=0

<Ag {WL(A \ Do) + (Sn~)" Z((Snl)hE)k%(Do)} :
k=0
(20)

Now, if we take h > 0 small enough in order to have
(S~ Hlre < 1, ie.

elog(e71)
Cd2C +clog S
the series in the right hand side of (20) will have a finite sum
and we shall get

h < 21

/ w'thdo < C/\g (wL(A \ Do) + UJL(D()))
A

e <][A wda)th(A)

that is wy, € By4n(do). At this point, using Theorem 1.1 the

We have thesis easily follows. O
S > ;/ wdo IV. SIMULTANEOUS BM O-SOLVABILITY FOR TWO
0(Bki) Jag D DIFFERENT OPERATORS IN THE PLANE
_ ! Z wdo (19) Let D be the unit disc in R%. We denote by &(K) the
o(Aw,i) Api1jea,, B+l subclass of £(K) of matrix functions satisfying the condition
o(Ag;ND =
> Akt ( ;,(zA -)k-s-l). det A(x) a.e. z €D.
b The restriction to coefficient matrices A € £ (K) poses any
Thus, loss of generality. For this we recall [11] that, if u € Wllof
0(Ak,i N Diy1) S _ solves div(A(z)Vu) = 0 for some A € £(K) then there is a
o(Ak,i) Ak+1 correction A € & (K') such that div(AVu) = 0.
Actually, all matrices in & (K') generate pull-back of Lapla-
and hence . . . . .
wr(Agi N Diy1) cian via K- quasiconformal mappings. More precisely, let
wr(Dra) F:R? - R% F = (a,B) be K- quasiconformal; that is,
" F is a homeomorphism of class W,"(R?; R?) such that
Summing over ¢, )
DF(@))? < (K + — ) Jr(z ae.. 22
wr (Dy+1) < ewr(Dy), [DE(z)] ( K> r(z) (22)
which leads to Here |DF(x)\ gtands for the Hilbert-Schmidt norm of the
wi(Dy) < b wy (D). d1fferent1al matrix DF(x) 2nd Jr (x) for the Jacobian deter-
minant of F'. Then, with R i denoting the half-plane z2 > 0,
Of course we also have we have F(R?) = R% and F(R) = R. Moreover, if u satisfies
Ay =0, then v = uo F is a solution to Lv = div(AVv) =0
0(Dyy1) < no(Dy) where A = A(x1,xz5) is given by
and
(D) < n*a(Do)
1 %1 + ﬁgg —Qg, Bey — QB
which implies that A= —
Jr _ _
Jo%) . awl /81131 awz/BiEQ a
o(N32yDy) = lim o(Dy) = 0. (23)
k—o0
ISSN: 1998-0140 246
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and verifies (1). Hence
L:= AF

is the pull-back under F' of the Laplacian. It is well known
that A belongs to & (K), see e.g. [11] and [16]. In [4]
the authors construct examples of such operators having the
elliptic measure completely singular with respect to arc length,
also with coefficients continuous in the closed unit disc.

We prove the following theorem of simultaneous BM O-
solvability.

Theorem IV.1. Let ' : D — D be a K-quasiconformal
mapping. Then, the operator

Lo =Ap (24)
is BM O-resolutive if and only if
Li=Ap (25)

is BM O-resolutive.

Proof. The result is obtained by using Theorem 1.3 in [18],
and Theorem 2.1 in [7]. Infact, as in [18] one can prove the
following equalities between the A, -constants of wy, and
wr,, (see Section II)

AOO(WLO) = Bl(wL1)7
Aoo(le) = Bl(wLo)

so that, combining (26), (27) and Theorem 2.1 in [7], the thesis
follows.

(26)
27

O

We point out that under the definitions (24) and (25) it is not
really meaningful to speak of the distance between L and L;.
Indeed the domains of operators Lo and L; are D and F(D)
respectively. On the other hand, even after composition with
most natural map F’, the coefficient matrix A; o F' is not close
to A, in the sense of any natural distance between coefficients
(see for example [18], Example 4.1).
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