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Abstract – The classical action for the long elastic rod was 
constructed and the resistance force accounted due to the formula 
for 

frf . The both  of the nonlinear dynamic equation and the 

transversal condition for free end of the elastic rod has been found. 
In accordance by Navier - Stokes equation the force of resistance 

frf  of cylindrical body as a function of its radius R  was 

calculated. In this case of the distance range rδ  measured from the 

surface are 
u

rn νδ <<<<
−

3
1

, where −n  molecular concentration, 

−ν kinematic viscosity and u −  is the velocity of the flow.  
 
 Keywords – Viscosity, laminar regime, heterogeneity 
displacement, nonlinear equations, transversal condition.   

 

I. INTRODUCTION 

While getting acquainted with the theoretical basis of 
viscous liquids hydrodynamics [1-3] a very interesting detail 
has been found. For example, monograph [1] states that the 
resisting force at the laminar flow of the body by a steady 
liquid flow  
moving with the u  rate will be determined by the formula 

i ik kf a uη= , where η −  the dynamic viscosity of the 

medium
 

and the
 

ika −
 
tensor is simply a constant value 

related to the
 shape of the body. On the other hand, as 

shown in monograph [2], the resisting force of cylindrical 

body should be described 
by the Lamb–Oseen formula with 

the nonlinear
 
form of the dependence, namely

 
,

ln
k

i ik
uf

u
ηδ=

where
ikδ −  Kroneker’s symbol. However, both monographs 

deal with
 
laminar flow,

 i.e. they speak about relatively low 
flow rates and relatively low Reynolds numbers. This 
contradiction has forced us to return to this classic issue 

again and consider the problem of 
calculating the resisting 

force of the cylindrical
 
body

 
if , but in terms of an approach 

slightly different than that of the Stokes model, albeit in a 
potential flow approximation. Reynolds number

 ν
Lu

=Re , 

where −L  characteristic linear scale and −ν  kinematic 
viscosity, then, choosing, for example, water parameters, for 

which the kinematic viscosity 
2

210 сm
s

ν −= , and the body 

rate is low 11u cm s−= ⋅  for a linear scale 1L cm≈  we find 
that 100Re = . Such an assessment does not quite fit the 
picture of the low Reynolds numbers for which the 
inequality 1Re <<  should be realized. It means that either a 
linear dimension of the body should be in the range of 
nanoparticles dimensions and the speed is not too low, for 
example 11u cm s−≤ ⋅  or, on the other hand, the body 
dimensions may be quite adequate and be in the range of , 
for example, 1cm , but with the very rate low at the same 
time. In our opinion, both cases are of no interest from the 
physical point of view. So it would be very interesting to 
find a solution of the Navier - Stokes equations disregarding 
the substantial derivative and in the case when the rδ
,characteristic distances measured from the surface of the 

body are within the range 
u

rn νδ <<<<
−

3
1

, where −n  the 

density of liquid molecules. As can be seen, this inequality 
is easy to realize for relatively low rates and then we really 
may disregard the left side of the Navier - Stokes equation. 
In this case the equation will have the following form

0P ν−∇ + ∆ =V . We should note that it is valid for bodies of 
arbitrary shape. As part of our objective we will provide a 
solution for the case of laminar flow under the condition of 
close proximity to the boundary of the body 

u
rn νδ <<<<

−
3
1

. 

If a relatively small piece is selected on a thin rod, it can be 
regarded as a cylindrical body in case of a very good 
approximation. It is for this piece of cylinder we will first 
calculate the resisting force as a function of its radius R . 
Please note, that none of the monographs known to us [1 – 
3] does not give the solution of this problem, except for the 
Lamb–Oseen formula. In the case of cylindrical bodies, the 
dependence of the resisting force on the flow rate must also 
be linear, as in the well-known Stokes problem solved for a 
spherical body. Although the final expression for the 
resisting force, which we will strictly get, appears to be 
proportional to uη  product, where η −  the dynamic 
viscosity (which, by the way, was noted in [1]), we have 
been able to calculate the dependence of the resisting force 
of the cylinder also on its radius R . 
The first part of our research will be devoted to the analysis 
of this particular case. The second part will be devoted to the 
application of the established formula for calculating the 
resisting force for a slender column at its arbitrary (not 
small!) and heterogeneity displacements. 
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II. BASIC EQUATIONS AND THEIR 
ANALYSIS FOR A CYLINDRICAL BODY 

 
In steady case the Navier - Stokes equation may be written 
as ( ) Pρ η∇ = −∇ + ∆V V V , where −P  pressure, −ρ  density 
and −V  steady flow rate. As we described above, in the 
area close to the surface of the body the equation may be 
written as follows:  

                    0P η−∇ + ∆ =V .                                      (1)    
We will look for its solution in a not quite standard form, i.e.    

               rotrotrotrotf= +V u u ,                               (2)  
where the function −f  is to be found.  
Inserting (2) subject to const=u  into equation (1) we find 

]3 3 0rotf f∆ = ×∆ ∇ =u u . Thus, function f  should satisfy the 

following equation:  
                     3 0f∆ = ,                                               (3) 

where the constant of integration is set to zero. If now we 
insert (2) into equation (1), we get 

( )2 2 ( ) 0P f fη−∇ + ∆ ∆ −∆ ∇ ∇ =u u . Therefore, pursuant to 

equation (3) this implies ( )2P η∇ = − ∆ ∇ ∇u f . So, after 
integration, we have    

                  2
0 ( )P P fη= − ∆ ∇u ,                                     (4) 

where −0P  external pressure. Due to the symmetry of the 
problem, it is convenient to move to the cylindrical 
coordinate system where the z axis is directed along the 
axis of the cylinder and the polar angle углом ϕ  is 
measured from the x axis, as shown in Figure 1.  
We have chosen x  axis along the flow direction, i.e. 
according to u rate. Due to the symmetry of the problem, 
the function f  will depend only on the radial coordinate r . 
Therefore, if )(rff =  and Laplace operator in the 
cylindrical coordinate system  for the radial component is 

1 ff r
r r r
∂ ∂

∆ =
∂ ∂

, equation (3) after six-time integration gives 

rise to the following solution: 
4 5 2

1 2 3
2

4 5 6

(ln 3 / 4) ln

ln

f C r r C r C r r
C r C r C
= − + + +

+ + +
,            

Assuming here that 
1 2 6 0C C C= = = , and re-setting constant 

values we receive  
      2 2ln lnf Ar r B r Cr= + + .                                  (5) 

Of (2) we find  

( )2 f ff f
r r
′ ′  ′′= + ∆ −∆ + −    

V u u u n un .                  (6), 

where the unitary vector 
r

=
r

n  is normal to the outer surface 

of a cylindrical body. We use the following formulas to find 
the radial and tangential rate components:  

                         ( )
( )

,

,
r r r

V u

V uϕ ϕ ϕ

= − ∆

= − ∆

G

G
                              (7), 

where vector ( )f ff
r r
′ ′ ′′= − + 

 
G n un u . According to the 

general formulas of differential geometry we have  

              ( )

( )

2 2

2 2

2 ,

2 .

r
rr

r

GGG
r r
G GG
r r

ϕ

ϕ
ϕϕ

ϕ

ϕ

∂
∆ = ∆ − −

∂

∂
∆ = ∆ − +

∂

G

G

  

After plugging in here the functions 

cos , sinr
fG u f G u
rϕϕ ϕ
′

′′= =  we have 

( )

( )

(4)
2 3

2

1 2 ,

11 2 .

r
f f fV f
r r r

f f f fV
r r r r rϕ τ

′′′ ′′ ′  = − + − −    
 ′′ ′′ ′ ′′ ′    = − − + +        

un

u

   

 
 
 
                                 z  

 

 
 
 
 
L   
 
 
 
 
 
                                                                                 Vϕ

  
 
                                                                              x   
                                                           ϕ   
 
       y   
                                                        rV   

Figure 1. Schematic interpretation of coordinate system and direction of 
velocity flow.  

 
Finally, plugging in solution (5), we find  

          4 2 2 2

2 2 4 2

lncos 1 5 6 5 6 ,

lnsin 1 6 7 5 6

r
B A r A CV u
r r r r
A r A B CV u

r r r rϕ

ϕ

ϕ

 = + + + + 
 
 = + + − + 
 

           (8) 

According to conditions where 0, 0r r R r R
V Vϕ= =

= =  we easily 

find that   

( ) ( )
2 4

0, ,
6 1 ln 30 1 ln

R RC A B
R R

= = − = −
+ +

.                     (9)   

Thus, solution (8) will look like   

     

( ) ( )

( )

( ) ( )

( )

4 2

4 2

2

2

4 2

4 2

2

2

lncos 1
6 1 ln 1 ln

5 ,
6 1 ln

lnsin 1
6 1 ln 1 ln

7 .
6 1 ln

r
R R rV u

r R r R

R
r R

R R rV u
r R r R

R
r R

ϕ

ϕ

ϕ


= − − − + +


− + 


= + − − + +


− + 

          (10) 

As can be seen from (10), the equation 0div =V  is satisfied 
automatically. Now, to calculate the resisting force 
determined by the close proximity to the surface of the body 
and directed opposite to the x axis, we need to use the 
general expression [1] ∫=

S
kiki dSF σ , whereе −S  body 
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surface and the stress tensor is given by the equation 
( ), ,ik ik i k k iP V Vσ δ η= − + + , where 

,i kV −  covariant derivative. 

Hence, 
              ( ), ,i i k k i k i

S S

F V V dS PdSη= + −∫ ∫ .                   (11) 

Thus it is left only to calculate the dependency of the 
pressure. To find it we apply equation (4), according to 
which 2

0 ( )P P fη= − ∆ ∇u , and plug solution (5) in it with the 
ratios determined by (9). Then  

( )
2 2

2 ln
6 1 ln 5

R Rf r r
R

 
= − − +  

 

 and due to rather tedious computations we find that  
 ( )

( )

2 2

0 3 2

4 41 2ln
3 1 ln 5

R RP P r
r R r
η  

= + + − +  

un .                  (12) 

On the boundary, i.e. at r R=  we thus have  
    ( )

( ) ( )0

4
0.2 2ln

3 1 ln
P P R

R R
η

= + +
+
un .                        (13) 

The vales of the viscous stress tensor components on the 
surface of the body will be as follows:  

( ) ( )

( ) ( )

2 cos 2 3ln ,
3 1 ln

sin 1 3ln .
3 1 ln

rr r R

r r R

u R
R R

u R
R Rϕ

η ϕσ

η ϕσ

=

=

= +
+

= +
+

                               (14) 

And, therefore, according to (11) the force projection to x  
axis will be  

( ) 0cos sin cosx rr r
S S

F rd dz P rd dzϕσ ϕ σ ϕ ϕ ϕ ϕ= + −∫ ∫
 

The last integral vanishes and the first two lead us to the 
formula for the resisting force per unit length of the column  

      ( )
( )

4.2 ln
3 1 ln

x
x

u RFf
L R

πη +
= =

+
.                              (15) 

As is clear from the formula found, we see the rapid ( )xf R  
function increase (four times approximately) at ~ 1R .   
 

III. RESISTING FORCE FOR A LONG THIN 
ROD 

 
In accordance with the general principles of viscous liquids 
hydrodynamics (see [1]),  now we can calculate the resisting 
force affecting a cylindrical body in case of its arbitrary 
vibrational displacements using the general form of the 
viscous stress tensor [1 – 3]: ( ), ,ik ik i k k iP V Vσ δ η= − + + , where 

ikδ  is Kronecker’s symbol. Whereas, according to our 
knowledge, the resisting force is defined as fr

i ik k
S

F dSσ= ∫ , 

the, according to (11), we get fr i k
i k

k iS

u uF dS
x x

η
 ∂ ∂

= + ∂ ∂ 
∫ . In case 

of a long slender column, a surface element may be 
represented as dllrdS )(2π= , where )(lr is a cross-sectional 
radius varying along the length, and a length element may 
be represented as 21dl dy ξ ′= + , where the “prime mark” 

means the differentiation by x . The ξ  value defines the 
column displacement towards the vertical axis, specified as 
x axis. We assume that the column is fixed in one upper 

point and its second end moves in a completely random way 
with each length element characterized by the deviation

( ),x tξ ξ= . The problem to be solved is merely two - 
dimensional. Thus the resisting force acting strictly 

according to normal drawn to the surface can be calculated 
by the following formula:  

          ( )
( )
4.2 ln

( )
3 1 ln

fr n
n

nl

R uF r l dl
R l

πη
πη

+ ∂
=

+ ∂∫ ,             (16)  

where nu −  rate along the normal. AS a result, the resisting 
force per unit length of the column is  

         ( )
( ) ( )4.2 ln

3 1 ln
fr n

n
n

R uf r l
R l

πη + ∂
=

+ ∂
.                       (17)  

The formula (17) also answers the question regarding the 
normal resisting force per unit length of a flexible and 
arbitrarily curving slender column in case of its arbitrary 
changing cross-sectional radius )(lr . It is understood that 
the resistance according to (16) should be defined as an 
integral along the column length, i.e. 

( )2( ) 1fr fr
n n

nl l

F f dl K r l dl
l

ξ ξ∂ ′= = +
∂∫ ∫ 

, where coefficient 

( )
( )
4.2 ln

3 1 ln
R

K
R

πη +
=

+
. 

 If the radius is constant, i.e. ( )r l R const= = , it follows 
from here that   

( )
( ) ( )24.2 ln

1
3 1 ln

fr
n

nl

R
F R dl

R l
πη

ξ ξ
+ ∂ ′= +

+ ∂∫ 

.                  (18) 

We see that expression (18) is nonlocal and describes the 
full resisting force affecting the column. The expressions 
received also allow us to record general dynamic motion 
equations for the column introducing the component, related 
to the resisting force (18), to the classical operation. 
According to the general definition of a classical operation 
S  (see, e.g., [4]) of (18) we come to   

  
( )
( ) ( )

1

0
1

0

24.2 ln
1

3 1 ln

t
fr

n n
t l

t

n
nt l

S Q dt F dl dl

R R
dt dl dl

R l
πη

ξ ξ

∆ = ∆ = =

+ ∂ ′= +
+ ∂

∫ ∫ ∫

∫ ∫ ∫





       (19)  

where Q∆ −  dissipation function. The inner integral is a total 
differential and thus, remembering that the length element is 

21dl dx ξ ′= + , we immediately find 

( )
1 1

0 0

24.2 ln 1
3(1 ln )

t x

t x

RQ S R dt dx
R

πη ξ ξ+ ′∆ = ∆ = +
+ ∫ ∫ 

 out of (19). 

Following the general properties of S  action [4], we may 
omit the first summand proportional to the derivative with 
time and to write such expression down for a dissipation 
function Q S∆ = ∆  

1 1

0 0

24.2 ln
3(1 ln )

t x

t x

RS R dt dx
R

πη ξξ+ ′∆ =
+ ∫ ∫  .                          (20) 

Using expression (20) it is easy to find a variation of the 
displacement operation ( , )t xδξ  and thus receive the 
relevant equation of motion and transversal conditions for 
the non-fixed end considering resisting forces of the 
medium. Moreover, we can represent the general classical 
operation in case of arbitrary displacements of the rod using 
(20) as  

( )
1 1

0 0

2 2 2
0

2
2

0

1 2
2

2 4.2 ln
3 1 ln

t x

t x

S dt dx u gx

R R B
R r

ρ ξ ξ

πη ξξ
ρ

 ′= + − − + 

+ ′+ ⋅ + + 

∫ ∫ 



,             (21)  
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where g −  gravity acceleration and a relevant summand in 
(21) determines the contribution of gravity to the operation 
and ρ −  linear density of column material. Its dimensions are 






cm
g . The constant B  represents the column stiffness and 

0r −  radius of curvature at an arbitrary column displacement 
point. In the flat Euclidean space it is expressed by 

( )
3

2 2

0

1
r

ξ

ξ

′+
=

′′
. In three dimensions case its expression is 

more tedious but is also easy to write down.  
     Classical problems connected with investigation of small 
vibrations of a rod (ore string) or thin membrane are 
described practically in all known text-books on partial 
differential equations (see [9-12]). In derivation of a 
corresponding linear differential equation most authors  use 
principles of Newton’s classical mechanics, which results in 
obtaining of hyperbolic equation sought for. It should be 
noted, that the least action method (often called Lagrange’s 
method), when the derivation is based on obtaining the 
functional proportional to kinetic T  and potential U  
energies difference, has much more possibilities (see [4]). 
Note, however, that the question of what is responsible for 
such vibration motion of a thin string or membrane from 
physical point of view has not been analyzed in any known 
literature source. That is why we would like to dwell upon 
this issue in more details and to illuminate physics of such 
dynamical phenomenon. So, the general principle, according 
to which any vibration equation may be derived, is 
Maupertuis’s principle. Indeed, in vibration of a string (or 
membrane, or something like that) its total energy E  is 
conserved, where UTE += , but at constE =  classic 
operation ( )∫ −=

1

0

t

t

dtUTS  may be presented as 

( ) ( )∫ ∫ −−=−=
1

0

1

0

012
t

t

t

t

ttETdtdtUTS . Remember, that such 

approach is referred to as “short-cut action method”. 
Variation of the equation 1

0

0 2
t

t

S S Tdt d− = =∫ ∫p r
, where 

( )010 ttES −−= , m=p u  is momentum, m  is mass, −u  is 
a velocity, gives the equation of motion in the form 

2

0

u du
r dt

= +a n t , where −n  is unit vector of the normal to the 

trajectory, −t  is tangent to it, u  is absolute value of mass 
m  movement speed, 0r −   is radius of trajectory curvature 
in the given point. This equation is the differential equation 
by which we may describe any dynamics of the system in 
non-dissipative case, if in it there is the smallest hint on 
bend. Now let us check up how the equation (1) “works” as 
applied to known particular cases. In two-dimensional case 
(thin string), if movement speed of the corresponding 
vibration is constant, then 0=

dt
du  and constuu == 0

, 

equation (1) takes the form 2
0

0

u
r

=a n . If the vibrations are 

small, the unit vector of the normal n  “outlooks” along the 
axis y  and hence the acceleration ( ) ( )0, 0,ya y= =a 

. In 

string vibration theory displacement along the axis y  is 
usually denoted as ( )tx,ξ . Using this notation we shall write, 

therefore, that 
2

2

t
ay ∂

∂
=

ξ . Since the curvature radius in plane 

case for a random trajectory is ( )
3

2 2

0

1 y
r

y

′+
=

′′
, for small 

vibrations it will be approximately 2

2
0

1
r x

ξ∂
≈
∂

. Consequently, 

the equation of small string vibrations may be presented as 

2

2
2
02

2

x
u

t ∂
∂

=
∂
∂ ξξ . Due to such method we can write any small 

vibrations of the different bodes. As an example else one we 
shall briefly dwell upon small vibrations of a membrane. For 
it the situation is quite analogous, and for its small 
displacements relative to some mean membrane plane the 
average (non-Gaussian) curvature will be 

2

2

2

2

21

11
2
11

yxRRR
K

∂
∂

+
∂
∂

≈







+==

ξξ  by definition. As it has 

always been considered that movement speed of surface 
membrane points is constant and equal to 0u , and 

acceleration is 
2

2

t
ay ∂

∂
=

ξ , then in the framework of equation 

(1) the equation of motion acquires standard form which can 
be found practically in any text-book in mathematical 
physics 









∂
∂

+
∂
∂

=
∂
∂

2

2

2

2
2
02

2

yx
u

t
ξξξ . Which was to be shown. The 

purpose of the present paper is to derive dynamic equations 
of string motion, the rod being nearly fixed at one end. The 
term “ nearly fixed” means that this end may be abruptly 
moved and then returned to the initial point, whereby the rod 
will get its initial shape which should be considered as the 
initial condition (see below). Further motion of both the rod 
as a whole and its free end will be described in time and 
space. In case of a stretchy rod (e.g. rubber rod) acceleration 

components must be predetermined as 
22

2 2, yx

t t
ξξ ∂∂

=   ∂ ∂ 
a , 

where 
yx ξξ ,  are displacements in the directions of x  and y  

axes respectively. If a rod is not stretchy, the acceleration 
component 

2

2

t
x

∂
∂ ξ  vanishes because 0=xξ . Note, that the 

case of a stretchy elastic rod is rather complicated, for its 
solution requires taking into account internal deformations 
provided for by the equations of elasticity theory in terms of 
which the value yξ  should be identified with the 
displacement vector of internal points of the rod u . Such a 
problem is a subject of a separate report and need not be 
considered in the present paper. Below we shall study only 
the case of a non-stretchy rod, when point displacement 
takes place only along the axis x , and which will be 
denoted as ( )ytxx ,ξξ = . In order to account the resistance 
force of viscous medium we can use the integral (18). 

IV. NONLINEAR EQUATIONS OF 
DYNAMICS OF THIN ELASTIC ROD 

If we account (19) and (20) we find the classical action in 
the view as  

INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES Volume 9, 2015

ISSN: 1998-0140 169



  
( )

1 1

0

2 2 2
0

*

2

1 2
2

2 4.2 ln
3 1 ln

t y

y x
t y

x x

S dt dy u gy

R R
R

ρ ξ ξ

πη ξ ξ
ρ

′= + − − +


+ ′+ ⋅ + 

∫ ∫ 



            (22) 

  Variation of action (22) under the condition of the point 
( ( ) )11 ,, ytyM xξ  mobility results in two equations. 

Equation of motion    

( ) ( )

( )

2 2
02

2

2
1

2 1

2 4.2 ln 2 0
3 1 ln

x x
x x

x

x x x x

u gy

t y

R R
R

ξ ξ
ξ ξ

ξ

πη ξ ξ ξ ξ
ρ

 ′ − −∂ ∂  ′+ + +
∂ ∂  ′+ 

+ ′ ′ ′′+ ⋅ + =
+





 

.                  (23) 

And equation of a transversal  

( )( )

( )
1

2 2
0

2

2 1
02 4.2 ln 2 1

3 1 ln

x x

x x x x
y

u gy

R R
R

ξ ϕ ξ

πη ξ ξ ϕ ξ ξ
ρ

′ ′− − + +
=+ ′ ′ ′ ′+ ⋅ − +

+





,         (24) 

where ( )yϕ  is pre-assigned law of unfixed of a thin rod and 
trajectory change. In details form equation (23) is reduced to 
the following:  

    

( )

( )
( )

2 2

2 2
0

22

22
1 1

2

2 1

x x x xx x x
x

x x

x x

x

u gy

ξ ξ ξ ξξ ξ ξξ β
ξ ξ

ξ ξ

ξ

′ ′ ′′+′ ′
+ + =

′+ ′+

′′ + −
=

′+

 

 





,                       (25) 

where friction coefficient 2 4.2 ln
3 1 lnb

R
R R
ηβ
ρ

+
= ⋅

+
, and volume 

density of the rod 
2b

b

m m
V R l

ρ
π

= =  (not to confuse with 

linear density ρ !). If the mixed derivative 0
2

=
∂∂

∂
yt
xξ  (we 

shall stress that it refers only to those rod segments for 
which the tangent angle to the curvature line in the given 
point is not in close vicinity of 

2
π ), and hence the first 

equation in the system (11a) becomes simplified and we 
have 

( )
( )22

22
0

2 12
2

1 x

xx

x

÷÷
x

gyu
ξ

ξξ

ξ

ξξβξ
′+

−+′′
=

′+

′′
+



 .                      (26) 

The transversal condition is 

( )( )

( )
1

2 2
0

2

2 1
02 4.2 ln 2 1

3 1 ln

x x

x x x x
y

u gy

R R
R

ξ ϕ ξ

πη ξ ξ ϕ ξ ξ
ρ

′ ′− − + +
=+ ′ ′ ′ ′+ ⋅ − +

+





.         (27) 

V. CONCLUSION 
Summing up, we turn our attention to the following 
moments. 

1. One more new solution of the Navier - Stokes equation 
for the laminar flow of the near-surface layer of a cylindrical 
body for the area 

u
rn νδ <<<<

−
3
1

 has been found; 

2. It has been demonstrated that in such a case the resisting 
force per unit length of a cylindrical body is proportional to 
the multiplier 

( )
4.2 ln
3 1 ln

R
R

+
+

. As to the long elastic rod as we 

see from expression (18) the force of resistance is 
proportional 

( )
4.2 ln
3 1 ln

R R
R

+
⋅

+
. And when 0R →  we have 

0frF → . It’s a correct result;   
3. In the general case of arbitrary curves of a thin rod fixed 
at one end, an expression is given for a classical operation, 
taking into account both the gravity and the resisting force 
exerted by the viscous continuum. 
We should emphasize that the extended version of our 
research will also include the computation of the resisting 
force as well as the dissipative function if the thin rod 
motion is not inertial and its rate in each local arear is time-
dependent. 
4. The both of the nonlinear move equation and transversal 
condition was find from the classical action (22).   
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