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On the mathematical properties of the solutions
In the models of fluid dynamics of the Ocean
which involve heat and salinity transfer

A. Giniatoulline

Abstract—We investigate the properties of the solutions of PDE
systems which describe fluid dynamics of the Ocean with heat and
salinity transfer. We prove the existence and uniqueness theorem for
a layer. We study the spectrum for the problems modelling the small
inner oscillations of viscous rotating compressible three-dimensional
fluid which consider the involvement of the heat and salinity transfer
for different boundary value problems which include either
kinematic viscosity or the combined kinematic and volume (bulk)
viscosity. We prove that the essential spectrum for both operators
consists of one real point which depends on the parameters of
compressibility and viscosity. We also find the sector of the complex
plane to which all the eigenvalues belong. We compare the obtained
results with our previous study of the spectral properties for
incompressible and inviscid rotating fluid. The results of this paper
may find their application in the study, either theoretical or
computational, of the Ocean and the Atmosphere of the Earth.

Keywords—Eigenvalues of Differential Operators, Essential
Spectrum, Fluid Dynamics, Inner Vibrations, Partial Differential

Equations.

LET us consider a bounded domain QcR® with the
boundary oQ of the class C'and the following system of

fluid dynamics:

I. INTRODUCTION

%—a)uz—vAul+a—p:0
ot OX,
auz+a)ul—vAu2+a—p=O

2
ou, op
M Aau,+ Py Ty s5=0 1
ot VAU, ox, Ve Vs (1)
o> P | divii=0

oT
E—VAT +}/TU3 :O

oS

E_VAS_'_}/SUSZO XxeQ, t=>0.

Here G = (uj,u,,u,) is a velocity field, p(x,t) is the scalar
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field of the dynamic pressure, T(x,t) is the dynamic
temperature of the fluid, S(x,t) is the dynamic salinity,

o =Const is the Coriolis parameter, and y, and y, are
constant positive stratification parameters.

For the compressibility coefficient « and the kinematic
viscosity coefficient v we assume ¢ >0, v>0.

The equations (1) are deduced, for example, in [1], [2]. The
study of mathematical properties of different systems of fluid
dynamics of rotating fluid was started in [3] — [5]. The spectral
properties of operators generated by rotating and stratified
compressible inviscid fluid, without accounting of the heat and
salinity transfer, were studied in [6]- [12]. Particularly, it was
proved in [6] that the essential spectrum of normal inner

vibrations is the interval of the imaginary axis [-iw,i®]. The

spectral properties of viscous compressible stratified fluid,
also without the effects of heat and salinity transfer and
rotation, were studied first in [13]-[15], where it was
established that the essential spectrum consists of three real
isolated points which tend to infinity for vanishing viscosity
parameter. However, the spectral properties for the case of the
equations (1), i.e., for the rotating compressible viscous fluid
accounting the effects of heat and salinity transfer, has not
been considered previously. The novelty of this problem, the
consideration of different cases of the combination of
kinematic and bulk viscosities, as well as the comparison of
the obtained results with our previous works, the description of
the spectral properties and their possible applications to the
dynamics of the Ocean, either for theoretical fluid dynamics,
or for computational fluid dynamics, as well as the explicit
construction of the solution for the layer domain and the proof
of its uniqueness, was the motivation of this paper.

We associate system (1) to the boundary conditions

(2)

u-nl,=0

where @i is the exterior normal to the surface 6Q. Let us
consider the following problem of normal vibrations

a(x,t)=v(x)e™

—lv x)e ™
p(x.1) =2, (x)e -
T(xt)=vs(x)e™
S(x,t)=vs(x)e* , 1eC.
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We denote ¥ =(V,v,,Vs,Vs) and write the system (1) in the
matrix form

LV =0 (4)
where
L=M-24l
and
—VA ) li 0 0
a 0%
1) —VA li 0 0
o OX,
10
= 0 0 VA - - -
M o ox, 7T Vs [.(5)
10 12 13 4 4
a 0% aOX, oO0X
0 0 Vs 0 —VA 0
0 0 Vs 0 0 —VA

We define the domain of the differential operator M with the
boundary condition (2) as follows.

oo - Ve[v%(ﬂij,Vsem%(Q)NseW&(Q)

Vel (Q): MVe (LZ (Q))6

0
where W, (Q) is a closure of the functional space C; (Q) in
the norm

%

|f|:E£DVH +12]d j

We also will consider the system with volume (bulk) viscosity
coefficient g >0:
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Xy wu, — VAU, —vﬂaﬁx(divﬁﬁ gf =0
1

ot 1
ou, 0 op
—2 + ouU, — VAU, — divi) + =0
at wlv?vﬂaxz( )ax2
Nz, i O (divi)+ P T -5 =0
ot X3 8X3 (6)
a2@+div0:0
ot

el
E—VAT +7;U; =0

t>0.

ﬁ—vAS+7su3:0 XeQ,

ot
The equations (6) are deduced, for example, in [16]. We
consider the system (6) with the Dirichlet boundary conditions

(u,T,S)|aQ:O. (7)
After applying the separation of variables (3) we write the
system (6) in the form (4) and denote the corresponding matrix

as M, :

2 2 2
—vA—vﬂa—2 -o-vp 0 -vp 0 1o 0 0
0%, 0X,0X, oX 0%, « ax
0 ol ol 10
- SA-VB— - == 0 0
g OX,0X, v G O0X,0%; & OX,
o 0 0 10
M, =| - -V, VA -y, -7 =
' g X0, g X0 P e o aox, T
10 19 19 45 o o0
a 0X, a 0X, o 0%,
0 0 I 0 -A O
0 0 s 0 0 A

For the operator M, we define the same domain as for the
operator M.

From the physical point of view, the separation of variables (3)
serves as a tool to establish the possibility to represent every
non-stationary process described by (1) as a linear
superposition of the normal vibrations. The knowledge of the
spectrum of normal vibrations may be very useful for studying
the stability of the flows. Also, the spectrum of operators
M, M, is important in the investigation of weakly non-linear
flows, since the bifurcation points where the small non-linear
solutions arise, belong to the spectrum of linear normal
vibrations, i.e., to the spectrum of operator M, which we

consider in this paper.
For small variation of x,,u, we also consider the

corresponding system
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o op o " :
— - U, —VAU +—=0 (G;, p)(x’,n,t) I U, P)(X', X3, t)cos (A, X, Jdx,,i =1,2,
ot OX, d
ou, op A _
at +oU, — VAU, + o, =0 (ug,T,S)(x',n,t):I(uS,T,S)(x’, X, )sin (4, %, )dXs,
op N
—— =y T—-y,S=0 i
LS (8) (6. 7.8)ecnt)| | =(a07°,8°)(xn), i=12
divi =0 In this way, we can reduce the problem (8), (9) to the
E—VAT =0 following problem
ot
oS o, A 2~ OP
= _ = > —L —wl, —vA, G, +vA°0, +—=0
o VAS +y.u, =0 xeQ, t20, ot 2 2U " o,
~ A i 5%
QZ{(Xl,XZ,X3)Z(Xl,XZ)e R*,0<x< h}, | — VA0, + VAT, +Tp= 0
2
with the following initial and boundary conditions: 2P =T +7S
Ul =uf (x),i=12; % 2“2+,1u -0 (10)
X X
Teo =T (x); S|, =8"(x) .
. , 9 VAT +vAT + 9,0, =0
Ml —0i=12;u = (%) at T
Pebon B AS v 4 0, =0
——VvA,S+vA:S+y.0, =
T|x3:0,h :0' S|x3:0,h =0 ot ? " 7%
where (Ui,T,S)tZO (U.,T s° )(X n),i=12
h . .
0 <0 4 ou; 5Uz B For Laplace transform with respect to t and for Fourier
U, T 8% W' (), .ﬂ ox, =0, transform with respect to x'=(x,x,), we will use the
I . notations:
and the initial and boundary conditions correspond each other.
For the problem (8), (9) we will construct the solution and Fooebo, [U p.T, S] x',n, t) (U T, )(‘f n, /1)
prove the existence and uniqueness theorem. [ 0 J X' n) @©.7° § )(5 n), i=12.

Il. PROBLEM FORMULATION
Let us consider first the problem (8), (9).

Thus, from (10) we obtain the system of algebraic equations

12 2 o
We will construct the solution using the Laplace transform (/I+V(|§| + 4 )) — o, +igp
with respect to t, the Fourier transform with respect to x,, X,

A+v(ET + A2 )U +ol, +i&p =10
and finite sine- and cosine- integral transforms with respect to ( (| ~| N) 2 ' 2 2
X, . For the first, the second and the fourth equation of the AP+ T+y,S=0
system (8) we apply finite cosine-transform with respect to x,, i&0, +i&a, +4,0,=0

and for the rest of the equations of the system (8), we apply the (/1 Py g2 )'f 1 =T°

corresponding sine-transform. For that, we multiply the first, +V(|§| * ”) 7l

the second and the fourth equation by cos A, x;; the rest of the (/1 N v(|§’|2 4 ﬂz))g 4.0, = §°
n s4Y3 — ]

equations we multiply by sinA x,, and integrate over the

(11)

&=(&.8)eR?, e =&+ &

After solving (11) and applying the inverse Fourier and
Laplace transforms F.' L' , we can represent the solution

&'ox' Aot

of the problem (10) as

interval x, €[0,h], where A, :”Tn' The general idea of

construction of such solution in a layer is taken from [17].

We introduce the following notations:
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l]k (X', n,t) = (23-[)2 1[! el(x:€) {UEeH[ _ (7/§k2 + a)Zﬂ,nZ)UE‘PO _
(Y [, + (1) G, |02, +

+4, [igk\yl ~(-1)" i§3fkw‘P0]U§}d§' k=12,

. /1 a)L]O\P —UO\IJ
03(X',n,t): L zﬂe(x"‘f’) n( i ~20 17 z)+ "
@i Loz,
Peent (271r)2 {I e [ (@05, ~UP¥, ) -

—2 (0¥, +¥,)U35 d&,
1
(27)

+7r Ay (Uf\Pl —a)Ug‘PO) ]d¢’,

Tt = o e [ Toer ey (702 T°)+
R2

S(x,nt)= —(271z)2 [[ets [SNOEHI — [ o (1505 +78°)+
RZ

752 (U)W, - 0¥, ) ]dg

where
Uy (&,n)=i&f +i&a; , Up (&) =i&0; —i&,ar,
U3 (&) =y T0+7s8% UL (&) = ysT° =7, S°,
H=—v(|gf+22), r=ri+7%,
Ht . At
Y, (&' n,t)= 2=,
o (&,n,t) sin (2&]]
2e™ (At
v ‘'nt)= — |,
Ht
Y, (&' n,t)= 222 cos(%} ,

A=’ 2Z +y 5’2.

In this way, the solution of the problem (8), (9) can be
represented as follows:

0

(u;, p)(X,t)=1(0i, ﬁ)(X’,O,t)+EZ(0i, B)(x',n,t)cos(4,%,),

h h =
i=12, (12)
(u3,T,S)(x,t)=%i(ﬁ3,f,§)(x',n,t)sin(/lnxa).

It is easy to see that the solution (12) satisfies the problem (8),
(9), and that it belongs to the class

(u,S.T)eCi(Qx(0t)) ,i=12,
(5, p) <CH (2% (0,1).

The uniqueness of the solution (12) follows from the energy
integral

(13)

ISSN: 1998-0140

Volume 9, 2015

geors g8l

o\i=l ali

B[] (2] oo

which is obtained by multiplying the system (8) by (4,T,S)

(14)

and integrating by parts.

Summing up the above results, we can state the following
statement.

Theorem 1.

There exist a solution of the problem (8), (9), which is
represented by (12). The solution is unique in the class of
functions (13).

Now, let us investigate the spectral properties of the
differential operators generated by the system (1). We observe
that the above defined operator M is a closed operator, and its

domain is dense in (L, (2))’.

Let us denote by o, (N) the essential spectrum of a closed
linear operator N. We recall that the essential spectrum

0w (N)={2€C:(N - 21) is not of Fredholm type},

is composed of the points belonging to the continuous
spectrum, limit points of the point spectrum and the
eigenvalues of infinite multiplicity (see [18] ,[19]).

In this way, every spectral point which does not belong to the
essential spectrum, is an eigenvalue of finite multiplicity. To
find the essential spectrum of the operator M , we will use the
following property (see [20]):

GESS(M)ZQUS,
where
~ {/1 € C:(M - Al)is not elliptic }
in sense of Douglis-Nirenberg
and

A € C\Q: the boundary conditions of (M — A1)
do not satisfy Lopatinski conditions '

We recall the following two definitions.

Definition 1.

Let us consider a differential matrix operator

Ill IlN

L=| . o o | Iy=> a’D",

Jer|<
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a
I S I L

box X LLox
Let {s, }IN:1 : {tj }L be two sets of integer numbers such that,
if I, 20, then n; =degl; <s +t;. Incase |; =0, we do not

require any condition for the sum s; +t;. Now, we construct
the main symbol of L(D) as follows.
L(D) - Ly(D)
LD)=| .. .« o
(D) .. T (D)
0 ifl,(D)=0 or degl; (D) <s +t,
i=1 Y al'D” if degl, (D)=s+t;.
[or=s;+t;

If there exist the sets s and t which satisfy the above conditions
and if the following condition holds,

detC(£)=#0 forall &eR™ {0},

then the operator L(D) is called elliptic in sense of Douglis-
Nirenberg (see [21]).

Definition 2.

Let us consideré=(&,&,&), £=(&,8), L'(&) - the

matrix of the algebraic complements of the main symbol
matrix L(&), G(&) is the main symbol of the matrix G(D)

which defines the boundary conditions,
M*(f,r):H(r—rj (E)) 7, (5) are the roots of the

equation det E(f,r) =0 with positive imaginary part.

If the rows of the matrix G(f,r)L’* (fr) are linearly

independent with respect to the module M * (Er) for |§| £0,

then we will say that the conditions of Lopatinski are satisfied
(see [20]).

We will find the essential spectrum of the operators M and
localize the sector of the complex plane to which all the
eigenvalues belong.

I11. PROBLEM SOLUTION
Theorem 2.

The essential spectrum of the operator M is composed of one

real point o, (M)= {iz}
vo

Proof.
We observe that, according to the Definition 1, we can choose

§,=5,=5,=5=5,=0,5,=-1,
t=t=t=t=t,=2,t,=1
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so that the main symbol of the operator L=M — Al will be
expressed as:

gt o o & o 0
a
0o e o Ly oo 0
a
. 2 1
[ (5) — 0 0 _V|§| ;53 0 0
1 1 1
_651 _652 _653 -4 0 0
a a
0 0 0 R
0 0 0 0 0 —vl¢f

We calculate the determinant of the last matrix:

det(M = 21)(¢)= ;—32|§|8 (via® -1),

. 1
and thus we can see that for only one point 1=-— the
Vi

2
(24
operator L=M —Al is not elliptic in sense of Douglis-

Nirenberg. Now we will show, additionally, that the conditions
of Lopatinski are satisfied.
The boundary condition (2) can be written in a matrix form

Gi, =0, G=(n, n, n, 0 0 0).

o0

If we denote & =(&,&,), & =7 ;then
det(mxf,r) = :;—32(|§~|2 +12)4 (Vlaz —1) ,

ﬂ.;tiz

and thus the equation det(ﬂ)(f,r)zo for
va

has one root 7z =i |§| of multiplicity four in the upper half of
the complex plane.

In this way, M* (rfr) = (z’— i |§|)4 Since the elements of the

matrices M — Al and G are homogeneous functions with
respect to &£,7, then it is sufficient to verify the Lopatinski

conditions for unitary vectors & . Let us choose a local system
of coordinates so that & =1, &, =0.

Then, we have M* ((fr) = (r—i)4, and the corresponding
matrix will have the following form:

(M=21)(z) =
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—v(1+12) 0 0 é 0 0
0 —v(1+r2) 0 0 0 0
0 0 o) - 0 0
1 0 L -1 0 0
a a
0 0 0 0 —v(1+ 12) 0
0 0 0 0 0 v+

For the matrix (ﬁ) we construct first the adjoint matrix

(M =l ) (which is composed of algebraic complements of

the original matrix), then we multiply (M —Al)" by the
boundary conditions matrix G and thus obtain the following.

2
G(M-AlY = [nlB3[BA+%},O,—naB3§,O,O,Oj,
where B :—v(1+ rz).

Since G(M -Al)" is a vector row, then, evidently, the

Lopatinski conditions are satisfied and thus the theorem is
proved.

Theorem 3.

The essential spectrum of the operator M, is composed of one
; }

real point o, (M) = {W
We can choose the same sets s, t as in the proof of theorem 2:

B+1)

Proof.

§,=5,=5,=5=5,=0,5,=-1,
t=t=t=t=t=21t=01
In this way, the main symbol of the operator L= M, — Al will
be expressed as:

Sl s s 26 0 0
S A R
| s wems offowe Sa o0 0
1 51 l 52 l 63 _/1 0 0

44 44 (44
0 0 0 0 vl o
0 0 0 0 0 v

It can be easily seen that the determinant of the last matrix is
the following:

ISSN: 1998-0140
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. 4

det(M, = 1)(£) %|§|g(vﬂa2(ﬁ+l)—l),

and thus we can conclude that for
1

A= va® (B +1)

sense of Douglis-Nirenberg. The proof that the conditions of
Lopatinski are satisfied is analogous to theorem 2.

only one point

the operator L =M, — Al is not elliptic in

Theorem 4.

The spectrum of operators M, M, is symmetrical with respect
to the real axis. All the eigenvalues of operator M are in the

following sector of the complex plane:
Z= {/1 eC: ReA20, [ImA|<A+ 3Rfﬂ}, where
va©A

A=max{e,r;,7s}
For operator M, , the eigenvalues belong to the sector

I

3ReA
va® BA

Zz{ﬂ.eC: ReA>0, [ImA|<A+

Proof.

We consider first the case of the operator M.

vV=(v,,V,,V,,V,,V.,V,
Let us denote {V ( v 6) and

V =(Vy,V,, Vs, Vg, V)
0 -o O 0 0 0 \(v,
[0} 0 0 0 0 0 ||V,

B R N
0 0 0 0 0 0 ||v,
0 0 | 0 0 0 s
0 0 s 0 0 0 v

Then, the system (M —A1){V}=0 can be written in the form
. - _ 1
—AV + KV —VAV +—Vv, =0
[04

v, +Ldiw =0
a

Now we multiply the last system by {V} and then integrate by
parts in Q. In this way, we obtain the following equations:

(K990 S [ - (v, dive) =0
k=12356 a

A+ (v, v,) =0

We sum up these two equations
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_g(||\7||2 +||v4||2)+ (K, 7)+v ;Ssnwk IF+

+é[(divv,v4) ~ (v,,div)]=0

and then separate the real and the imaginary parts, keeping in
mind the fact that, since K is skew-symmetric matrix, then the

expression (KV,V) is imaginary.

v 2, v ||

k=1,2,35,6

ReA =

91+ vl

(K9,9)+ 2 [(divi, v, ) - (v, ivw)
ImA|=-i &

9 vl

Let us introduce the value A=max{w,y;,7s}.

In this way, we can draw the following two estimates:

_ 2. dlw
AW+ 2l AR + A+ 19T
|imA|< —x <

T+l T vl

Here we used the inequalities

2
(f.9), <[l loll, Z%bﬁﬁ%ﬂﬂ\

From the relations

aive <3Z||Vvk|| <3 > [vul

k=1,2,3,5,6

w,[? vl
Re 4 _ k:l;’o;ﬁ,e" k" |Im/1| Ay W"
1|12 2 2
v VI IIVII +val
we finally obtain
m 2] < A+ 2522
vo
For the operator M, we have the estimates
1
Res o fA a2 Il £l
ve' A I+l |
Im A< A+ SRed
va© A

Now, it remains to prove that the spectrum is symmetrical with
respect to the real axis. For that purpose, we apply the
complex-conjugation to the original systemof M — A1 =0

ISSN: 1998-0140
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—V + KV—VAV+£V\74 =0
(24

v, +tdii-0 |
[94

from which we can see that, if A is an eigenvalue of M , then
A is also an eigenvalue of operator M . For operator M, the
proof is analogous, there will only appear the additional term
of —vBdivv , and thus the theorem is proved.

IV. CONCLUSION
For the inviscid case of compressible rotating fluid, it seems
natural to put y, =y, =0 and not to take into account the
functions T, S . In this way, the system (1) turns into

ou, op

wu, + =0
ot

X
+ P =0
ot OX,
oug, 4 op
ot OX,

a2@+divu’ =0
ot

For the last system, we proved, for example, in [6]-[8], the
essential spectrum of inner vibrations is the interval of the

imaginary axis ([-iw,ie]).

Comparing these results with the compressible viscous case,
we can conclude that the considered problems and the results
of Theorems 2, 3, and 4 are remarkable and interesting due to
the special property that, for the viscous fluid, the points of the
1 1
va? ' va® (B +1)
v — 0; while the essential spectrum of the inviscid fluid
contains an interval of the imaginary axis. That property is
analogous to the fact that the explicit form for the solutions of
the inviscid fluid cannot be obtained from the solutions of

viscous fluid by merely putting the viscosity parameter equal
to zero.

essential spectrum , move to infinity for

Additionally, as we can see, the previous results obtained for
the inviscid fluid ([-ie,ie]), correspond to the statement of

Theorem 2 if we put ReA =0, ys=y, =0, A=w:

(ReA=0, ImA|<o)
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