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Wiener-Hopf Analysis of Sound Waves by a
Rigid Cylindrical Pipe with External Impedance
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Abstract—In the present work, diffraction of sound waves
emanating from a ring source by a rigid cylindrical pipe with external
impedance surface, is analyzed. This boundary-value problem is
investigated using Wiener-Hopf technique. To obtain a couple of
simultaneous Wiener-Hopf equations, Fourier transform is applied.
The solution which involves two sets of infinitely many constants
satisfying two infinite systems of linear algebraic equations, is found
analytically by the application of saddle point technique.
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I. INTRODUCTION

HE diffraction of waves problems have been subject to
numerous past investigations due to their use in modelling
many actual engineering problems of practical importance [1].

Reduction of noise is an important problem for researchers
[2], [3]. Absorbent lining is one of the effective methods of
reducing noise from ducts. As a first model of an aircraft
engine, diffraction and radiation of sound waves from lined
ducts has been extensively studied in the literature.

Rawlins who first considered the radiation of sound from an
unflanged rigid cylindrical duct with an acoustically absorbing
internal surface [4]. An exact solution including an infinite
series was obtained for this mixed boundary value problem.
Demir and Buyukaksoy then treated a similar problem now
with a partial lining [5]. A hybrid method was applied
successfully for the solution. In both studies above, some
numerical results were also given graphically.

Absorbent lining has been used successfully to reduce the
noise from ducts and it has been analyzed in depth in
numerous articles, but those were usually lining from the inner
side of the duct. Polat and Buyukaksoy distinctively examined
the problem of diffraction of waves from a semi-infinite duct
with certain wall thickness and different linings from inside,
outside and end side [6].

In the present work, we analyze the effect of external lining
of a rigid circular cylindrical pipe on diffraction phenomenon
where the sound waves emanate from a ring source. This
boundary-value problem related to the diffraction problem is
reduced to Wiener-Hopf equation via Fourier transform. A
solution is found analytically by solving the Wiener-Hopf
equation. The integral encountered in finding the solution is
evaluated via saddle point technique.
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Il. ANALYSIS

A. Formulation of the Problem

A geometry is considered which consist of a semi-infinite
duct. Duct walls are assumed to be infinitely thin and they
occupy the region {r =a,z € (-»,1)} illuminated by a ring
source located at r =b >a,z =0 (Figure 1). The inner surface
of the semi-infinite cylinder is assumed to be rigid, while the
outer surface is assumed to be treated with an acoustically
absorbing lining. The liner impedance is denoted by Z . We
introduce a scalar potential w(r,z,t) which defines the

acoustic pressure and velocity by p=-p,(0/ct)y and
V=grady respectively, where p, the density of the

undisturbed medium. All quantities are made dimensionless by
b, p, and c, (speed of sound).

r.z~b , p~p, t~Db/c, @

Rigid

Absorbentlining  \ 7
/
N
—-—

Ring Source

Fig. 1 Geometry of the problem

From the symmetry of the geometry of the problem and of the
ring source, the total field will be independent of &
everywhere in circular cylindrical coordinate system (r, 8, z).

For the sake of analytical convenience we will assume
that the surrounding medium is slightly lossy and » has a
small negative imaginary part. The lossless case can be
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obtained by letting Ime@ — 0 at the end of the analysis. For
analysis purposes the total diffracted field can be written in
different regions as:

w, (r, z)exp(iot) r>1
w'(r,z,t) =y, (r, 2)exp(iot) , re(hl)
w,(r,z)exp(iot) , re(0,h)

()

where @ is the dimensionless angular frequency (Helmholtz

number) and h=a/b. Time dependency is taken e Also
for conformity,

J(Z,u) =i, (Awh) | Z + A3, (Awh) (3)
Y (Z,u) =iY,(Awh)/ Z + AY,(Awh) (4)
H(Z,u)=iH? (Awh)/ Z + AHP (Awh) (5)

would be appropriate to define.

B. Derivation of the Wiener-Hopf System

The unknown velocity potentials w,(r,z), v,(r,z) and
w,(r,z) satisfy the Helmholtz equation for z € (-0, ).

a5

Full range Fourier transform of these equations along z
enables us to write solutions as inverse Fourier integrals, such
that

2

+_
0z°

10
ror

0

p (6)

+ 0)2}//1,2,3("; 2)=0

vy (r,2) === [ AUHP (Aeor)e du @)
2ry
va(r2) =" j [B(u)J, (Zer) ®
+C(u)Y, (Aor)le " **du
w5(r2) =~ [ D(U)J, (Awr)e *du )
2ry

where L is a suitable inverse Fourier transform integration
contour along or near the real axis in the complex u—domain
(Figure 2). J, and Y, are the Bessel and Neumann functions

of order zero, H{? =J,—iY, is the Hankel function of the
second type. A is square root function which is defined as

Au) =v1-u®

Branch cuts for A is taken on the line from 1 to o and from
-0 to -1.

(10)
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Fig. 2 Complex u - plane with Fourier contour and branch cut

Equations for the unknown spectral coefficients
A(u),B(u),C(u) and D(u) will be obtained below from
boundary conditions and relations of continuity.

The boundary condition on the absorbent surface can be
given in terms of the potential function , .

io
sz(h,Z) = v(h2) , z<l (11)
Then the inner duct wall is rigid, so that
9 (h,z2)=0 z<| (12)
ar Vv '

Consider now the continuity conditions related to total fields at
r =h,z >1 which are given by

0
—V,

or (13)

(h,2) :i%(h, 2), z>1
or

vo(h2)=v,(h2) , 251 (14)

By the definition of the ring source given as

Zh0D)- 02 =0-0 26 (0x)  (15)
r or

viL2) =y, (L2) , € (-,) (16)
In addition to these boundary conditions and continuity
relations, we assume that the field propagates outward to
infinity and does not reflect backward.

To ensure the uniqueness of the mixed boundary-value
problem stated by (6) and (11-16), one has to take into account
the following edge condition.

¥, 4(h,1) =cons. @an

0

6—1/1213(h,l) =0 (z7'%) (18)
.
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Applying the boundary conditionson r=h

2y, (h2)=

= —% [[BU) A3, (2c0h)

(19)
+ 1C(u)Y, (Awh)le " du

a w —imuz
Ewa(h,z)bg{ D(u)Awd, (Awh)e ™ du  (20)

from (11,12) and taking Fourier transforms gives
w[BU)I(Z,u)+Cu)Y(Z,u)]= e’ 4" (u) (21)
~D(u) Ao, (Awh) = €™ ¢; (u) (22)

Continuity of pressure at r = h yields

—-D(u)AwJ, (Awh) + B(u)iwJd, (Awh)

o (23)

+C(u)AaY, (Awh) =e""¢ (u)
D(u)J,(Awh) —B(u)J,(Awh) ”
~C(u)Y, (2wh) = "¢ (u) 9

where ¢, and ¢, are a function analytic at the upper and
lower half-plane and defined as

4 ()= | [ v~y z)} Gt Ngy  (25)
5= %wa(h, 2)e (26)
5 (1) = j [ Zyt)-Zyn z)} ey (27)

¢ (u) = j [w5(h,2) =y, (h, 2)]e " dz (28)

—0

The spectral coefficients A(u),B(u) and C(u) are related to

each other by the definition of the ring source given in (15,
16), application of the boundary conditionson r =1

ﬁ% L2)= _22 [AW)A0H? (Ro)e ™ du  (29)
73 L

or
Ly, 00 = -2 [[BU) 203, (10)
or 2ry (30)
+ AoC ()Y, (Aw)]e"*du
the Fourier transform of which provides
AoAU)H P (Ao) = AwB(u)J, (Aw) (31)

+ AoC )Y, (Aw) -1
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AUH (20) = B(u)J, (Ae) + C(u)Y, (1e)
The elimination of C(u) between (31) and (32) yields
B(U) = AW) + Yo (1)
Similarly, we obtain
C(u) = ~iAW) - 7.3, (1)

From (21) and (22) we find that

(v z
oH (Z,u) 2H(z,u)[Y°(m)J(z’u)
=Jy (@)Y (Z,u)]

Au) =

PO
Awd, (Awh)

leading to

Aor

(2)
ﬂ“Hl (ACUh) |mu|¢1 ( )__

el(uu ¢2+(u)+ H(Z'u)
H(Zu)
M%[Y (20)d, (A0h) ~ 3, (20)Y,(Awh)]

= e"™g ()

[Y, (20)J (Z,u) - 3, (@)Y (Z,u)]

‘]O(ﬂ“a)h) ioul 4+ _
"0l (ah) %2 (1)

T H® (Awh)
2 H(z,u)

H? (Awh)

oH(Z,u) e (W)

+ %[J0 (A)Y, (Aoh) - Y, (1w) I, (Awh)]
=eg, (u)
and note the following Wronskian-type relations

/lamH ) (Awh)
2 HZW — > [Yo(Aw)J(Z,u)

—3,(A@)Y (Z,u)]+ M[Yo(mm (Awh)
i H? (Lw)

~h(eN(Aen] =
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[Y, (20)3 (Z,u) - 3, (@)Y (Z,U)]

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)
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T H® (Awh)

> iz [Y, (20)3(Z,1) = J, (@)Y (Z,U)]

+%[JO (Ao)Y,(Awh) - Y, (A0) I, (Awh)] (40)

_ 1 HP(Ao)
wh H(Z,u)
Then equation (37) and (38) can be written as follows
AH® (Awh) .
#@ (u)
H(Z,u)

. ie—iwul Héz) (ﬂ.CO)
hZ H(Z,u)

¢ (U)+
(41)

= ¢1_ (u)

_ Jy(Aoh)
Awd, (Awh)

H? (Awh) .
wH (Z,u) AC)
e H® (Lw)

oh H(Z,u)

¢, (U) -
(42)

=¢, (u)

H®(Aw)/ H(Z,u) can be eliminated from equation (41) and
(42), leading to

4 () + L) () = {«z ©-2y; (u)} “3)

By eliminating ¢, (u) we find finally from equation (42) and
(43)

e—i(oul HéZ) (ﬂ,a))
h  H(Zu)

=[¢5<u)—i7“’¢;(u)}

MU)g (u)+

J,(Awh) (44)

J(Z,u)

+ g, (U)

These are the two coupled Wiener-Hopf equations to be
solved, L(u) and M(u) are kernel functions which have to

be factorized. They are defined by

J(Z,u)

L(U) Zm (45)
M(U) = Jo(Awh) HE (Awh) (46)
©J(@Z,u)  H(Zu)

C. Solution of the Wiener-Hopf Equation

Consider the first equation in (43) and rearrange it in the
following form

23,(Awh)

IZ.0) L, ()¢ (u)+ L. (u)g; (u)

(47)

-To )[aﬁl @24 (u)}
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Here, L, (u) and L_(u) are the split functions regular and
free of zeros in the upper (Imu >0 or Imu=0 and Reu <0)
and lower (Imu<O or Imu=0 and Reu >0) half planes,
respectively, resulting from the Wiener-Hopf factorization of
L(u)

L(u) =L, (u)L_(u) (48)
Now, the right hand side is a function analytic in the lower half
of the complex u-plane and the left hand side is a function
analytic in the upper half of the complex u-plane, except for
the zeros of the function J(Z,u).

If the infinite sum of poles is subtracted from both sides of
the equation we have

w df
A | @ @)= 3 L )
(Z,u) pil—gp (49)

+

Ch KO- |3

p

L)
where

=L (&) () lim 21D
2% LW

(50)

In this expression L, (u) and L (u) stand for the split
functions regular and free of zeros in the upper and lower half-
planes, respectively. The explicit expressions of the split
function L, (u) is given [7]

L ()= iJO(a)h)/Z+J1(wh)}
J, (wh)

plrura)e Y

p-L (1+u/;gp)e L

L (w)=L,(-u) (52)

and y, and &, are the roots of the following equations:
=)0, (1= ()" oh) =0 (53)
3o (y1- (&) @h

(Vi-&yron) -

= ()0 (- () oh) -

From analytic continuation principle and Liouville's theorem it
follows that the left and right hand sides define the same
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analytic function. Anticipating smooth enough behaviour at
z=0 this function is zero, leading to

[qﬁ;(u)—%%;(u)} L (55)

and

+

23,(Awh)
J(Z,u)

L, ()¢ (u) =-L, ()¢, (U)+Z (56)

p

Next we consider equation (44). By using the classical
factorization and decomposition procedure, so that we arrive at
the equation

M, () (u) = [«ﬁl ©)- 24 )} L (20 1w
Z.0)
e—lmul H(Z) (l(l)) (57)
+og, UM _(u) - H mM_(U)

the split functions M, (u) and M_(u), result from the
factorization of M (u) (Appendix A), regular and free of

zeros in the upper and lower half planes, respectively, as
follows

M (u) = (58)

M, (u)
M_(u)
The regularity of the right hand side is violated by the zeros on
the lower half plane, namely at& . Subtraction of the infinite

sum of poles from both sides, yields

0

d,
M, (u)g" (u)-Q, (u) - Zu

S
J,(Awh)
J(Z,u)

M_(u) (59)

=[¢1(u>—i7“’¢2(u)}

DI

p=1

+60¢2 (UWM_(u)+Q_(u)

P

The solution to the second Wiener-Hopf equation, using the
analytic continuation principle and Liouville's theorem, is then
eventually:

0

M. (U)¢ () =Q.(u)+),

p-1

dy

&

(60)

and
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of; (WM_(u) = —[@ W24, (u)}

3, (o) -6
%
TR0l e
where
d, =M (6] 66~ 26 | im -2 e
@ —J(Z,u)
__1HP(10) _
Q=3 e -0 e ) (6

and Q, (u), Q_(u) stand for the split functions regular and free

of zeros in the upper and lower half-planes, respectively. Their
explicit forms are obtained in a similar manner as is done in
(Appendix B).

D. Determining the Coefficient d; and d|

The solution is not yet known until we have found d; and

d, coefficients. We can set up an infinite system of linear

equations by evaluating the related equations at the respective
values of u .

From expression (55) and (60) for u=¢&" and u =¢; gives

12)
(&) -—4¢, (& 64
[¢1 (€)= 4. (& )} 5 5_ (64)
M ) 65
Ny 5 5 (65)
and from equations (64) and (65), we obtain for r=1,2,...
1
- (66)
M(f)u'%ij(ﬁ <h) e z
duJ(Z,u)
M. ()
(67)
L.(&) lim 7”(;3 i(Aeh) 5 =
aJ(Z,u)
where
9 5(zu) = iuph 24N (M’h) —uwhd, (Aeh)
du (68)
= iua)h[iJO(/la)h) +%Jl(/1a)h)}
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Lz .
d L igeh| -7 (69)
A&, (AE, o) [u &) }

d +
V@)

1
du P e 70
3,(AE)ah) 5"“’{ ZW(&;)} 70

The infinite sums in the equations converge very rapidly so
they can be truncated quickly.

I1l. FARFIELD

From (7) and (35), the total field can be expressed as the
following integral

ﬂ eiwul ¢1+ (U)

D=2 SRz
2% @0 I @] o
2 H(Z,u)

x H® (Aeor)edu

where L is the inverse Fourier transform contour.
For the far field, while @r >1, we can use the asymptotic
formula for the Hankel function

HéZ) (ﬂ,a)r) - 2 e—i(/"m)r—zz/él) (72)
\ ZAor
and replace H{? (Aer) in (71) to get
W eiwul + u
wrg) -2 [| A0
27| wH(Z,u)
7 Yy(Aw)d(Z,u) - I, (Aw)Y (Z,u) (73)
2 H(Z,u)
x 2 e—i(iwr—zz/él)e—iwuzdu
\ ZAwr
After transforming the free variables
r=Rgsing, , z—1=R.cosf, (74)
and
r=R,sind, , z=R,c0s0, (75)

we can evaluate the integral by the method of saddle point
technique [8]

This means that the major contribution to the integral comes
from the vicinity of “saddle point" z,. This point can be

determined via the function q(z)
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q(zr) =—icoshz , q'(z) =—isinhz , q'(0)=0, 7z, =0  (75)
where q(z) is an analytic function. Hence the diffracted wave
can be approximated by

i ¢ (cosd) exp(-iwR))
v(rz) 7 H(Z,c0s6,)
1)

" 2H(Z,cos6,)

oR,

[Y,(sin6,0)J (Z,cos6,)  (76)
—Jo(sinG,0)Y (Z, cos 92)]M
R,

IV. CONCLUSION

In this article, diffraction of sound waves emanating from a
ring source by a rigid cylindrical pipe with external impedance
surface has been investigated by using the Wiener-Hopf
technique. The problem was modeled two-dimensional due to
symmetry of the geometry and then reduced to Wiener-Hopf
equation by application of the Fourier transform, boundary and
continuity condition. A solution was found analytically for this
problem by solving the Wiener-Hopf equation.

In our solution we also present the factorization and
decomposition of the functions L(u), M (u) and Q(u) which

are usually required in problems concerning diffraction by
semi-infinite cylindrical impedance pipes.

In forthcoming paper, we shall present the effect of
absorbent lining on the diffracted field with graphics.

APrPENDIX A

The complex function M (u) has poles and zeros in the

complex plane, in particular also along the real axis. We need
to evaluate M (u) , written as a quotient of two function that are

analytic in the upper and lower half plane, along the real axis.

_J,(wh) HP(eh) M. ()

M (u) = = (77)
J(Z,u) H(Z,u) M_(u)
Ilrlm
|
¥
|
|
| -_— C,
 lem T —2
—_—_—— e — e e T e = = Reu
- C

CIC— ---"(“_ :
|
|
f
|

Fig. 3 Integration contour of M (u) in the complex u - plane

563
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Choose a point y within C=C, UC_. If C s taken in
positive direction, then according to Cauchy,

InM (y) :igswdu

78
2ri g u-y (78)

letting the ends of Cgo to infinity simultaneously, the

contributions of the end parts will vanish. Hence we can write

InM () = o= PG )
2l ¢ u-y

du-= ™MW gy (79)
2l & u-y

where P indicates the Cauchy principal value of the integral
and C,and C_denote the upper and lower part of
C respectively. The desired splitting can now be achieved by
defining

M. (y) —exp| —— P [ MW g, (80)
| 271 ¢ u-y

M_(y) =exp L_P_[Mdu (81)
|27l ¢ u-y

To avoid the singularities at the branch cuts we will deform the
integration contour slightly [9].

|
.
|
|
|
|
|

I
_ﬁifM

— i —— ———

Fig. 4 Sketch of deformed integration contour in complex u - plane

We will use the deformed contour parametrized by

_ CtyigAa "
U=C0 SO =trid S st (82)
tzn(S),n(S)zﬁ,OSSSl (83)

The parameters d and g determine the height and width of

the contour respectively and should not be chosen arbitrarily.
Using (84) we find

ISSN: 1998-0140 564

i_P InM (u)
27i c

u-y

where
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du = [h(s, y)¢ ‘(7(s))n (s)ds

h(s,y) = £(((s)), ) + £ (=€ ((s)). Y)

fUy)=s—

271 u-y

If the function M, defined by

1 InM (u)

M, (y) =exp| [h(s, ¥)¢ ‘(r(s))n'(s)ds

can be used to calculate both M, and M _

M

S

M, (y)=
M_M

S

Imy>0or Imy=0&Rey <0

M, Imy<Oor Imy=0 Rey&0

M_(y)=
M. /M

S

ArprenDIX B

The function Q(u) is given by

_1HP? (Ao)

QW) =~y H(Z,u)

Applying the Cauchy theorem

else

e M_(u)=Q, (u)+Q_(u)

1 1H? (o) ' M_(z)

W=—-—|=
Q.(u) 27i |_+h
|
|
|
|
|
| ~
| —&.C
________ P-’— 1e
L+Z/

|
|
|
| L Y|
|
|
|

H(Z,7)(r —u)

Fig. 5 Integration contour around the branch cut

(84)

(85)

(86)

(87)

(88)

(89)

(90)

(91)
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~1+z=te™* | L :rhsof branchcut

~1+7=te"*"* | L, :lhsof branchcut ©2)
-l+r=¢e” , C,:around thebranch point
-1+zr=re” , C,:onthesemicircle

Q. (u) have branch point at z=1. We can write the integrals
in the following form

1 1 1
— | f(x)de+——| f(r)de+—| f(2)d
27i [[ (r)dz + 27i 5[ (r)dz+ 27i [[ (r)dz

1 L (93)
+— | f(r)dr+—| f(r)dr =0
27i C'I. (r)de 2ri L[ (r)de
where
(2) —iwrl
f(‘r):—l Hy” (Aw)e™ M _(7) (94)
h  H(Z,7)(r-u)
and
i_ f (L+re”)ire’dd — 0, (r —» «)
2ri c (95)
L[ t@ree)ice’d0 -0, (s >0)
2ri e
after rearranging
1
P Lj f(r)dr+£ f(r)dr+£ f(r)dz |=0  (96)
and
1 f 1HP (Aw)e ™M _(2)
27i L, h  H(Z,7)(r-u)
_Lj[r P2, o
27iy| h H(Z,1-it)+2J(Z,1-it)
—iw(1-it)l i
(M
1-it—u
with
H®? (~1wh) = HP? (Awh) + 23, (Awh) 98)
(~A)HL (=Awh) = AH® (Awh) + 213, (Awh)
after these operations, we find
ISSN: 1998-0140 565
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i lHéZ)(lw)e—iwlei(T)dT
27i A h  H(Z,7)(r-u)
) —iwrl
i. 1H”(Aw)e ™" M_(7) (99)
27 ) h  H(Z,7)(r-u)
__lpem
2xiy (1-it—u)
where
g(t) = —%e"’”“’“)' M_(1-it)
. @ . (100)
y Jo(Aw)H(Z,1-it)-H;” (lw)I(Z,1-it)
H(Z,1-it)(H(Z,1-it)+2J(Z,1-it))
We obtain half plane analytic function:
157 90
Q. 2xiy (1-it—u) (101)
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