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Deducing exact ground states for many-body
non-integrable systems

Zsolt Gulacsi

Abstract—I describe in details the method which uses positive
semidefinite operator properties in deducing non-approximated
results for quantum mechanical many-body non-integrable systems.
The steps of the procedure, namely i) the transcription of the
Hamiltonian in a positive semidefinite form H=0+C, where O is a
positive semidefinite operator while C is a scalar, ii) the deduction of
the total particle number dependent ground state by constructing the
most general solution of the equation O |¥> = 0, iii) the
demonstration of the uniqueness by concentrating on the kernel of
the operator O, and iv) the study of the physical properties of the
deduced phase by calculating elevated ground state expectation
values and the analysis of the low lying part of the excitation
spectrum, are described in extreme details.
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I « INTRODUCTION

THIS paper describes a procedure which can be used for
deducing exact ground states for non-integrable
guantum mechanical many-body systems. | start by
recapitulating some basic concepts needed in the description
process of physical systems.

A A
B , bout Description of Physical Systems

Let us fix first the notations which will be often used
below. The lower bound of a spectrum LB(A) of an
operator A is defined as follows: If A is an arbitrary self-
adjoint operator, all its eigenvalues a(i) give together the
spectrum of A, namely Spec(A)={a(1),a(2),a(3),...}. The value
LB(A) is defined as the minimum component of Spec(A).
In principle LB(A) must not be finite, but a Hamiltonian
H(S), describing a real physical system S, has always a
spectrum which is bounded below by a finite bound because S
exists. The lower bound of the spectrum LB(H(S)) is the
ground state energy Es g hence

H(S) - Esg = O(S), 1)

holds, where O(S) represents an operator which besides
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the fact that it is intimately connected to the system S,
supplementary possesses the property that do not has negative
eigenvalues. Please note that (1) is valid independent on
dimensionality or integrability. This is the reason why this
simple relation represents one of the main starting points in the
non-approximated study of non-integrable many-body systems.

Studying S, if one has the possibility to know and hence to
work with O(S) instead of H(S), this has several advantages.
First, O(S), as the starting H(S), has the spectrum bounded
below by a finite value. But contrary to the Hamiltonian —
whose LB(H(S)) is usually unknown -, O(S) has a known (i.e.
zero) spectrum's lower bound, namely LB(O(S))=0. Second,
given by the above mentioned property, the ground state of S
at total number of particles N, namely [¥sng >, can be
obtained simply by deducing the most general solution of the
equation
O(8)|¥s g >=0. @)

Since several techniques [1]-[6] have been worked out for
solving an equation of the type (2), the observations presented
above suggest a procedure. This, via (2), can lead to the
deduction possibility of the N-dependent, and non-
approximated ground states. | further note that because of the
N-dependence, such results also provide non-approximated
information relating the low laying part of the excitation
spectrum. Indeed, if Esng is the eigenvalue corresponding to
[Psn,g >, the particle number dependent chemical potential
WSN+1)= Esns1g - Esng, and for example the charge gap
can be expressed as A = pu(S,N+1)-u(S,N). Consequently, A=0
signals metallic characteristics, otherwise if A#0, the system is
insulating. The spin gap can be similarly expressed. %;

C. B. Positive Semidefinite Operators

Let us analyze below the connection of the properties
presented above to the system Hamiltonians. The positive
semidefinite operators emerge in this technique via (1). In fact,
the operator O(S) in (1) is a positive semidefinite operator O.
In fact, from mathematical point of view, the definition of O is
more complicated, namely: For a Hilbert space H, if for all |p>
components of H the expectation value <@ |O|p> is non-
negative, i.e.

<¢ [Olp>=0, 3)
than O is called to be a positive semidefinite operator.
Now based on (3), a simple Lemma arrises, (Lemma 1): The
non-negative eigenvalues requirement is a necessary and
sufficient condition for O to be a positive semidefinite
operator. The Proof of this statement is quite simple. Indeed,
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from (3) it results that all eigenvalues A; of O are non-
negative, i.e. A; > 0 holds. Furthermore, easily can be checked
that if one negative eigenvalue, say A, exists corresponding to
the eigenfunction |x">, than (3) calculated with |x'> is ho more
satisfied. Consequently, the non-negative eigenvalues
requirement is indeed a necessary and sufficient condition for
O to be a positive semidefinite operator.

It results that O(S) from (1) is indeed a positive semidefinite
operator, and since Esgq is a scalar C, the following theorem
applies:

Theorem 1. All Hamiltonians H(S) describing real physical
systems S can be written in the form

H(S)=0+C 4)
where O is a positive semidefinite operator and C a scalar. In
this case, the equation for the ground state becomes of the
form OY >=0.

The Proof of the theorem is relatively simple. Indeed, based
on (1), the scalar nature of Esy , and Lemma 1, the equality
(4) automatically holds. Furthermore, since the lowest possible
eigenvalue of a positive semidefinite operator is zero, see also
(2), the presented equation for the ground state arrises. Q.E.D.

Note that Theorem 1. is independent on integrability and
dimensionality. Hence, we can use it as a starting point in the
exact study of non-integrable quantum mechanical many-body
systems. This paper is devoted to the detailed presentation of
this procedure.

C. The Matching Equations

In what will follows, | show that (4) has a direct algebraic
consequence. This results as follows. When one transforms the
Hamiltonian in positive semidefinite form as requested by (4),
one uses some positive semidefinite operators, which have
their own numerical parameters (coefficients) denoted
hereafter by v;  Besides, in the left side of (4), the Hamiltoni-
an has its own physical parameters (i.e. coupling constants),
as for example hopping matrix elements t;  on-site one
particle potentials €;, and interaction strenghts U;  In these
conditions it is easy to understand that (4) holds only if a given
relationship exists in between the positive semidefinite
operator parameters {v; }, and Hamiltonian parameters
hereafter denoted by A[H(S)]= A({ti },{ei },{Ui}).

Consequently, one can state that the transformation relation
(4) holds only if a relation exists between A({t; },{€; },{Ui})
and the parameters P({v; },C), where C is the scalar in (4). This
relationship (let denote it by F) which formally can be written
as
A({ti},{ei 1 {UiH)=F[P({vi }.C)] (%)
is called to be the matching system of equations. The matching
equations usually represent a non-linear, coupled and complex
algebraic system of equations. The non-linearity emerges
because {v; } are usually numerical parameters of an operator
A, from which, in the majority of cases A*A provides the
positive semidefinite form. The complex algebraic nature
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arises simply from the fact that there is no reason to restrict the
variation domain of the parameters {v; } to a real manyfold.

Consequently, a given transformation of a Hamiltonian in
positive semidefinite form (4) has its own matching equations
(5), and the transformation of H(S) via (4) is valid only if the
matching equations are satisfied, i.e. allow solutions. This
information provides two main aspects which need to be
underlined below, namely:

I) When the transformation of the Hamiltonian via (4) is
done, the explicit expression of the scalar C need not be
known, and in fact is not known explicitly. One has only the
matching equations for it. This is important to be underlined,
because as originating from (2) and mentioned below (4), the
O|P>=0 will provide the N-dependent ground state wave
vector | Wsng >, and the corresponding ground state energy
becomes Esng = C at the end of the calculations. At this stage
it is important to stress that contrary to what (1) suggests at
first view, the ground state energy is not known when the
transformation in positive semidefinite form (4) is performed.

I1) The non-linear system of equations (5) allows usually
solutions only in a restricted parameter space region A, Of
A[H(S)]. This means that the transformation in positive
semidefinite form of the Hamiltonian as shown in (4), can be
performed in several different ways. Each transformation of
this kind places us in a restricted parameter space region,
where and only where, the deduced ground state wave vector
together with its eigenvalue will be valid. In order to reach
another parameter space region, another transformation in
positive semidefinite form must be done, or another solution of
the matching equations must be obtained. This motivates the
difference in notations of the positive semidefinite operator in
(1) —i.e. O(S) -, and (4) — i.e. O -. As a consequence the
following property (Lemma 2) holds: The functional form of
O(S) can change in different parameter space regions of the
Hamiltonian. Namely, if A, represents a given restricted
Hamiltonian parameter space domain where the matching
equations (5) present an individual solution, and if besides
Ay N Ag=0 at a# B, one has A[H(S)] = Ay UA, UAz UA,
UA,, than

0O(S)=0, in A,, a=1,2,3, (6)

The Proof of this lemma is obvious. Indeed, a given
individual solution of the matching equations, since fixes the
expression of the positive semidefinite operator parameters,
provides an individual O,. Consequently, if the solution of (5)
changes, also the positive semidefinite operators from (4)
changes. In these conditions, for A, N Ag=© at o # B and
A[H(S)] = A{UAUAUALU UA,, the relation (6)
automatically arises. Q.E.D.

This result shows that contrary to integrable cases where the
whole solution and spectrum can be deduced in a single
mathematical frame, in non-integrable cases, the ground state
characteristics can be obtained only as a collection of different
solutions valid in different restricted parameter space regions.
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D. Non-integrable Systems

The introductory part of this material must also specify why
it is important to analyze in a non-approximated manner non-
integrable systems. | start by mentioning that contrary to what
this hame suggests, the notion non-integrable has nothing to
do with the possibility to write a solution. Integrability in fact
represents a supplementary constraint imposed to many-body
systems. In a simplified view it requires an equal number of
constants of motion (N¢y ) and degrees of freedom (Npr ). As
it is known, in many-body case Npr has the order of
magnitude of Avogadro's number, while usually in nature, N¢y
= 0(10). This means that integrability occurs only in quite
special, and mostly one dimensional cases, and in fact in
nature, 99% of real systems are non- integrable. This motivates
the need to analyze non-integrable

systems.
The non-approximated nature refers to an exact model
solution. Besides the situations where often poor

approximations fail (e.g. the interaction value is high or strong
correlation effects are present), its importance is underlined by
the fact that exact results are important bench-marks of a given
field. This is because they provide testing,, checking and
developing possibilities for model descriptions, numerical
procedures, and approximation schemes as well.

On the mentioned frame one must observe that the field of
exact results for quantum mechanical many-body systems has a
huge literature [7],[8]. But this literature is almost entirely
connected to integrable systems. For non-integrable systems
the exact results are extremely rare, and deduction techniques
are practically missing. This is why the development of
methods able to provide non-approximated results for such
systems is of extreme importance. This demand is also
underlined by the following aspect: Based on the till today
published exact results relating integrable systems, one has an
extended good quality picture about how these systems indeed
behave. Now generated by these state of facts, the following
question arises: Based on this image do we see properly how
the systems in nature behave ? The studies which show tha the
integrable systems evolve in time and thermalize [9]-[12] in a
specific way given by the extensive amount of conserved
quantities induced by integrability [13]-[16], and hence have
non-ergodic characteristics in their behavior [17], [18]
underline a negative answer to this question. Consequently,
non-approximated results for non-integrable system cannot be
avoided or substituted with something else in our aim to
understand the nature.

The remaining part of the paper in Section 2 describes in
details the deduction technique leading to non-approximated
ground states for non-integrable systems originating from the
background described above, and finally Section 3 containing
a short summary and conclusions closes the presentation.

I1. THE DEDUCTION METHOD

| describe below in details a deduction procedure of exact
total particle number dependent ground states for non-
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integrable quantum mechanical many-body systems. The aim
of this presentation is to underline indeed the method character
of the technique, i.e. to provide as much as possible know-how
information at each step of the procedure. This requirement is
motivated by the fact that otherwise, one remains only at the
level of potential gedanken eventuality, placed far away from
application possibilities.

A.The First Step: the Transformation of the Hamiltonian

We consider for exemplifications below Hamiltonians
defined on a lattice or a graph.

1. The first topic which will be analyzed below is
connected to the question: How we cast the Hamiltonian in
positive semidefinite form ?

As it was mentioned before in the Introduction, the first step
of the procedure transforms in exact terms the system
Hamiltonian H(S) into a positive semidefinite form as
required by (4). For this transformation one uses usually two
type of operators, namely:

i) Positive semidefinite operators of the type

i =%, A* v Aiy , Where A, is an operator constructed on
a finite block surrounding the site i, hence it represents in fact
a block operator. At the level of a definition, the block
operator A, is an algebraic sum over different operators a(iy)
acting on the site i, placed in the block B;, connected to the
site i. Based on this definition one has

Aiy =1 oy aGy) @)
where the sum over the j index covers all the sites {i,} from
the block B;, constructed around the site i, the coefficients o,
are numerical prefactors. | note that these numerical
prefactors have been denoted in a condensed form as v; in
(5), because via I, ; they become positive semidefinite operator
parameters. The y index preserves the possibility to construct
b different blocks connected to the site i, y=1,2,...,b.

The positive semidefinite nature in this case is automati-
cally provided by the A", A, construction. Please note that
the sum of positive semidefinite operators is also a positive
semidefinite operator, hence O is often expressed as a sum
over several positive semidefinite contributions (i.e. sum over i
in 1y; is usually present).

ii) Positive semidefinite operators 1,; which do not have the
form A" A, where A is an arbitrary operator and A" its
adjoint. In order to exemplify, | note that for example in the
fermionic case which is taken as example in this paper, the
construction P; = nj; n;; - (N +n;)) +1, where ni;= Clio
Ci, is the particle number operator and ¢*;, , c;, are canonical
Fermi operators (with ¢ being the spin index) is a positive
semidefinite operator which attains its minimum eigenvalue
zero when at least one fermion is present on the site i.
Furthermore, the operator D; = n;; n;; is also a positive
semidefinite operator with minimum eigenvalue zero when
there is no double occupancy present on the site i, etc.

From the above presented information the following
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straightforward theorem arises:

Theorem 2. The positive semidefinite operator O from the
right side of (4) has always the following form

O:|1+|2,|1: Eyll,yl IZZEV IZ,y, (8)

where I, and 1,, are specified at points i) and ii) above.

The Proof is quite simple. Indeed, a positive semidefinite
operator or has the form A" A, or not, from where (8) arises.
Q.E.D.

Several examples illustrating (8) in concrete cases can be
seen in published results [1]-[6], [19]-[24] describing cases of
real interest [25],[26].

At this level several questions arise, for example: What is
the shape of B;, ?, How big should it be ? What is the number
b of different blocks that must be chosen at a given lattice site
? The answers to these questions depend on the Hamiltonian.
But there are several useful observation which drive the
transformation of the Hamiltonian as follows:

a) For a fixed y index, B;,, hence A;, is such chosen

to obtain an A", A, expression which reproduces as
much as possible terms of the starting Hamiltonian H(S). For
example if H(S) has only short range hopping terms, the block
B:, must be small, since otherwise, the product A*;, A,
introduces long range hopping contributions which are not
present in the starting Hamiltonian. But independent of how
many care and precaution is taken, at fixed y and B;,, usually
A* iv Ay introduces operator terms which are not present in
H(S). These must be canceled out. This is the reason why
connected to the same site i, another block B;,, v #v', or
even other blocks have to be introduced.

Let us have an example on this line. For this reason let
consider the system S=S; a square Bravais lattice with Bravais
vectors a, , a, . Atthe lattice site i one defines the first
block, say B;,-; , to be an elementary plaguette containing
four sites, namely (i, i+ a,i+ a,,i+a+ a, ). Furthermore
one considers (for simplicity in a spinless fermion case, and
only linear combination of fermionic operators in the block
operator),

Aiy-1 = 81Ci+ 83Cirax T 83Civay T A4 Civax +ay | 9)

where a;, a,, az, 8 are numerical scalar prefactors. In these
conditions, the product A", ;Ai,y=1 creates terms of the
form a’1a4 € Cioaesay + @38 Ciage Cirgy + H.C. (here Hec.
represents the Hermitic conjugate), which represent next-
nearest neighbor hopping terms. If such hoppings are not
present in the starting Hamiltonian H(S), they must be
canceled out. This can be done by introducing two more block
operators at the same lattice site 1. These are defined on two
new blocks, namely B;,-, containing the sites (i, i+ ay, i+
a,+ a, ),and B;,; containing the sites (i, i+ a , it ay).
These triangular blocks will have the block operators

Aiy—2 = €1Ci+ €Cisax + €4 Cinaxtay ,
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Ay = T1Ci+ foC gy + 3 Ciay (10)
where e, , 0=1,2,4 and f5, p=1,2,3 are new numerical scalar
prefactors. The products A", A, and A%i,5 A will
create the next-nearest neighbor hoppings obtained also
previously, but now in the form e e, it axtay T fif, c'is
ax Ci+ ay + H.C. Hence taking

a*l ag + e*l €4 :0, a*g ay +f*3 fZ: 0, (11)
we cancel out the not desired terms of O. Similarly, other type
of cancellations also can be done.

We further note that the 1, contributions, see (8), are taken
into account in order to introduce specific Hamiltonian
contributions in O, and the transformation (4) is performed
usually by taking periodic boundary conditions into
consideration. The coefficients o;, in (7) are considered the
same in similar blocks defined at different lattice sites, given
by the presence of the Bravais translational symmetry in the
regular lattice cases. But such coefficients can be different and
even plaquette dependent when a random disordered system is
analyzed (see for example [1]). I also underline that in some
cases, it is advantageous to achieve the positive semidefinite
structure in I, via a construction of the type A, A*i,y. The
reason will be visible in the Sectio I1.2.

2. The second topic which must be analyzed here is
connected to the matching equations. These represent
relationships in which the positive semidefinite operator
parameters and/or Hamiltonian parameters are present and
preserve the validity of the transformation (4). As such, for the
system S; presented previously, the equalities from (11) are
part of the matching equations.

In general, the matching equations (5) are obtained by
calculating in a first stage, effectively and explicitly, the right
side of (8). One obtains a sum of different operators holding
prefactors dependent on positive semidefinite operator
coefficients v; entering in P from (5) [in the previously
presented example relating S; , the v; parameters are the
coefficients a, , e, , and f, present in (9)-(11)] . The same
operators are present in H(S), but in the Hamiltonian, the
numerical prefactors are the Hamiltonian parameters entering
in A[H(S)] used in (5). Finally, the matching equations are
obtained by taking equal the coefficients of the same operator
in the left and right (4). For example, using the blocks B, ,
v=1,2,3 introduced previously in the study of S;, taking in O
the sum contribution 1, =%; X, 55 A' iv Ay, the hopping
matrix element t, of the Hamiltonian t, c*; c;; 5, becomes

ty: a*l az+ f*l f3+ e*z €s. (12)
This is because the operator ¢; c;, ay IS obtained from I, only
in three places, namely with coefficient a’; a; from
A" Aiy=1, with coefficient f;f; from A", A, , and
finally with coefficient e, e, from A*i’yzz A;,— . In the same
way, for the Hamiltonian hopping term t,c"; ¢;. 2 one finds
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= a*l a, + e*l e, + f*l fz , (13)
where in order, the added terms in t, appear in I, from A" iy
Ai, at y=1,2,3. Similarly, all equations of (5) can be obtained,
which means that all Hamiltonian parameters and the scalar C
from (4) become to be expressed as a function of positive
semidefinite operator parameters. Turning back to (11) and
compairing it to (12),(13), | mention that the equations (11)
have zero in the right side simply because plaquette diagonal
(i.e. next-nearest neighbor) hopping terms as ty.. , t,.« , are
missing from H(S), i.e. ty.x = t,.«=0 holds.

Consequently, for exemplifying how the matching equations
are obtained, we presented the deduction of 4 of such
equations in (11)-(13) connected to the system S; . Several
complete examples you can find in published results, see e.g.
[1]-[6], [19]-[24].

| further note that the resulting matching equations are
nonlinear in the unknown positive semidefinite operator
parameters. These equations in several cases can be
analytically solved (see for example [3] for exemplification).
For solutions in complicated situations stochastic methods can
be used [27].

B. The Second Step: the Construction of the Ground State
Wave Function

In constructing the ground state wave vector we already know
explicitly the O structure from (8). Based on it, as explained
below (4), we are looking for the most general wave vector
|¥> which satisfies O [¥>=0. If we find this wave
function, we have the ground state [¥4> in our hands, the
corresponding ground state energy being Eq =C, where C is the
scalar from (4). Insights about how this job effectively can be
done, are presented in this subsection. We will analyze here
three different cases in three different concentration regions,
and for simplicity one considers the block operators as linear
combinations of the starting canonical Fermi operators ¢;.

1. First case: low concentration of carriers
In this case I, is constructed as shown in Section Il.A. at point
1), namelyas |, =% %, A' iy Aiy. Why this case is connected
to the low concentration limit, will be clarified further on.

In the presented case the construction of the ground state
begins with the construction of the wave vector [¥;> satisfying
the condition 1, |¥;> =0. Since [¥;> contains particles, it must
has the form

[¥:>=[Tpex B (0>, (14)
where the index B covers a manifold X and denotes different
(i.e. linearly independent ) operators B*, |0> denotes the bare
Fock vacuum with no fermions present [i.e. for the operator
A;, containing only annihilation terms, one has A;, [0> =0
independent on indices (i,y)]. Finally, B is an algebraic sum
of creation operators, i.e. in a general spinfull case

+

.
Bics Y Bj o5 Clic
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Comparing to (7), one observes that B, is in fact a block
operator where the index & plays the role of y in (7). As
observed, the B index in (14) represents in fact a collection of
indices B =(j,0, §), and by are numerical coefficients. The site
index j from (15) covers a block C;; on which the block
operator B*,,; defined. But I underline that the block C;; is
usually completely different from the block B;, present in (7).
In these conditions, the needed
1, |¥;>=0 (16)
condition is satisfied, if we have the possibility to push the A;,
operators placed in the right side of 14, in front
of the B"; operators presentin (14). If this can be done, one
pushes in fact the A,, operators in front of the vacuum state
obtaining by this shift A;, |0>, which by definition is zero. But
this to be possible (note that we are in the fermionic case), one
must has the anti-commutation relation
{Ai; B s }=0 an
satisfied for all values of all indices. This is the prescription
under which the operators B*; can be deduced. This means
that based on (17) one can deduce the sites of the block C;; on
which the operator B is defined, and in the same time one
can deduce the numerical prefactors b;,s present in (15).
Based on this strategy, once one has the explicit B*;, ; opera-
tors, the half of the job to solve the O |¥>=0 equation has been
effectuated. This is because with (8) and (16), one has by
|¥,> a good starting point for |>. After this result, the second
half of the job follows, namely to modify |¥,> in the wave
vector [¥,> (i.e. perform |¥;> — |¥,>), such to not alter the
relation 1, |¥,> =0, and supplementary to have besides it also
the equality 1,%,> =0 satisfied. In other words, in
mathematical terms , we have to push |¥;> (which at the
moment is placed only in the kernel of 1,) also in the kernel of
I,. In order to do this job one observes that given by (17), all
individual components 3 from [¥;> in (14) satisfy individually
the equality 1, B*;|0>=0. This means that by a restriction of the
manifold X (see (14)) to a subset Ye X, we not alter the
relation (16), but we modify |¥;> — |¥,> maintaining |
|¥,> =0. Using this procedure, by a restriction of the manifold
X to the manifold Y, we obtain
[¥2>=[Tscy BT 10>, (18)
where now P covers the manifold Y, and |¥,> from (18),
besides 1 |¥,> =0, satisfies also 1, |¥,> =0. Consequently,
taking into account (8), O |¥,>=0 holds, hence the ground
state becomes

[Wsng> = ¥2>=[]pev B [0> (19)
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At this stage we have to provide information about N, the total
number of particles entering in the ground state (19). On this
line | mention that, since B"; is a linear combination of
canonical creation operators, one B”; operator introduces one
particle into the system, consequently N represents the number
of components of the manifold Y. Different f contributions in
(14), for example in space periodic systems, are obtained by
the translation of B*;_, to other sites. This means that in this
case, the number of different B indices usually cannot exceed
the number of lattice sites, and their number in (18) is further
decreased by the reduction X — Y. As a consequence, the
concentration of particles for the here treated 1. “first case” is
placed below system half filling, which means in fact low
concentration.

Examples of deduced ground states of the presented kind can
be found e.g. in [3], [19]-[23].

2. Second case: high concentration of carriers
In this situation, 1; is constructed (in the spinfull case) as
I =Xy Aigy A*LG,Y . Why this case is connected to the high
concentration limit will be visible only at the end of this
subsection.

The construction of the ground states in this situation differs
considerably from the construction procedure used in the
previous subsection 1. But the strategy is similar, namely we
first obtain a wave vector |¥s> such to satisfy 1, [¥3>=0, and
after this stage, by |¥s> — |¥,>, we introduce the deduced
wave vector also into the kernel of |, such to obtain besides
I, |¥4>=0, also the relation I, |¥,>=0, satisfying in this manner
O |¥,>=0.

Taking into account again in block operators only linear
combination of fermionic operators as in the low concentration
limit, now the starting form of the constructed wave function
becomes

[Vo>= Hn A+11 |O> ) (20)
where the index 1 is a combined index of all indices present
on the A operators, i.e. 1=(i,0,y). The motivation for the
structure of (20) is that now, because A*, A", =0 holds for all
values of all indices, based on (20), the relations

|1 “{l3>:0, (21)
is automatically satisfied. The second novelty which appears
here is that now a reduction of indices in (20) is no more
possible, because eliminating at least one term from the
product in (20), the requested relation (21) will be not
satisfied. So in the present situation, the modification of |¥;>
such to not alter (21) cannot be done by index reduction. But,
since only creation operators are acting on the
vacuum state in (20), and these anticommute in between them
by definition, adding creation operators to (20) (these must be
linearly independent on all A", operators present in |[¥5>), the
equation (21)  remains non-altered. Consequently, the
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transformation [¥s> — |W,> in the present case must be done
as follows
W= (T, A% ) G™ (0> (22)

Here G* contains only creation operators such that the norm of
|¥,> remains finite. | underline that as explained previously,
besides (21), the relation 1, |¥,>=0 is also satisfied. The
advantage of new vector presented in (22) is that it gives the
possibility to modify |¥s> in such a way to introduce it
(besides the kernel of 1;) also in the kernel of I,. In this
manner, by properly choosing G*, one obtains as well the
equality 1,|¥,>=0, i.e. O |¥,>=0. Consequently, the ground
state wave function becomes
[P'sng>= P> = (I, A"y ) G [0>. (23)
How the operator G* looks like, depends on the system S. For
G" explicite expressions several examples are present in the
published literature e.g. [3],[5],[19].[20],[22],[23].

Concerning N', the total number of particles in (23), one uses
first the observation that A", (being in the present case a linear
combination of creation canonical Fermi operators) introduces
one fermion into the system. Furthermore, since m=(i,o,y)
contains the lattice site index i, the number of A"n
operators in (23) is usually higher than the number of lattice
sites. Besides, G" also introduces fermions into the system, so
certainly, the number of particles in (22) is placed well above
the system half filling value. Hence N' corresponds to high
concentrations.

Deduced ground states of the presented kind can be seen e.g.
in [3],[5],[19],[20],[22],[23].[28].

3. Third case: system half filling

When the system is half filled, the correlation effects are
accentuated, hence the construction of the ground state wave
vector needs supplementary attention. The construction
procedure in this situation usually follows the first part of the
strategy used in the low concentration case, point 1. Namely,
with 1, =% %, A* iy Aiy, the starting wave function uses the
operators B";  deduced from the anti-commutation relation
(17). Hence, the starting form of the constructed ground state
becomes |¥;> from (14), consequently (16) will be satisfied.
But now, contrary to the usual case encountered at point 1.,
where B*; was defined on a finite block, the solutions of

(17) are mostly extended operators i.e. the blocks on which
these operators are defined extend along the whole system
(however, these blocks usually contain only a percentage of
the total number of lattice sites). Further novelty appears in the
procedure, since at the presented concentration value the index
reduction [as given in (18)] usually is not possible to be
applied. This is because the index reduction decreases the
number of carriers from the wave function, consequently it
pushes the ground state in the below half filling concentration
region. In this conditions, the |¥;> — |¥,> step, i.e. the
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introduction of the constructed wave vector also in the kernel
of 1,, is given by the technique

“Pz> = ZB Zﬁv agp HB Hﬁv B+[3 B+Bv |0>, (24)
where ag g are numerical coefficients, B covers the manifold X
and f' the manifold Xy, furthermore the number of operators
in each additive term from (24) is maintained at a constant
value corresponding to half filling. The agp numerical pre-
factors are deduced from the I, |¥,>=0 condition. Please
note that since each individual B*; operator satisfies (17), the
condition 1, |¥,>=0 automatically holds.

Consequently, the deduced ground state will have the form
presented in (24). A pedagogical example of a such type of
solution is presented [24].

However extended operators in the ground state wave vector
appear also outside of half filling (see e.g. [32],[34],[39]-[41]),
the main difficulty in treating the system half filling case is
connected to the treatment possibilities of the extended
operators that one has at disposal. Developments in handling
such operators is badly needed.

C.The Third Step: The Proof of the Uniqueness

The proof of the uniqueness in the case of exact solutions is
an important task, which often, even in integrable cases, is
difficult to be effectuated. For example one knows integrable
cases, were it turns out that not all solutions have Bethe ansatz
form [29] (i.e. are not given by Bethe Ansatz), or in other
cases, as for example the case of the integrable spin-1/2 XXZ
chain, almost ten years passed from the written Bethe ansatz
equations [30], and the proof of the uniqueness [31] of their
solutions.

In the case of the method based on positive semidefinite
operators described in details here, the proof of the uniqueness
can be usually effectuated, and requires the study of the kernel
of the operator O.

At the level of a definition for the kernel: For an arbitrary
operator O, the kernel Ker(O) is a Hilbert subspace Hx of
the full Hilbert space H whose all components |¢> ¢ Hyx have
the property O |¢> =0.

Once the kernel notion is fixed, the uniqueness proof can be
done on the line of the following Theorem:

Theorem 3. A deduced ground state wave vector [Py >
obtained from the equation O |¥, > =0 is unique if spans the
kernel of O, Ker(O).

The Proof goes on the following line: Indeed, if [¥g> is i)
inside Ker(O), and ii) forms a base for Ker(O), there is not
present a [¥'y > vector which is linearly independent on [¥g >,
and satisfies O [¥'y> =0. Q.E.D.

In the light of the above Theorem, the proof of the
uniqueness of a deduced ground state wave function [¥4> from
mathematical point of view requires the proof of the following
two steps, namely:

A1) the ground state is inside the kernel, i. e. [¥4>€¢ Hy , and
A.ii) all components of the kernel can be written in term of the
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deduced ground state wave function, i.e. if |¢> e Hy, then
lp>=A |¥¢>, where A is a scalar. This uniqueness notion can
be extended also in the degenerate case. In this situation, by
uniqueness one understands that besides the linearly
independent ground state components [¥y(m)>, m=1,2,...,M,
which together describe an M-fold degenerate ground state
(i.e. mis the degeneracy index), other linearly independent
[¥4(m>M)> wave vectors do not exist. In this case, in order to
prove the uniqueness, we must demonstrate that B.i) all m
components of the ground state are placed inside the kernel,
ie. |¥4(m)>e Hk for all m=1,...,M, and B.ii) all vectors of
the kernel Hy can be expressed as a linear combination of the
[Pg(m)>, m=1,2,....M, components, i.e. if |¢>e€ Hg , then

o> =20 Am  [Pg(m) >, where A, are scalar numerical
coefficients.

Concerning the uniqueness proof, I mention that given by
(2), which must be satisfied during the ground state deduction
process, the points A.i) and B.i) are already demonstrated
when the ground state is deduced and becomes to be known.
Consequently, the uniqueness proof requires only the
demonstration of the point A.ii) [or B.ii) in the degenerate
case]. For demonstrating A.ii), usually one writes an arbitrary
component of the kernel, and shows that it can be written in
the form of the deduced ground state wave vector. In the
degenerate case this technique can be such supplemented that
we demonstrate that |[¥g(m) > being inside the kernel, the
transformation from [W4(m)> to [¥P4(m+1)> not moves the
wave vector outside of kernel Hy , and together, all [¥4(m) >
components span the kernel (i.e. represent a base in Hy).
Examples for the uniqueness proof can be seen e.g. in
[31.[20],[23].

D.The Fourth Step: The Study of the Physical Properties

Since the ground state has been deduced without
preconceptions, often it happens that its physical properties are
not visible at the first view. Since the ground state at this stage
is explicitly known, different ground state expectation values
can be calculated with it. In this process different physical
quantities and correlation functions can be deduced in a non-
approximated manner (see e.g. [3]) which shed light on the
physical characteristics of the studied system. As mentioned at
the end of Section I.A., the deduced physical properties
describe not only the ground state, but also the low lying part
of the excitation spectrum.

I1l. SUMMARY AND CONCLUSIONS

In conditions in which non-integrable systems are attracting
main interest today [5],[25],[37],[38], the presented paper
describes in details the technique which allows the deduction
of exact results for quantum mechanical many-body non-
integrable systems. The method is based on the transcription of
the Hamiltonian in positive semidefinite form, and the cons-
truction of a wave vector on which we apply the obtained
positive semidefinite operator and obtain zero as a result. This
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technique is independent on dimensionality and integrability
for Hamiltonians which describe physical systems. This is the
reason why the procedure is applicable in non-integrable cases
as well. The consecutive steps of the technique have been
presented together with detailed know-how information, which
have been exemplified with the broad spectrum of results
published in the literature.

At the end of the presentation | would like to underline that
the method based on positive semidefinite operators has lead
to exact results for non-integrable many-body quantum
systems in circumstances unimaginable before, as: disordered
systems in 2D [1], stripes and droplets in 2D [21], 2D
Hubbard model in the low concentration limit with
consequences to nano-grains [32], multiband systems in 2D
[28], delocalization effects of the interactions in 2D [4],
periodic Anderson model in 3D [19],[20], non-approximated
non Fermi-liquid behavior of interacting Fermi systems in 3D
[20], band flattening effect of the interaction [33], non-
integrable chain structures [22],[23],[39]-[42], or conducting
polymers [3],[5],[34]-[36]. This new technique successfully
extends the possibilities of other methods [43]-[47] used
especially in the study of strongly correlated systems.

ACKNOWLEDGMENT

The author kindly acknowledges financial support provided by
research contracts OTKA-K-100288 (Hungarian Research
Funds for Basic Research), TAMOP 4.2.2/A-11/1/KONV-
2012-0036 (co-financed by EU and European Social Fund),
and also by the Alexander von Humboldt Foundation.

REFERENCES

[1] Z. Gulacsi, “Exact multi-electronic electron-concentration dependent
ground states for disordered two-dimensional two-band systems in
presence of disordered hoppinggs and finite on-site random interactions
(Periodical style),” Physical Review B, vol. B-69, pp.054204-1-054204-
10, Febr. 2004.
I. Orlik and Z. Gulacsi, “Exact results related to the periodic Anderson
model in D>1 dimensions (Periodical style),” Phil. Mag. Lett. vol. 78,
pp.177-184, March 1998.
Z. Gulacsi, “Exact ground states of correlated electrons on pentagon
chains (Periodical style),” Int. Jour. Mod. Phys. B. . vol.B- 27,
pp.1330009-1 — 1330009-64, May 2013.
Z. Guléacsi, “Exact ground state for the periodic Anderson model in D=2
dimensions at finite value of the interaction and absence of the direct
hopping in the correlated f-band (Periodical style),” Eur. Phys. Jour. B.,
vol. B-30, pp.295-301, Dec. 2002.
Z. Gulacsi, A. Kampf and D. Vollhardt, “Route to ferromagnetism in
organic polymers (Periodical style),” Phys. Rev. Lett, vol. 105,
pp.266403-1 — 266403-4, Dec. 2010.
Z. Gulécsi, “Exact Plaquette operators used in the rigorous study of the
ground states of the periodic Anderson model in D=2 dimensions
(Periodical style),” Phys. Rev. B., vol. B-66, pp.165109-1 — 165109-13,
Oct. 2002.
D. C. Mattis, The many-body problem: An encyclopedia of exactly
solved models in one dimension (Book style), Singapore-New Jersey
-London-Hong Kong, World Scientific, 1993., pp. 1-958.
V. E. Korepin and F. H. L. Essler, Advanced Series in Mathematical
Physics Vol:18: Exactly solvable models of strongly correlated
electrons,

(Book style), Singapore-New Jersey -London-Hong Kong, World

(2]

(31

(4]

(5]

(6]

(71

(el

ISSN: 1998-0140

698

Volume 9, 2015

Scientific, 1994., pp. 1-490.
M. Rigol, V. Dunjko, V. Yurovsky and M. Olshani, “Relaxation in a
completely integrable many-body quantum system: An Ab initio study
of the dynamics of the highly excited states of 1D lattice hard-core
bosons (Periodical style),” Phys. Rev. Lett.., vol. 98, pp.050405-1 —
050405-4, Febr. 2007.
M. Rigol, V. Dunjko and M. Olshani, “Thermalization and its
mechanism for generic isolated quantum system (Periodical style),”
Nature (London)., vol. 452, pp.854-858 , April 2008.
M. Fagotti and F. H. L. Essler, “Reduced density matrix after a quantum
quench (Periodical style),” Phys. Rev. B., vol. B-87, pp.245107-1 —
245107-25, June 2008.
K. He and M. Rigol, “Initial-state dependence of the quench dynamics
in integrable quantum systems. Ill. Chaotic states (Periodical style),”
Phys. Rev. A., vol. A-87, pp.043615-1 — 043615-11, April 2013.
E. T. Jaynes, “Information theory and statistical mechanics (Periodical
style),” Phys. Rev., vol. 106, pp.620-630, May 1956.
T. Kinoshita, T. Wenger and D. S. Weiss, “A quantum Newtons cradle
(Periodical style),” Nature (London)., vol. 440, pp.900-903,  April
2006.
M. Kollar, F. Wolf and M. Eckstein, “Generalized Gibbs ensemble
prediction of prethermalization plateaus and their relation to nonthermal
steady states in integrable systems (Periodical style),” Phys. Rev. B., vol.
B-84, pp.054304-1 — 054304-11, Aug. 2011.
J. S. Caux and R. Konik, “Constructing the generalized Gibbs ensemble
after a quantum quench (Periodical style),” Phys. Rev. Lett., vol. 109,
pp.175301-1 — 175301-4, Oct. 2012.
M. Serbyn, Z. Papic and A. D. Abanin, “Quantum quenches in the
many-body localized phase (Periodical style),” Phys. Rev. B., vol. B-90,
pp.174302-1 — 174302-11, Nov. 2014.
M. Rigol, A. Muramatsu and M. Olshanii, “Hard-core bosons on
optical superlattices: Dynamycs and relaxation in the superfluid and
insulating regimes (Periodical style),” Phys. Rev. A., vol. A-74,
pp.053616-1 — 053616-9, Nov. 2006.
Z. Gulacsi and D. Vollhardt, “Exact insulating and conducting ground
states of a periodic Anderson model in three dimensions (Periodical
style),” Phys. Rev. Lett., vol. 91, pp.186401-1 — 186401-4, Oct. 2003.
[20] Z. Gulacsi and D. Vollhardt, “Exact ground states of the periodic
Anderson model in D=3 dimensions (Periodical style),” Phys. Rev. B.
vol.B-72 , pp.075130-1 - 075130-20, Aug. 2005.
[21] Z. Gulacsi and M. Gulacsi,“Exact stripe, checkerboard and droplet
ground states in two dimensions (Periodical style),” Phys. Rev. B.
vol.B-73 , pp.014524-1 — 014524-6, Jan. 2006.
Z.Gulécsi, A. Kampf and D. Vollhardt, “Exact many-electron ground
states on the diamond Hubbard chain (Periodical style),” Phys. Rev.
Lett., vol. 99, pp.026404-1 — 026404-4, July 2007.
Z. Gulacsi, A. Kampf and D. Vollhardt, “Exact many-electron ground
states on the diamond and triangle Hubbard chains (Periodical style),”
Progr. Theor. Phys. Suppl., vol. 176, pp.1-21, June 2008.
Z. Gulécsi, “Delocalization effect of the Hubbard repulsion in exact
terms and two dimensions (Periodical style),” Phys. Rev. B. vol.B-77 ,
pp.245113-1 — 245113-10, June 2008.
O. Derzhko, J. Richter and M. Maksymenko, “Strongly correlated
flatband systems: The route from Heisenberg spins to Hubbard electrons
(Periodical style),” Int. Jour. Mod. Phys. B, vol. B-29, pp.1530007-1 —
1530007-72, May 2015.
O.Derzhko and J. Richter, “Dispersion- driven ferromagnetism in a flat-
band Hubbard system (Periodical style),” Phys. Rev. B. vol.B-90,
pp.045152-1 — 045152-7, July 2014.
Gy. Kovacs, K. Glukhov and Z. Gulécsi, “Quadrilateral quantum chain
Hamiltonian cast in positive semidefinite form containing non-linear
fermionic contributions (Periodical style),” WSEAS Trans. Appl. and
Theor. Mech. Vol.10, pp.187-193, Aug. 2015.
P. Gurin and Z. .Gulécsi, “Exact solutions for the periodic Anderson
model in two dimensions: A non-Fermi liquid state in the normal phase
(Periodical style),” Phys. Rev. B. vol.B-64 , pp.045118-1 — 045118-20,
July 2001.
F. H. L. Essler, V. E. Korepin and K. Schoutens, “Completeness of the
SO(4) extended Bethe Ansatz for the one dimensional Hubbard model
(Periodical style),” Nuc. Physics B.. vol.B-384 , pp.431-458, Oct. 1992.
F. C. Alcaraz, M. N. Barber, M. T. Batchelor, R. J. Baxter and G. R. W.
Quispel, “Surface exponents of the quantum XXZ, Ashkin-Teller and

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]



INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

potts models (Periodical style),” Jour. of Phys. A.. Math. And Gen.
vol.A-20, pp.6397-6410, Dec. 1987.

D. Mi, F. Yang and b. Hou, “Uniqueness of the Bethe Ansatz of the
XXZ chain and statistical interaction (Periodical style),” Int. Jour. of
Theor. Phys. vol. 36, , pp.1189-1197, May 1997.

E. Kovéacs, R. Trencsényi and Z. Gulacsi, “Magnetic nano-grains from
non-magnetic material: A possible explanation (Periodical style), ” I0P
Conf. Ser. : Mater. Sci. and Engin. vol.47, pp.012048-1 — 012048-6,
Dec. 2013. The paper was presented at the 2nd International
Conference on Competitive Materials and Technological Processes (IC-
CMTP-2), Miskolc, Hungary, 8-12 Oct. 2012.

Z. Gulacsi, “Interaction-created effective flat bands in conducting
polymers (Periodical style),” Eur. Phys. Jour. B. vol.B-87 , pp.143-1 —
143-10, June 2014.

M. Gulacsi, Gy. Kovacs and Z. Gulacsi, “Flat band ferromagnetism
without connectivity conditions in the flat band (Periodical style),”
Europhys. Letters vol.107 , pp.57005-1 — 57005-6, Sept. 2014.

M. Gulacsi, Gy. Kovécs and Z. Gulacsi, “Exact ferromagnetic ground
state of pentagon chains (Periodical style),” Phil. Mag. Letters vol.94,
pp.269-277, May 2014.

R. Trencsényi and Z. Gulacsi, “The emergence domain of an exact
ground state in a non-integrable system: The case of the polyphenylene
type of chains (Periodical style),” Phil. Mag. vol. 92, pp.4657-4675,
Dec. 2012.

Li Zhouhong, “Four positive almost periodic solutions to two species
parasitical model with impulsive effects and harvesting term (Periodical
style),” WSEAS Trans. on Math.. vol. 13, pp.932-940, Aug. 2014
J. M. Gambi and M. L. G. del Pino, “Post-Newtonian equation of
motion for inertial guided space APT system (Periodical style),” WSEAS
Trans. on Math.. vol. 14, pp.256-264, July 2015.

I. Chalupa and Z. Gulacsi, “Quadratic operators used in deducing exact
ground states for correlated systems: Ferromagnetism at half filling
provided by a dispersive band (Periodical style),” Jour. of Phys :
Condensed Matter vol.19, pp.386209-1 — 386209-7, Sept. 2007.

R. Trencsényi, E. Kovacs and  Z. Gulécsi, “Correlation and
confinement induced itinerant ferromagnetism in chain structures
(Periodical style),” Phil. Mag. vol.89, pp.1953-1974, Aug. 2009.

R. Trencsényi, and Z. Gulacsi, “Ferromagnetism without flat bands in
thin armchair nanoribbons (Periodical style),” Eur. Phys. Jour. B.,
vol.75, pp.511-525, June 2010.

Z. Szab6 and Z. Gulécsi, “Superconductivity in the extended Hubbard
model with more than nearest-neighbour contributions (Periodical
style),” Phil. Mag. B., vol.B-76, pp.911-923, Nov. 1997.

Z. Gulécsi, M. Gulacsi and B. Janko, “High-order perturbation
expansion for the two-dimensional Hubbard model using Gutzwiller
wave function (Periodical style),” Phys. Rev. B. vol.B-47 , pp.4168-
4173, Febr. 1993.

M. Gulécsi and Z. Gulacsi, “Internal-field distribution in spin systems
with dipolar interactions (Periodical style),” Phys. Rev. B. vol.B-33,
pp.3483-3491, March 1986.

A. Giurgiu, I. Pop, M. Popescu and Z. Gulacsi, “Spin-glass like
behavior in Cr-Er and Cr-Yb alloys (Periodical style),” Phys. Rev. B.
vol.B-24, pp.1350-1359, Aug. 1981.

Z. Gulacsi and M. Gulécsi, “Theory of phase transitions in two-
dimensional systems (Periodical style),” Advances in Phys. vol.47 ,
pp.1-89, Febr. 1998.

Z. Gulacsi and M. .Gulacsi, “Analytic description of the Hubbard
model in D-dimensions with the Gutzwiller wave function (Periodical
style),” Phys. Rev. B. vol.B-44 , pp.1475-1479, July 1991.

[31]

[32]

[33]
(34]
(35]

(36]

[37]
(38]

[39]

[40]
[41]
[42]

[43]

[44]
[45]
[46]

[47]

Prof. Dr. Zsolt Gulacsi. (M’15) Born in Cluj
(Romania) in 14.01.1955, obtained the Master degree in
Physics (1979) than the PhD degree in Physics (1985) at
the Babes-Bolyai University, Cluj, Romania, PostDoc
(1991-1992) as Alexander von Humboldt research fellow
at Technical University RWTH- Aachen, Germany, and
yearly grantee for 2-8 weeks period (1987-2000) at
P Abdus Salam International Centre for Theoretical Physics
\\ ' (IC_TP), Trieste, I_taly,_ finally, Habilitation (1_995) _at

Lajos Kossuth University, Debrecen, Hungary. His major
field of interest is condensed matter theory and statistical physics.

ISSN: 1998-0140

699

Volume 9, 2015

Zsolt worked as Researcher (1984-1988) and Principal Researcher (1989-
1990) at Research Institute for Physics (ITIM) in Cluj, Romania; as
Alexander von Humboldt Researcher (1991-1992) at Technical University
Aachen, Germany. Since 1993 till today is Professor of Physics at Department
of Theoretical Physics, University of Debrecen, Hungary as Assistent Prof .
(1993-1996), Szécsenyi Prof. (1997-2000) and Szécsenyi Istvan fellow
(2001-2004), being presently Professor Associate. He had 3 resumptions of
the Alexander von Humboldt Research Fellowship (2001, 2005, 2009) at
University Augsburg, Germany. He is also the leader of the Condensed Matter
Theory Group (1993-today) of the Department of Theoretical Physics,
University of Debrecen. Has presently 138 referred professional article
publications in west Europe and USA, of which, the three most important
are: Advances in Phys. vol.47 , pp.1-89, Febr. 1998.; Phys. Rev. Lett., vol.
99, pp.026404-1 — 026404-4, July 2007. ; and Phys. Rev. Lett., vol. 105,
pp.266403-1 — 266403-4, Dec. 2010. His research interest is connected to
the study and description of strongly correlated systems, field in which
organized as well three international summer schools in Debrecen (see the
special issues containing the whole conference materials Phil. Mag. vol. B-
76, No:5, 1997, Phil. Mag. vol. B-81, No:10, 2001, and Phil. Mag. vol. 86,
No:13-14, 1997, 2006). Presently is interested in exact solutions for non-
integrable quantum many-body systems, often using applications in the
study of conducting polymers. Since 2012 has in this subject at least three
invited talks at international conferences per year.

Prof. Dr. Guléacsi is member of the E6tvés Lorand (Hungarian) Physical
Society; coopted by the Matching Membership Programme of the American
Physical Society (APS) is an APS member since 1987, is a CEIl-Praise
(Central European Initiative of EU) partner researcher; and as a former
Alexander von Humboldt research fellow is the leader of the Hajdu-Bihar
district of the Humboldt Club in Hungary. He obtained the Physics Award of
the Romanian Academy of Sciences (Constantin Niculescu Prize) in 1984 in
Romania, the Prof. Szécsenyi (1997) , and Szécsenyi Istvan (2001)
fellowship awards in Hungary, Alexander von Humboldt Research
Fellowship (1991) in Germany, co-optation as APS member by the Matching
Membership programme in USA (1987), grantee each year for short periods
of the ICTP-Trieste, in Italy (1987-2000), and obtained the Guest of Honor
plaquette at the International Conference on Mathematical Sciences (Dec.
2012) in Nagpur, India.



	I. INTRODUCTION
	A. A
	B. bout Description of Physical Systems
	     B. Positive Semidefinite Operators
	    C. The Matching Equations 
	     D. Non-integrable Systems 

	II. The deduction method
	A. The First Step: the Transformation of the Hamiltonian
	B. The Second Step: the  Construction of the Ground State Wave Function
	C. The Third Step: The Proof of the Uniqueness  
	D. The Fourth Step: The Study of the Physical Properties 

	III. Summary and conclusions



