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Mathematical model and finite-volume solution
of a three-dimensional fluid flow between an
eccentric cylinder and a cone

E. Kornaeva, L. Savin, A. Kornaev, V. Arkhipov

Abstract—The goal of this paper is to detect and to justify the
basic parameters and operational conditions in hydrodynamic seals
with thin layer fluid flow when three—dimensionality of space,
influence of inertia and viscous forces in consistent cannot be
neglected. The mathematical model of three-dimensional enforced
and shear fluid flow in an eccentric channel between a stationary
outer cone and a rotating inner cylinder is based on the Navier-Stokes
equation and the continuity equation. Such flows occur in the
hydrodynamic seals and fluid—film bearings. On the basis of
similarity theory and dimensional analysis the significance of the
terms in the Navier—Stokes equation and the continuity equation were
considered with the values of similarity criteria, such as Reynolds
number, Euler number and others and geometry parameters, such as
the eccentricity and conicity parameters. The numerical solution and
simulation program are based on the finite-volume method with the
calculation schemes, represented in this paper. The results represent
velocity and pressure fields together with some integral
characteristics e.g. leakage as a function of conicity and eccentricity.
The results of numerical solutions were compared with results of
widely known analytical solutions and with the results calculated by
other numerical methods.

Keywords—Cone-cylinder gap, finite volume, incompressible

fluid, Navier-Stokes equation.

MATHEMATICAL modeling of enforced and shear flows of
viscous fluids in gaps of various geometry is a topical

question in hydrodynamics. Among examples of such flows

are flows in noncontact hydrodynamic seals and fluid-film
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bearings which are widely used in mechanical engineering,
metallurgical and rocket industry. It is widely known that there
are many life-time and reliability requirements for seals and
bearings [1], [2].

Mathematical and simulation models of the three—
dimensional enforced and shear flow of viscous
incompressible fluid in the gap between the steady state cone
and the rotating eccentric cylinder are studied in this article.
The main equations in this mathematical model are the Navier-
Stokes equation and the continuity equation [3]. The three-
dimensional flow in the channel under study, the thickness of
which is variable in all directions, does not allow to use
traditional approaches to form a problem of the thin layers of
fluid flow in the fluid-film bearings and the hydrodynamic
seals. For example, as it will be shown below, it is impossible
to omit inertia terms and some dissipative terms of the Navier-
Stokes, i.e. it is impossible to use the Reynolds equation [3] or
variation approach described in [4], [17]. In this case, the
present research focuses on the numerical solution of the
Navier-Stokes equation system considering all the inertia and
dissipative terms.

Il. MODELING

A. Mathematical model

The flow of the viscous incompressible Newtonian fluid in
the confusor is under investigation. The flow region is formed
by the stationary truncated cone (stator) and the rotating
cylinder (rotor), which are shown in Fig. 1. The Cone has radii
Ry and Rjrespectively. The Cylinder with radius ris off-

centered in cone and is rotating at a constant angular
velocity @ . Under pressure P, the fluid flows from one end
towards the channel shrinkage and escapes from the other end
under pressure Py .


http://www.multitran.ru/c/m.exe?t=481682_1_2&s1=%E1%E5%F1%EA%EE%ED%F2%E0%EA%F2%ED%EE%E5%20%F3%EF%EB%EE%F2%ED%E5%ED%E8%E5
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Fig. 1 geometry of the channel

The fluid is assumed to fill up the whole channel, the flow is
laminar. The temperature is assumed as constant.

The Navier-Stokes equation and the continuity equation are
the fundamental equations which describe the flow process [3],
[5] and in tensor form look like:

{pOV~(\7®\7):—VP+V~DC,, "

V.V =0,

where pq is a density of fluid, V is a velocity vector, VP isa

gradient of the pressure, D, is a stress deviator, V-V isa

velocity divergence, ® is a tensor product.
The stress deviator is determined by the Newton's
generalized hypothesis:

Do‘ = 2,UD§ y (2)
where u is a coefficient of the dynamic viscosity, D is a

strain-rate deviator.
For the incompressible medium:

T = D; :%(V®\7+\7®V). )

Due to the nondimensionalization by means of characteristic
quantities, system (1) in cylindrical coordinates can be
rearranged as follows:
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where pzw, Z =— are non-dimensional radial and
h02 +e
. ~ Vv ~ Vyp sV
axes coordinates, V, =—2-, V, =—%, V, ==L are non-
oV V \Y
dimensional radial, tangential and axes components of the
: 2 - P-PR
velocity vector V , P = 0

is a non-dimensional pressure

funcion,  S=(E+D(B+ny), w=(—-EB+n)o L,
Y :M, 7:L, n :M, £ — -2 are non-dimensional
L L r 02

i i : V*(hy, +€
coefficients and geometric parameters, Re = £20¥ Vo2 *F) ( 02 )

U
AP .
Eu = —— are Reynolds and Euler numbers respectively,
2
pPoV )
V" is a characteristic velocity, hoj =Rj—r s a radial

clearance, e is a eccentricity.
The equations of the channel boundaries may be shown as
follows:

R(Z)=-p5 11 +1,
F(p) =5 HE(B +ny)(L+cos(p—a)) -y +
A 1=E2(B+np)2sin2(p-a)). pel027].
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System (4) can be solved with boundary conditions
simultaneously. The boundary conditions for the velocity
components can be presented as follows:

V, (F(9).0,2) =0,

V, (F(g).0,3) =,
\Y

\7p(|§(2),¢,, 7)=0,
V,(R(2),0.7) =0, )
Vo) pn=0, V:RDp0=0

For pressure function P on the ends of canal:

P(5,0.0)=1, P(p,01)=0. (6)

Because the fluid flow canal is closed form the tangential
coordinate direction the periodical conditions can be described
as follows:

. OF(p.0,%) _ oF: (p,2r,7)

Fi(5.0,2) = Fi(p.27,2), o ” (7)

B. Analyses of model

As was said before, the flows in noncontact seals and fluid-
film bearings are investigated, so the flow thickness is very
small. The set of main parameters and theirs order of
magnitudes are presented in Table I.

| The main parameters order of magnitudes
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- if the conicity parameter g is less than 1073 and the

Reynolds number is less than 100, then the velocity radial
component, the inertial term and the velocity components
derivatives in the tangential and axes directions are negligible;

- if the Reynolds number is more than 100, then the inertial
terms and the viscosity terms has the same magnitude, and if

the conicity parameter g is more or equal to 10_3, all the
velocity components has significant values.

Il Equation (4) terms order of magnitudes

The Navier-Stokes equation

Inertial terms L

N vp Dissipative terms V- D_
¢V ov)

PN IR R T (R S

52 52 52 3 Eu — R e R A

Re Re Re | Re | Re Re

1 1 0 0 0 1

1 1 1 |6 |BU| — | | —|—|—|—
ORe Re Re Re Re Re

1 1 0 0

1 1 1| -|EBu | —|=|—/| - - —
ORe Re Re Re

The continuity equation
1 5 1 \ 1

Parameter Lower level Upper level
r,m 10 10"
hoz, M 10® 10
B 0 10"
L, m 10 10"
n, rpm 10" 10°
AP, Pa 10° 10’
u, Pa‘s 10° 10°
o, kg/m? 10° 10°

Using order-of-magnitude analysis it is easy to determining
which terms in the equations are very small relative to the
other terms [1], [3], [6], [7]. The values of the terms of
equations (4) are presented in Table 1l, the geometry

parameter & coefficient domain is 107 to 1071, In order to
o coefficient two cases available, firstly, if the conicity
parameter £ has the same magnitude with the relative gap n,

and secondly, if the conicity parameter S exceeds the relative
gap n by one or more orders of magnitude. Also the Euler

number Eu and the Reynolds number Re orders of
magnitude are considered in follow conclusions:

ISSN: 1998-0140

According to the order-of-magnitude analysis, widely used
assumptions of hydrodynamic theory of lubrication [3], [6] are

acceptable if the conicity parameter £ is less than 10_3, and
that is the flow between two cylinders actually. In this study it
is necessary to consider the Navier-Stokes equation in its
complete form.

Thus, the mathematical model of the researched process has
a look (4)-(7) and consists of four nonlinear partial differential
equations with four unknown functions.

I1l. NUMERICAL CALCULATIONS

Numerical calculations of equations (4)-(7) are based on the
finite (or control) volume method (F.V.M.). By means of the
F.V.M. it is possible to get an adequate solution even for a
crude mesh, because of guaranteed fulfilling of the
fundamental laws of conservation [8], [9].

Equations (4) in tensor form look as follows:

@.(mv):_Euﬁmi@(mvm@@),
Re (8)
V=0,

<>

where V - a non-dimensional Hamiltonian operator.
According to the flow region geometry the element size by

Op direction is variable and depends on the O¢ coordinate.

The element sizes measured with the O and Oz coordinates

are constant. See Fig. 2 as the discretization principle
visualization in case of the coaxial flow region.



http://www.multitran.ru/c/m.exe?t=6405279_1_2&s1=%EF%EE%F0%FF%E4%EE%EA%20%E2%E5%EB%E8%F7%E8%ED
http://www.multitran.ru/c/m.exe?t=6405279_1_2&s1=%EF%EE%F0%FF%E4%EE%EA%20%E2%E5%EB%E8%F7%E8%ED
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«- gtid point (for calculate P)

o-intermediate grid point (for calculate Vp, Vg, Vz)

1 - Control volume for Navier-Stokes equation (axis Op)
2 - Control volume for Navier-Stokes ¢quation (axis Og)
3 - Control volume for Navier-Stokes equation (axis Oz)
o 4 - Control volume for continuity equation

z
é\e*u o [
&
=

-
o
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Fig. 2 Flow region discretization: (a) -radial and axial
section and (b) — 3-d FV for Navier-Stokes equations
(axisOp)

According to approach [8] - [15] the following operation is
the volume integration of equations (8) in each finite volume:

dQ2=pdpded?, shown in the Fig. 2 in a curvilinear

coordinate system.
Using the Ostrogradskii formula it is possible to decrease
the digit of the derivatives of the velocity vector:

[A; -[\f ®\fjd§i = —Eu [VPdQ +

S; Q

+ijﬁi ~(%®\?+\?®%)d§i, ©)
Re S,

[fi; -VdS; =0

S

where fijj is a unit normal vector on the respectively surface of

FV.

When we calculate surface integrals on each FV surface
(Fig. 2) and use the mean-value theorem, velocity components
in the Navier-Stokes equations can be approximated by the

exponential functions, e.g. \7p component of the first equation

in each FV [pg; pee] l00ks as follows:

V. =

; \exp(6\7p Re(p — pe)) -1

N A
P Tpe Pee  “pe/ exp((SVp ReAp) -1

After that system (9) turns to:
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—aevpe +aEVPee +apva +aneV/’Ne +ag V/’Se +
. . L |E
+akeVp o FameVp e = EUAQAZ(pe +w)P| +
P
+A[)Af V(D ne
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. (10)
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nk¥ oy T 4mYem, P ; Re p+y p
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+ AV + 8V = 0Eubg LT 6
ko |P
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exp((ﬁne + l//) Pene) -1 ’
2 2(~ - -1
ap =0%(pp +W)Fp(1+(exp(5PeP)—1) )

age = 5'£se (1+ (eXp((ﬁse + W)Pese )_1)_1)’

2¢£ -1
Ay = Z%Ee((ﬁke + ‘/’)2 - (/A’me + V’)Z J[GXP(PS%j _1J ,
b)) 11

me 20D o

where ag =

ane

ae :aE +ap +ane+a5e+ake+am

e L
FE(P) ZVPE(P)A(pAZ , Fne(se) =V¢ne(se) ApAZ s
Fie(me) =Vzmy H00 . Peg(py =ReV,  Ap,
Pene(se) = Rev(Pne(se) Ao, Peke(me) = Revzke(me)Az etc.

System (10) is a discrete analogue of (8), and some of its
coefficients include unknown functions discrete solution.

Due to the Navier-Stokes equation consisting non-linear
terms, the solution search procedure is iterative. Using the first
three equations of the system (10), with an approximate

pressure distribution #° an approximate velocity distribution
vS is calculated, i.e. the equation system is solved of the
following form:

IARSTCERNY
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where Ay = (&) are coefficients before increments of

velocity components in the Navier-Stokes equation in all nodes

5S

of discrete flow region, P> - approximate pressure

distribution, Vv, - the values of the velocity components on the

border of the area.

The solution of this equation system is implemented using
the Gauss—Seidel method, the convergence is provided by the
sufficient attribute [8]:

&; > ¥ & - forall equation
(£
and &; > ¥ &; - atleast one equation
1#]

The fulfillment of this condition is provided by the feature

of the matrix Ay, coefficients, for which the diagonal

elements equal the sum of side elements with all the
corresponding unknown components of velocity, for instance,
for the first equation: 3; Ej &j -

The fulfillment of the second condition is provided by the
known components of velocity on the boundary of the area, i.e.
by the boundary conditions setting, so the corresponding side
components move to the right-hand part, thus decreasing the
sum of the remaining 3 & -

i#]

Next, the system (10) can be written for each unknown
function, presented in a form of a sum of its value on the
previous iteration and some increment pE*t: gS*_gS (34

The results of the zero iteration can be taken as the solution
of some asymptotic problem.

Then the equation system for the increments HE“
calculation on every iteration can be obtained by means of
subtraction of the corresponding equations on the previous
step s from the first three equations of the system (10) on the
s +1 step, adding the continuity equation to close the system
on the s +1 step:

+a . h St 14 hsSty

A S+
—ah NP Ne Sepse

Ak S+l 2 p S+l
ehy. +aEhPee +aphpw
2 | S+l
+amehPMe

- S+l A L S+l
neh/zen +anwh(pwn

2 R S+l S oh S+l S o S+l
+aeh, —bghpg™ +bghp™ =0,
AR S+l a A2 R[S+l | 2 S+l
—aph, " +a +aNh(pq +aphy " +

A LSl a LSHl L LS+l QL L osH
+apyNg,” Famhy, " —byhey T +byhpp™ =0,
" S+l
h,,

2 S+l
+aghy

2 L S+l
Ceh/)e

S+1

- S+l
h Zwk

A LS+l A LS+l
ek +anyh e +agh, g +
+aph; " —bchp ™ +bchpp™ =0,

Ak S+l a2 S+l a4 S+l a4 LS+l 4~ S+l
—Cuh, T+ Cohy T —Csh T+ Chy T —Chy =

-4 + 8 +48,,h

S
Zm?

o a\gS  aVvgS a\vgS L avsS avsS.ayg
=—CV, +C,V, —CiV, +CV, —CVy +CpV

where BE = EUAQAZ(p, +V) , BN = EUApPAZ,

b = 0.50EuAe((Byg + )% ~ (y,, +1)).,
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A (- A A IO P

a - A 2 (~ 2

Ck(m) = 0.5ApA(p((pe + (//) - (pw + z//) ) .

It is more convenient to write this system down in a matrix

form:
0
j VAN

where Bp are coefficients before increments of pressure in the
Navier-Stokes equation, Cy,  are  coefficients  before
increments of velocity components in the continuity equation,

FA"VS+1

h|§+1

(Av Bp 1)

Cy O

f(\75) is a right-hand part of the discrete analogue of the

continuity equation, which includes the values of the velocity
components on the previous iteration.

Matrix (11) includes zeroes block because of the continuity
equation, so this matrix determinant approaches zero and its
inversion is difficult to reach. As the result, the system of these
equations may be solved as follows: express in terms of the
vector of velocity increments in the first equation of (11) and
set it in the second equation (11). Hereby we can, in the first
place, find pressure increments and then - velocity components
increment.

The coefficients of the system of equations discrete
analogue include exponential functions of the velocity
components approximation (Fig.3). Further, those exponential
functions can be approximated by means of the power
functions as polynomials of fifth order [8]. Here the
coefficients which are first on the list are shown as follows:

—(SPeE fE, APeE <-10
—oPeg fg + (1+0.15Peg)® fe, Peg €[-10,0]

ag =
(1-0.1Peg)® fe, Peg e(0;10]
O, aer >10
0, &Pep <-10
L)@ 0.16Pep)° fp, Pep [-10;0]
b=
Pep fp +(1-0.15Pep)° fp, oPep e (010]
dDEP fp, éPep >10
207 207
20
157 157
aE(éPgE) éP(BPEP)
el ’ R i
37 57
0 . ! |
- 10 0 10 - 10 1} 10
—15 6PeE 15 éPgP

Fig. 3 the coefficient approximation
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The approximation accuracy in the range under factors
study is less than 0.1%, and such substitution significantly
decreases the calculation time.

IV. DISCUSSION

Below some simulated results for the viscous
incompressible fluid enforced and shear flow in the eccentric
gap between the outer cone and the inner cylinder with input
data are presented (see Table II1).

Il The input data definition

Pressure drop AP, Frequency n, Radius 1. m
Pa rpm
3.5x10° 400 01
Gap ho, m Length L, m Eccentr?lcny e
2x10* 0.1 0.2,
Conicity £ Density Py Viscosity u,
kg/m Pa‘s
1.0x10° 894.5 0.62

The velocity distributions axial component with respect to
length and thickness, both in the region of the maximal gap is
presented in Fig. 4. As it can be seen in Fig. 4 the maximum
velocity value is reached on the lip of the channel.

Fig. 4 axial velocity component: (a) - over a normal and
tangential coordinate at the inlet and (b) - over a normal and
axial coordinate

Under constrains of the axial pressure difference and the inner
cylinder rotation, pressure in the axial direction is nonlinear with
extremum point as shown in Fig. 5a. Also, in Fig. 5b the pressure
appearance in the tangential direction with the maximum point
in the thinnest gap region, which defines the bearing capacity
of the lubricant layer.

Fig.5 Pressure function: (a) - in the axial and (b) - tangential
direction
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Considering the simulation results it is established that the
eccentricity increase leads to the nonlinear leakage increase.
The conicity parameters increase with a fixed gap at the inlet
of the channel leads to the drop in leakage (Fig.6).

Also, for the case of the enforced flow in the small nonzero
conicity and the zero eccentricity region simulation the results
were compared with the approximate solution of G. Nikitin
[16], [17]. The result of this comparison is about 1% error in 1
degree region conicity, however, the error increases as the
apex angle of the cone increases.

35

- -
- p
.
3L N
251 -
&
N 2 1
. B=45%-4
o S A— —
15 g
1k J
05t E
A=Llk=3
0 1 L L L 1
0 oy 0,05k, 0.1 0,155y, 0.2k 025k, 0.3k,

Fig. 6 Leakage as a function of conicity and eccentricity

For the case of coaxial and zero conicity flow region the
results were compared with a well-known analytical solution
and with other results simulated by the finite element method
(FEM) and the finite difference method (FDM). The results of
such comparison of various methods simulation are presented
in table 1V.

IV The simulation error

trowgh tikness | 3| P s
Max. error (FDM), % 11.3 5.44 3.56
Max. error (FEM), % 3.67 242 1.51
Max. error (FVM), % | 2x1073 | 8.3x107% | 2.5x107

Obviously, the FV method has smallest percentage of error
and adequate results even on a crude mesh.

V. CONCLUSION

So, the paper presents the mathematical model of a viscous
incompressible fluid flow in a channel between a stationary
cone and an eccentric rotating cylinder. This model is different
from the known models of the fluid flow in the fluid-film
bearings [3], [6], [18]-[20] in the following ways: firstly, it
allows to consider a simultaneous action of the pressure and
the shear flow, secondly, it takes a variable channel geometry
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into account, and it finally allows to consider the influence of
the inertia forces on the basic physical values fields. The
mathematical model was initially transformed into a non-
dimensional form, which allowed to implement an analysis of
the influence of every term of the equations. It was determined
that for the flows in a cylinder-cone channels, where the

conisity parameter is not higher than g <1073 the Reynolds

assumptions [3] are valid regarding the smallness of the
normal velocity component and the velocities derivatives over
the tangential and axial coordinates, and regarding the
insignificant change in pressure over a layers thickness. For

the cases, when conisity >10~3and the number Re >107 it

is necessary to consider the inertia terms and the influence of
the normal velocity component; it is also important to consider
the change in pressure over the layers thickness and the
channels length. As a result, the solutions based on the
presented mathematical model, in light of its complexity, were
obtained numerically. The discrete analogue of the model was
obtained based in the method of finite volumes, effectiveness
of which is caused by implementation of the conservation laws
in every elementary volume, which makes it different from all
other mesh methods. Using specific examples it was shown
that calculation schemes based on the FVM allow to obtain
adequate results even on a crude mesh.
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