
 

 

  
Abstract— This paper considers the derivation of a new block 
method of order nine for the solution of fourth order ordinary 
differential equations directly. The multistep collocation approach is 
adopted in developing the new method where the use of power series 
approximate solution as an interpolation polynomial and its fourth 
derivative as a collocation equation are considered. The properties of 
the new developed method which include zero-stability, order, error 
constant, consistency, convergence and region of absolute stability 
are verified. Furthermore, the accuracy of the method is tested by 
solving some fourth order initial value problems which confirmed the 
superiority of the method over the existing methods. 
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I. INTRODUCTION 
The general fourth order initial value problems of ordinary 
differential equations of the form  

 
],[3)1(0,)(,),,,,( baxsyayyyyyxfy s

siv ∈==′′′′′′=           (1)  
 
 is examined in this paper. 
The reduction of equation (1) to its equivalent system of first 
order ordinary differential equations has been found having 
some setbacks which include wastage in computer time and 
burden of computing which at times lead to lower accuracy of 
the method. Direct method of solving (1) had been developed 
by some authors like Omar [1], Awoyemi [2], Kayode [3] and 
Adesanya, et.al.[4] in order to overcome the setbacks in 
reduction method. Several attempts have been made by many 
scholars in the derivation of block method for the solution of 
(1) directly.  
The use of numerical integration approach in developing block 
methods with step-length k=8 for solving equation 
(1) directly was considered by Omar [1]. In the differential  
 
problems solved to examine the accuracy of the methods, it is 
noted that the errors are too large. Furthermore, in the work 
 
 

done by Olabode [5] and Mohammed [6], interpolation and 
collocation technique was used in the derivation of the block 
methods having a step-length k=6 for direct solution of 
equation (1). It is observed that the accuracy of the methods is 
very low. 
 
The new proposed order nine block method with a step-length 
k=8 for solving (1) directly is developed to address these 
observed setbacks mentioned above. The new block method 
was derived through multistep collocation approach and the 
numerical results generated from the method are compared 
with the existing method of the same step-length. 
 
 

II. DERIVATION OF THE METHOD 
 
We assume power series of the form  
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as an approximate solution to the general fourth order of the 
form (1). The first, second, third and fourth derivatives of (2) 
are     

∑
+

=

−=′
4

1

1)(
k

j

j
j xjaxy                                                       (3) 

  ∑
+

=

−−=′′
4

2

2)1()(
k

j

j
j xajjxy                                           (4) 

  ∑
+

=

−−−=′′′
4

3

2)2)(1()(
k

j

j
j xajjjxy                               (5) 

  ∑
+

=

−−−−=
4

4

4)3)(2)(1()(
k

j

j
j

iv xajjjjxy                     (6)
 

Equation (2) is interpolated at the points 
6)1(3, == + ixx in  while equation (6) is collocated at the 

points 8)1(0, == + ixx in . 
As a result, the following is obtained 
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and A is shown in Appendix 1

  
 The Gaussian elimination method is applied to (7) in order to 

find the values of the unknown coefficients sa j
′   which are 

substituted into (2) to give a continuous implicit scheme of the 
form  

∑ ∑
−

= =
++ +=

2

3 0

4 )()()(
k

j

k

j
jnjjnj fzhyzzy βα                         (8) 

where ,7hxzhx n ++=  
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where the value of Q can be seen in Appendix 1. 
 
Equation (8) is evaluated at the non-interpolating points 

8 and 7,2,1,0, == + ixx in to produce the discrete schemes 
while it derivatives are evaluated at all the grid 
points 8)1(0, == + ixx in  to give the derivatives of the 
discrete schemes. These discrete schemes and its derivatives 
are combined in a matrix form and then both sides of 

fy  and function are multiplied by the inverse of the 

coefficients 8)1(1, =+ iy in . This produces a block of the form  
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where e  is displayed in Appendix 1. 
 
The first, second and third derivatives of (11) give 
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Where IHG  and ,  are also shown in Appendix 1. 
 

III. ANALYSIS OF THE BLOCK METHOD 

A. The Order of the Block Method 
The method proposed by Lambert [7] is used in finding the 
order of the block method. That is, taking the Taylor series of 
(11) at point x  gives J (refer to Appendix 2). Comparing the 
coefficients of mh and .m

ny This gives our method to have a 

uniform order ( )T9,9,9,9,9,9,9,9 with the following error 
constants  

T
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B. The Zero Stability of the Block Method 
 

Definition 1: A linear multistep method is said to be zero-
stable if the root of the first characteristics 

polynomial )(rρ satisfies 1≤sr  and the root 1=r  having 

multiplicity not exceeding the order of differential equation. 
Therefore, in finding the zero stability of the block (11), we 
only put into consideration the coefficients of y-function 
according to definition (1). That is 

0]det[)( 0 =−= arArρ                             
This implies 1,0,0,0,0,0,0,0=r . Hence, the method is zero 
stable. The method is found to be consistent because it is 
having an order greater than one. Furthermore, the method is 
convergent since it is zero-stable and consistent ([7]). 

C.   Region of Absolute Stability of the block 
 
The boundary locus method proposed by Lambert [1973] and 
Henrici [1962] is adopted in finding the region of absolute 

stability of the block method (8). This is given as 
)(
)()(

r
rrh

σ


=
−

 

where )(r is the first characteristics polynomial and )(rσ  is 
the second characteristics polynomial. 
Therefore, by the use of the above approach, the region of 
absolute stability of (11) gives )67.40145,0( .This is shown 
in the diagram below 
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Figure 1: Region of absolute stability for 8-step block method 
for fourth order ordinary differential equations. 

IV. TEST PROBLEMS                                

In order to examine the accuracy of the method, the 
differential problems below are solved. 
Problem1: ,)12324914( 234 xiv exxxxy −+++=      
                 ,0)0()0( =′= yy ,2)0( =′′y    
                  10,6)0( ≤≤−=′′′ xy                     Exact 
Solution: xexxxy 22 )1()( −=   

 
Problem 2: ,yy iv = =′= )0()0( yy 1)0( =′′y  
               10,1)0( ≤≤=′′′ xy  
Exact Solution: xexy =)(   
 
The problems stated above were solved in Omar [1] using a 
step-length k=8 whereby selection of maximum errors were 
considered. The new method is also applied to the same 
problems and the results generated are compared in terms of 
error. These are shown in Tables 1 and 2 (refer to Appendix 2) 
below.    
The following notations are used in the tables 
S2PEB Sequential implementation of the 2-Point 

Explicit Block Method. 
P2PEB Parallel implementation of the 2-Point 

Explicit Block Method 
S3PEB Sequential implementation of the 3-Point 

Explicit Block Method 
P3PEB Parallel implementation of the 3-Point 

Explicit Block Method 
 

V. CONCLUSION 
An accurate block method for solving fourth order initial value 
problems of ordinary differential equations has been 
developed in this paper. It is observed in the two tables 
displayed above that the new method which is developed via 
interpolation and collocation approach performs better than 
Omar [1] whereby the use of numerical integration in 
developing the method was considered. Therefore, based on 
the results shown in the TABLES 1 and 2(refer to Appendix 
2), the numerical method derived via interpolation and 
collocation has a better accuracy than the numerical method 
developed through numerical integration. 
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TABLE 1: THE COMPARISON OF THE NEW METHOD WITH OMAR [1] FOR SOLVING PROBLEM 1  
 

h-values 
New 

Method 

Omar [1] 
 

Number 
of Steps 
 

Error in new 

Method, k=8 

Error in  

Omar [1], k=8 

 

 

 

    

210−  

 

   

8-Step  

Method 

S2PEB      54 1.728040E-11 1.00778E-02 
P2PEB      54 1.728040E-11 1.00778E-02 
S3PEB      39 7.958079E-13 1.00778E-02 
P3PEB      39 7.958079E-13 1.00778E-02 

310−  
8-Step S2PEB     504 8.185452E-12 1.00778E-03 

P2PEB     504 8.185452E-12 1.00778E-02 
S3PEB     339 3.410605E-13 1.00778E-03 
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Method P3PEB     339 3.410605E-13 1.00778E-02 

410−  

8-Step  

Method 

S2PEB    5004 1.100034E-09 1.00008E-04 
P2PEB    5004 1.100034E-09 1.00008E-04 
S3PEB    3339 3.997513E-11 1.00008E-04 
P3PEB    3339 3.997513E-11 1.00008E-04 

510−  

8-Step 

 Method 

S2PEB   50004 1.035278E-09 1.00001E-05 
P2PEB   50004 1.035278E-09 1.00001E-05 
S3PEB   33339 3.454659E-11 1.00001E-05 
P3PEB   33339 3.454659E-11 1.00001E-05 

 
 
TABLE 2: THE COMPARISON OF THE NEW METHOD WITH OMAR [1] FOR SOLVING PROBLEM 2  
 

h-values 
New 

Method 
Omar [1] 

Number 

of Steps 

Error in new 

Method, k=8 

Error in  

Omar [1], k=8 

      

210−  

 

   

8-Step  

Method 

S2PEB      54 1.193712E-11 8.37112E-04 
P2PEB      54 1.193712E-11 8.37112E-04 
S3PEB      39 2.199130E-12 8.37105E-04 
P3PEB      39 2.199130E-12 8.37105E-04 

310−  

8-Step 

Method 

S2PEB     504 2.131628E-14 8.34604E-05 
P2PEB     504 2.131628E-14 8.34604E-05 
S3PEB     339 1.776357E-14 8.34604E-05 
P3PEB     339 1.776357E-14 8.34604E-05 

410−  

8-Step  

Method 

S2PEB    5004 8.427037E-12 8.34353E-06 
P2PEB    5004 8.427037E-12 8.34353E-06 
S3PEB    3339 1.243450E-13 8.34353E-06 
P3PEB    3339 1.243450E-13 8.34353E-06 

510−  

8-Step 

 Method 

S2PEB   50004 1.938183E-11 8.34326E-07 
P2PEB   50004 1.938183E-11 8.34326E-07 
S3PEB   33339 1.257483E-12 8.34330E-07 
P3PEB   33339 1.257483E-12 8.34330E-07 
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