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Global Practical Tracking by Output Feedback
for Uncertain Nonlinear Systems

Under A Weaker Condition

Keylan Alimhan, Naohisa Otsuka, and Orken J. Mamyrbayev

Abstract— This paper considers the problem of global practical
tracking via output feedback control for a class of more general
uncertain high-order nonlinear systems. Under a weaker growth
condition, by introducing sign function and necessarily modifying the
homogeneous domination approach, this paper proposes a new control
scheme to achieve the global practical tracking. It is shown that the
designed controller guarantees that the state of the resulting
closed-loop system is globally bounded and the tracking error
converges to a prescribed arbitrarily small neighborhood of the origin
after a finite time.

Keywords—output feedback, practical tracking, nonlinear system,
homogeneous domination.

I. INTRODUCTION

HIS paper deals with the problem of global practical output
tracking by output feedback for a class of more general
high-order nonlinear systems described by

X; :xiﬁl+¢l(t,x,u), i=1...,n-1
X,=U+d, (t,X,u),
Yy =X%—-Y

(1)

where X =(X,,...,X,)" eR"and ueR are the system state and
the control input, respectively. Fori=1, ..., n, ¢(t,x,u) are
unknown continuous functions and
p eR:, ={p/qe[0,):p and q are odd

integers, p>q}(i=1,...,n-1) are said to be the high orders of
the system, with p, obviously equal to one (which is not a

limitation since we can easily set vi=u™ in the case of
non-unity p, ) and y, is a reference signal to be tracked.

Although in the usual tracking problem the reference
signal y, (t), t €[0, o) as well as its derivates are assumed to be
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known, but in our problem only the error y = x, — y, between the
output x, and the reference signal y, are assumed to be
measureable. Hence only y is allowed to use in the design of the

control. There are two reasons to restriction the only
measurement to be the error signal. One, in some practice
control applications, is inevitable that the error signal is the one
to be directly measured. For example, in a missile guidance
system, instead of measuring the absolute position of the
moving target, that is signal y, , the onboard radar keeps

measuring the distance/error between the missale and the target
[1]. The other one is assuming only error signal also makes the
actuator design simple, as the controller does not depend on the
signal to be tracked explicitly. In this way, the controller is more
adaptive to different reference signals[2].

The problem of global output tracking control of nonlinear
systems is one of the most important and challenging problems
in the field of nonlinear control and lots of efforts have been
made during the last decades, see [1-11], as well as the
references therein. With the help of the nonlinear output
regulator theory [3], [4] and the method of adding a power
integrator [12-14], series of research results have been obtained
[5-7]. For details, in [8], practical output tracking via smooth
state feedback for nonlinear systems was considered.
Compared with state feedback control, the theory of output
control developed slower, because there is no general and
effective method to design a nonlinear observer. Recently, in
[9-11] and [2], the practical output feedback tracking problem
was also investigated for a class of nonlinear systems with
higher-order growing unmeasurable states, extending the
results on stabilization in [15-18].

In [9-11] and [2], the following condition on the uncertain
term ¢ () is assumed:

I# (t,z,u)|sC(|xl ("”)/")+C )

where C>0,7>0 or —-2/(p,p, - P,.(2n+1)) <z <0 are
constants and r, ’s are defined as r,=1r,p, =r+7>0,
i=1...,n. Nevertheless, from both practical and theoretical
points of view, it is still somewhat restrictive to require system

(1) satisfying such restriction. To illustrate the limitation, let us
consider the following simple system:

(5+7)/1

+oe X,

¥=X+X " X =U Yy=X-Y,
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where p, = p, =1 ¢ =x’and ¢, =0. For the simple system,

it is easily verified that the works [9-11] and [2] cannot lead to
any output feedback tracking controller because of the presence
of low-order term x*° dissatisfied the growth condition.
Naturally, an interesting problem may be proposed:
(i) Is it possible to further relax the nonlinear growth
condition on 7 in (2)?
(ii) Under the weaker assumption, how can one design an
output tracking controller for the nonlinear system (1)
by output feedback?

In this paper, by introducing a combined homogeneous
domination and sign function approach, we shall solve the
above problems.

[l. MATHEMATICAL PRELIMINARIES
At first, we give the following notations which will be used in
this study.

Notations: R" denotes the real n-dimensional space and
R :=[0, «) . For any vector x = (X,,...,X,)" € R", denote

oo n 1/2 .
%= () € R i=Loan, [il=(30,%¢) - A sign
function sgn(x) is defined as: sgn(x) =1 if x>0, sgn(x)=0
if x=0, and sgn(x)=-1 if x<0. For any ¢ e R* and
xeR, the function [x]" is defined as [x]" =sgn(x)|x|". A
function f :R" — R is said to be C*-function, if its partial
derivatives exist and are continuous up to orderk, 1<k < oo,
A C° function means it is continuous. A C* function means
it is smooth, that is, it has continuous partial derivatives of any
order. Besides, the arguments of functions (or functionals) are
sometimes omitted or simplified, whenever no confusion can
arise from the context. For instance, we sometimes denote a
function f(x(t))by f(x), f(),or f.
First, we recall some important definitions regarding to
homogeneous systems (For more details, see, e.g,. [19], [20],

[22] and [21]). Now, let x=(x,,...,x,)eR" be a fixed
coordinate, and s>0, >0 (i=1...,n) be real numbers.
Then:

(i) Adilation A (x) is a mapping defined by
Ag(X) =(sr1xl,-~~,sr”xn), Vs >0

where r, are called the weights of the coordinate. For

simplicity of notation, the dilation weight is denoted
byA=(n,....r,).

(ii) A functionV € C(R",R) is said to be homogeneous of

degree 7 if there is a real number 7z e R such that
V(A (X)) =8V (X, %,), VxeR"-{0}.

(iii) Avector field f € C(R",R") issaid to be homogeneous
of degree = if there is a real number z € R such that
fori=1,...,n
fi(A (X)) =" fi (X, %), VxeR"—{0}.
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(iv) A homogeneous p -norm is defined as

n p/h ve n
"X||A,p:(zi_1|xi| J , VxeR", px>1.

For the simplicity, write |x]|, for||x||A]2 .

Next, in what follows, some useful lemmas are cited, which
are used in the main body.
LEMMAL[20]. Given a dilation weight A =(r;,...,r,), suppose
V;(x) and V,(x) are homogeneous of degree z; and z, ,
respectively.  Then, V;(x)V,(x) is also homogeneous with

respect to the same dilation A. Moreover, the homogeneous
degree of V; (X)V, (X) is 7, + 17,

LEMMAZ2[20]. Suppose V : R" — R is a homogeneous function
of degree r with respect to the dilation weight A. Then, the
following holds:

(i) 0V/ox is also homogeneous of degree r—r with
being the homogeneous weight of x; .

(i) There is a constant o >0 such that V(x) <o .
Moreover, if V(x) is positive-definite, there is a
constant p > 0 such that p||x|, <V (x).

Now, we introduce several technical lemmas which will play
an important role and be frequently used in the later control
design.

Lemma3[5]. For any real numbers x>0, y>0and m>1, the
following inequality holds:

x<y+(x/m)" ((m=-1)/y)"".

Lemma4[23]. For all x,yeR and a constant p>1 the
following inequalities holds:

i) |x+y|" <2t xP+y?,

()™ <2 + [y < 277907 (] +y])”

If peRZ,, then

(i) [x-y|"<2"*|x"-y*| and

|Xup _ yup| < 2P /Py - yr/P .

Lemmab[23]. Let c,d be positive constants. Then, for any
real-valued function y(x, y) > 0, the following inequality holds:

C c+d d —¢/d c+d
C+dy(x,y)|><| g’ x|y

x,yeR and 0<p<1l the following

Iy <
Lemma6[24]. For
inequality holds:

(I +1y1)" <+ [y
When p=a/b<1, where a>0 and b >0 are odd integers
|xp + yp| <27 x+y)".

Lemma7[25]. If p=a/beR;, with a>b>1 being some
real numbers, then for any x,y e R
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a afto
|Xp_yp|g21’1/b sgn(X)|X| —Sgn(Y)M ‘

Lemma8[8]. If f: [a,b]—> R (a<b) is monotone
continuous and satisfies f(a) =0, then

U" f(x)dx‘ <[t ()| -Ib-al.

This paper deals with the practical output tracking problem
by output feedback for nonlinear systems (1). Here, we first give
a precise definition of our practical tracking problem [9], [11].

The problem of global practical tracking by an output
feedback: Consider system (1) and assume that the reference
signal y, (t) is a time-varying C'- bounded function on [0, ).
For any given ¢ >0, design an output controller having the
following structure

{: =a(6,y), ¢ eR™ -
u=p(¢.y),

where «, g are some smooth functions, such that

i) All the state [x(t),£ ()] € R of the closed-loop

system (1) with output controller (3) is well-defined
on[0,+) and globally bounded.

For any initial state [x(0),¢(0)], there is a finite
timeT =T (&, x(0),£(0)) > 0, such that
ly®)] =[O -y )| <e, Vt=T>0. 4)

In order to solve the global practical output tracking problem,
we made the following assumption:

i)

Remarkl. Assumptionl, which gives the nonlinear growth
condition on the system drift terms, encompasses the
assumptions in existing results [9-11] and [2]. Specifically,

when 7 >0, it reduces to Assumptions in [9-10] and [1-2].
When 7 is some ratios of odd integers in
TE [—1/2,”:1 P, - P, 0], itencompasses the condition used in

[11]. This means that the system studied in this paper is less
restrictive and allows for a much broader class of systems.

Assumption2. The reference signal vy, (t) is continuously

differentiable. Moreover, there is a known constant D >0, such
that

Iy, )] +|y, ()| <D, Vte[0,).
Now, we state the main result of this paper as follows:

Theorem1. Under assumptions1-2 on system (1), the global
practical output tracking problem stated above is solvable by
output controller of the form (3).

In this section, we will ingeniously combine homogeneous
domination theory and sign function approach to solve this
output tracking problem. Before designing the controller,
introduce the following new coordinate transformation: Letting

OUTPUT FEEDBACK TRACKING CONTROLLER DESIGN

Kk =0, & =(xki_1+1)/pi4 for i=2,...,n, define
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7=y, =%/M%, i=2..n vi=u/M"T (@)

where M >1 is a rescaling gain to be determined later. Then,
the system (1) can be described in the new variables z; as

4 =MzP +yit,z,v), i=1..,n-1, @)
Z,=Mv+y,(t,z,v), y=17
where
yatz,v) = a4t xu) -y,
vi(t,z,v) = ¢(txu) =2,...,N.

Now, using the relation r; = zx; +J7/(p1... Pj_1) , One can obtain

the inequalities for j=2,...,i,i=1...,n
2'KJ-
—F, 720
7K | +II7/p1...pj_1
i+1Pi oK Y Py P Y P P

I < (Tzli:l p... p|_2+1)/p1... Pis

0>r>—#/lzn;‘ Pr-- P
<1, 720 7
<0, O>7>- Zn:pl...p,,l
a ©)

which implies M % (9/i%5 < MY for some 0 < v, <1.

Now, using Assumptionl, Lemmas3-8, M >1 and above the
fact that, the following inequalities can be obtained:

wy(t,z,v)|<Cy |z @)y &
1 114 2
(5+7)/r] CZ

lyi(t,z.v)| < 612': M7 ()
j=1

(r+o)/r; C
|Zj(t) /J 2
1

<CMM ZI:
i=

(10)
where C;, C, >0, v, >0are some constants.

Stepl. We first construct a state feedback controller for the
nominal nonlinear system of (8)

4, =Mz}, i=1..,n-1 2,=MvP, y=2 (11)
where p; € Rozjd fori=1...,n-1. Following [26], one can
construct a state feedback controller globally stabilizing system
(11) in the following form:

n

V(Z) = —ﬂr"”//‘ 5 ]rn+1//l |:z

rn+1//1
]/l/ri :| (12)
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where peRyy is such that u>max.,{L7+5}
Bi=p,B, B >0(=1...n) are the appropriately
determined controller gains and &, is determined recursively
via
Z =0, :[Zl]ﬂ/ﬁ_[z*:r/n
* /l/r
Zzz_ﬁlrz//l[gl]rz/ﬂl —[Z ] /"2_|:Z :| 2
: : (13)
! i i % /‘/ri
7 = ﬁlr/z [6K|—1]r/# ~[z ]#/f _|:Zi:| _
Further, one can construct a homogeneous observer
i=[2,2,,...,2,]" €R" for system (11) in the form
M, =-ML 2}, 2, =[m, + |—121]r2/lr1
ﬁi = —MLi_lzipiil, Zi = [ﬂl + Li_l’z\i_l]ri/riil ) | = 3,..., n
(14)

where 7, =z =yand Ly >0 (s=1,...,n—1) are the observer
gains to be determined later. Then, by certainty equivalence
principle, we can replace z; with Z; in (12) and obtain an

output feedback controller

n Taa/H
V(E) = i [, T {ZE“ } (15)

[2]
-1
where 2, =z and 7=[%,2,,....7,]" .
Now, define

T
Z =2, 20100170 |

T

F@)=[ 282 (2 )s Fties fons |

(16)

where  f,1 =1, T =75,..., Tons =10, Then, the

closed-loop system (11) with the output feedback controller
(15) can be rewritten in a compact form as

Z=F(@2)= [zz, ,zrﬁ’”*l,v(zl,nz,...,nn),fn+1,...,f2n_lT.

(17)
Moreover, it can be verified that F(Z) is homogeneous of
degree z with dilation weight

A=[Ry,Ry,... r.]. (18)

T

Rong]=[R:00e s

for z;,...,z,

(P 0 P

form,,...,

Then, with these results and notations, the following
proposition can be obtained [26].

Propositionl. The observer gainsL; >0, i=1,...,n—-1 and the
controller gains 3, ..., B, >0 can be recursively determined so

that the closed-loop system (11) with (15) admits a Lyapunov
functionV (Z) for system (16) such that

(i) V(2) is positive definitive and proper with respect to Z
(if) V(Z) is homogeneous of degree 2. — 7 with dilation (18)
(iii) the derivative of V (Z) along (11)-(14)-(15) satisfies
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oV (Z
a( VE@) <)z (19)
where y >0 is a constant, |Z|, = 22"_1|Z |2/r'
R IS EE T ”’”"/"ds
i i=1 !
5 (2pu-7-1i-1)/1
+z_[[[_]] ,l/“[[ ]rl1/(2;1 o) ~7i st vi=m+Laz.
i Vi

Step2. Next, an output controller archiving the practical
tracking for the entire system (1) will be constructed using the
coupled controller-observer design method [26] with the result
in the first step.

Using the notations (7) and (8), it is easy to see that the
closed-loop system (8) with (15) can be written in a compact

form as
('),Ws () ]

Z=MF(Z)+
Now, it follows from Propositionl that there exist suitable
observer gains L;>0(i=1...,n-1) and controller

gains S, >0 (i=1...,n) which ensure the existence of a
positive definitive and proper Lyapunov functionV (Z) with the
homogeneous degree 2 — 7 satisfying
NV (Z)
oz
Hence, the time derivative ofV (Z) along the trajectory of (20)
satisfies

[vi(). va AW (- (20)

——ZLF(2) < ;/||Z||” for some y > 0. (21)

. oV (Z
V(Z)<-My|z|2 z ( ) (22)
Further, using (10), one obtains
; 2u
V(Z)<-My|z]
n
+G > M a\éz(z)‘ﬂzd(nw)/a 4|z,
i=1 [
+...+|Zi|(ri+7)/ri:|+c_ 1 aV(Z) (23)
oy M" 0Z;
Since, by Lemma2 and Propositionl, oV (Z)/dzZ; is

homogeneous of degree 2 —7 —r1;, the term

oV (2)

oz (|Zl|(fi+r)/r1 +|22|(fi+r)/rz +___+|Zi|(ri+r)/ri) (24)
i

is homogeneous of degree 2, , and hence it follows from
Lemmal and Lemma2 that for each i=1,...,n there exists a
constants 4; > 0such that

Vv (2) (|Zl|(ri+r)/r1 +|Z?_|(ri+r)/fz +"'+|Zi|(ri”)/ri)<ﬂi "2"2#
oz, N Al
(25)

Furthermore, it follows from Lemmal and Lemma5 that there
are positive constants a;,a,, &, such that
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T+h

v (Z)
0z,

<a (M yau 1Z|, )2#717r1 (|\/| ~(2u—r-1)/(2u(r+n)) )

<Mz s o),

v (2)
oz

<gM™ ||Z||i”_’_ri (|\/| i /(z+1;) )””

<M Z|P + aM 20 =g,

Now, substituting (25) and the above into (24) leads to

V(Z)<-M [g—@;ww —(n—l)M‘lJIIZIIi”

Y [g—Gl(M)j”Z"i” +Gy(M)

M ~(2pu-t-1)/(r+1) + Zn: M =21 [ (7+1;)
i=2

J (26)

where a, =max(a,,4,),

n
G (M)=C > AM ™ +(n-HM~*  and
i=1

(27)
G, (M) =2, (

M —Qu—r-n)/(z+n) Zn: M ~2#4i /(7+1;)
i=2

|

both of which are positive and monotonically decreasing to zero
as M increases indefinitely.

Next, it will be shown that (26) implies the existence of a
gain M >1 which achieves the robust practical tracking for
system (1). SinceV (Z)is homogeneous of degree 24—z and
positive definite, it follows from Lemma2 that there are two
constants o, > oy > 0 satisfying

o2 <V (2) <o |2 (28)
Now, define
E)ﬁ:{M >1 %—Gl(M)>O}, (29)

and take an arbitrary M € 9t . Then, (26) together with (28)
leads to the inequality

V(Z) <—x(MV (Z2)?#/ @49 LG, (M) (30)

where

x(M) :(g—Gl(M)jazz“/(z‘”) >0. (31)

First, it will be shown similarly as in [5] that the state Z(t) of
closed-loop system (21) is well-defined on [0,+oo) and
globally bounded. Since x(M) >0 is strictly monotonically
increasing to yo, 2/®#7) >0 as M - and G,(M) is

positive and strictly monotonically decreasing to zero

asM — oo, it is easily seen that, for any givene >0, one can

choose a sufficiently large M e 9t so as to satisfy
oy V@) (26, (M) /(M) < & (32)
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Next, introduce a subset by
Q- {z e RZH‘ V(Z) 2 (2G,(M)/x(M)) 22t - gt
(33)

and let Z (t) be the trajectory of (20) with an initial state Z(0) .
Suppose Z(t) € Q forsomet [0,00) . Then it follows from (30)
that

V(Z(1) < k(M )V (Z(£)*/?) 1.G,(M)

<-G,(M)<0 34

This implies that, as long as Z(t) e Q, V(Z(t)) is strictly

decreasing with time t , and hence Z(t) must enter the

complement set R*"™* —Q in a finite time T > 0 and stay there

forever. Therefore, one can obtain the following relations:
V(Z(t))-V(Z(0)) =L§\/ (Z(t))dt<0, te[0,T)
V(Z(1)) < (2G,(M)/x(M)) P24t [T o)
(35)
which together with (27) lead to

Zi <z
< (VZ(O)/or)"
<oy @ (Z(0) V), telo,T)

1z <[z}
<(VZ®)/oy)

<oy V@D (26, (M) /(M) te[T, )

(36)
for i=1,...,2n-1. Thus, the solution Z(t) of system (20) is
well-defined and globally bounded on [0,+oo) .

Next, it will be shown that

ly®|=u®) -y, ®]<e, vt=T >0. (37)
This is easily shown from (27), (34) and (31) as follows:
ly@®)] =) -y, 0
=20 <]zOl,
(38)

<(VZ )/ O
<oy V@) (2G,(M) k(M) < &

Finally, since the choice of M e 9t depends one& >0, the
finite time T > 0depends on ¢ > 0. Further, it is obvious that
T > 0is dependent on each trajectory of (20), or equivalently,
on each initial state Z(0) of (20). Therefore, the finite
timeT > Osatisfying (36) is dependent on both & >0and Z(0)
ie, T:=T(&x(0),£(0) . This completes the proof of
Theroreml.
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IV. CONCLUSIONS

In this paper, an output feedback tracking controller for a
class of high-order uncertain nonlinear systems was presented
under weaker condition. It was shown that the global practical
tracking problem is solvable using the homogenous observer
and controller, which can be explicitly constructed. First, we
designed an output feedback controller for the nominal system
without the perturbing nonlinearties. Then, we utilized the
homogeneous domination approach by introducing an
adjustable scaling gain into the output feedback controller
obtained for the nominal system. Further, it was also shown
that an appropriate choice of gain will enable us to globally
track for a class of uncertain nonlinear systems in finite time.
Finally, the proposed approach can also widen the applicability
to a broader class of systems.
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