
 

 

  
Abstract—In the present paper a numerical solution of the Couette 
flow is presented. The considered channes displays a cavity, shortly 
after the inlet section, that enhances the vortex formation. The 
governing  equations are written in a dimensionless form and solved 
by employing Comsol Multiphysics, a software package based on a 
Galerkin finite element procedure. Visualizations of vortex, for 
different values of the Reylonds number, are provided. 
 
Keywords—Couette flow; vortex; forced convection; finite 

element analysis.  

I. INTRODUCTION 
N the  literature, the vortex formation on cavities has been 
widely investigated, both numerically [1-4] and 

experimentally [5]. The  topic has many possibile 
applications, such as, for instance, the investigation of gyres 
within open lacustrine embayments [6]. 
Attention has been paid especially with reference to large 
cavities. In particular, in [3] a lattice Boltzmann method is 
used to investigate different cavity geometries and different 
Reynolds number values. The aspect ratio of the cavity varies 
from 0.1 to 7 and the Reynolds number ranges from 0.01 to 
5000. The effects of the aspect ratio and Reynolds number on 
the size, center position and number of vortices are 
determined together with the flow pattern in the cavity. 
In the literature, also the Couette flow has been widely 
investigated, but, with reference to the presence of cavities, 
the attentions has been paid especially to the stability analysis 
[7-8]. 
Although the topic does not present particular novelty, no 
recent analyses on the vortex formation on cavities, due to 
Couette flow are available in the literature.   

In the present paper, a preliminary numerical study of the 
vortex formation, at low Reynolds numbers, for Couette flow 
in a place channel with an embedded cavity is presented. 

II. MATHEMATICAL MODEL 
Let us consider a Newtonian fluid with constant 

thermophysical properties flowing, in steady conditions, in a 
channel having variable cross section. Let us assume a two 
dimensional flow, such that the velocity vector is U=(U,V) . 

Let us assume that the duct displays a cavity: backward and 
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forward steps. 
 
Let us define the numerical domain as sketched in fig. 1, 

where the parameters D, σ and  λ are defined as well.   
Let us assume that the upper walls moves with uniform 

velocity U0,  and that at the inlet section a liner velocity profile 
is prescribed.  

 

 
Fig. 1 Sketch of the geometry  

 
The governing equations are the mass and momentum local 

balance equations. By introducing the following 
dimensionless quanities,   

                                                                                                        

(1)  

(x, y) = (X,Y ) /D,
(u,v) = (U,V ) /U0,

p = P − P0
ρU0

2 ,

Re = U0h
ν
,  

 

and on account of the local mass balance equation,  

 (2)  
∂u
∂x

+ ∂v
∂y

= 0,  

one can write the local momentum balance equation, for the 
steady state, in a dimensionless form as follows: 

 

(3)  (u ⋅∇)u = −∇p + 1
Re

∇2u.

 
 
In Eq. (1), p is the dimensioness pressure drop and Re is the 
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Reynolds number,  ρ is the fluid density and ν is its kinematic 
viscosity. 

Equation (3) will be solved together with the no slip 
boundary conditions, the inlet boundary condition (on the 
boundary denoted by “1”in Fig 1) given by a Couette velocity 
profile, namely 

 
(4)  u = y, v = 0,  

 
and the outlet boundary condition (on the boundary denoted 
by “2”in Fig 1), namely p=0. 
 

III. NUMERICAL SOLUTION 
 

The numerical solution presented is obtained by employing 
the software package Comsol Multiphysics, based on a 
Galerkin finite element analysis.  
An unstructured mesh of 14672 triangular elements is 
employed, and a grid refinement is made for the cavity. The 
obtained solution is checked to be independent from the 
particular mesh considered, as well as from the outlet section 
boundary condition prescribed. 

A dimensionless channel having length 15 is defined, ad 
shown in Fig 2. Since the dimensions of the cavity are clearly 
defined through the dimensionless quantities λ and σ, 
simulations are done for different values assumed by the 
parameters  λ, σ and Re.  

 

 
Fig. 2 Sketch of the numerical domain  

 

IV. DISCUSSION OF THE RESULTS 
Let us first consider the case σ=0.5 and λ=1.5. In Fig. 3, the 

velocity  distribution is reported for Re=50.  
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Fig. 3.1 Surface Plot, Velocity field               Fig. 3.3 Arrow, Velocity field 

 

Per quanto riguarda la cavità quello che avviene è che le linee di corrente del fluido generino un 

vortice che la interessa tutta  con la formazione di punti di ristagno agli spigoli della parete, cioè 

zone in cui la velocità locale è nulla. 

 
Fig. 3.3 Re=50 Streamline Plot, particolare cava 

 

Il centro del vortice si trova alle coordinate (7.229;-0.193), per il valore del numero di Re 
impostato. Osserviamo come si sposta il centro del vortice al variare del numero di Reynolds. 
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Fig. 3 Velocity distribution for σ=0.5, λ=1.5 and Re=50  

 
A zoom of the velocity streamlines with reference to the 

cavity is reported in Fig. 4: the presence of a vortex is evident.  
The position of the vortex center is (7.229;-0.193).  

A comparison between Figs 4 to 7, referring all to σ=0.5 
and λ=1.5. but to different values of the parameter Re, allows 
one to investigate how the  vortex center varies its position for 
increasing value of the Reynolds number. 

In fact, the vortex center tends to move, for increasing 
values of the parameter Re, in the direction of the outlet 
section. 
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Fig. 4 Velocity streamlines in the cavity, for σ=0.5, λ=1.5 and Re=50  
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Fig. 3.4 Streamline, Velocity field, Re=100      Fig. 3.5  Streamline, Velocity field, Re=300 

 

 

Fig 3.6 Streamline, Velocity field, Re=500               Fig 3.7 Streamline, Velocity field, Re=1000 

 
 

 
Fig 3.8 Streamline, Velocity field, Re=2000            Fig 3.9 Streamline, Velocity field, Re=3000 

 

 

 
Fig. 5 Velocity streamlines in the cavity, for σ=0.5, λ=1.5 and 

Re=100  
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Fig. 3.4 Streamline, Velocity field, Re=100      Fig. 3.5  Streamline, Velocity field, Re=300 

 

 

Fig 3.6 Streamline, Velocity field, Re=500               Fig 3.7 Streamline, Velocity field, Re=1000 

 
 

 
Fig 3.8 Streamline, Velocity field, Re=2000            Fig 3.9 Streamline, Velocity field, Re=3000 

 

 

 
Fig. 6 Velocity streamlines in the cavity, for σ=0.5, λ=1.5 and 

Re=300  
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Fig. 3.4 Streamline, Velocity field, Re=100      Fig. 3.5  Streamline, Velocity field, Re=300 

 

 

Fig 3.6 Streamline, Velocity field, Re=500               Fig 3.7 Streamline, Velocity field, Re=1000 

 
 

 
Fig 3.8 Streamline, Velocity field, Re=2000            Fig 3.9 Streamline, Velocity field, Re=3000 

 

 

 
Fig. 7 Velocity streamlines in the cavity, for σ=0.5, λ=1.5 and 

Re=500 
 
 
 

Let us now discuss the influence of the parameter λ. 
Figures 8 and 9, refer to σ=0.5, Re=25 and λ=3 or λ=4 
respectively. 

Moreover, Figs. 9  to 13 allow one to investigate the effect 
of the Reynolds number for a shallw cavity (λ=4). A 
compartison between the figures  
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Vediamo la corrispondenza tra questo grafico e quello delle componenti, i due punti di 
massimo relativo della funzione sono quelli in corrispondenza del centro dei vortici, dove il 
primo vortice si muove più velocemente del secondo. Vediamo come in generale il modulo 
della velocità sia maggiore nella zona centrale del vortice piuttosto che nelle periferie sia per 
il primo che per il secondo. 

 

3.2.3 Influenza del parametro λ 
 

Come abbiamo osservato precedentemente non possiamo far variare troppo il parametro λ per non 

portare la condizione sulla zona di ingresso a perdere di validità. Perciò i valori che studieremo 

saranno λ=3 e 4. 

Consideriamo sempre gli altri due parametri fissati e scegliamo Re=25 e σ=0.5. I risultati ottenuti 

sono i seguenti:  

 

Fig. 3.2.12  λ=3, Re=25, σ=0.5 

 
Fig. 8 Velocity streamlines in the cavity, for σ=0.5, Re=25 and λ=3  
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Fig. 3.2.12  λ=4, Re=25, σ=0.5 

 

 

Possiamo vedere come si abbia la formazione di due vortici negli spigoli della cavità dove si 
hanno anche i punti di ristagno più estesi. Osserviamo come il vortice sulla sinistra sia per 
entrambi i valori di λ	più	grande	di	quello	di	destra,	poiché		in	questa	regione,	essendo	positiva	
la direzione della velocità si ha una minore affluenza di fluido piuttosto che in quella di destra.  

Possiamo	inoltre	osservare	che	aumentando	λ	si	ha	la	formazione	di	più	vortici per Re bassi, 
per analogia a quanto dimostrato nel paragrafo 3.2.2 a questa coppia di vortici ruoterà nello 
stesso verso, entrambi in senso orario. 

Aumentando il numero di Reynolds per esempio per λ=4	osserviamo	come	i	due	vortici	

presenti agli spigoli della cavità si ingrandiscano verso la regione centrale per poi entrare in 
contatto.	Successivamente	si	ha	la	‘	fusione’ dei due vortici in un unico con due centri, 
aumentando ancora  si arriva al classico sistema mono vortice con un unico centro. 

 

 
Fig. 9 Velocity streamlines in the cavity, for σ=0.5, Re=25 and λ=4 

 
 

 
25 

 

 
Fig. 3.2.12  λ=4, Re=40, σ=0.5.                            Fig. 3.2.13  λ=4, Re=65, σ=0.5. 

 
 

Fig. 3.2.14  λ=4, Re=100, σ=0.5.                            Fig. 3.2.15 λ=4, Re=200, σ=0.5. 

 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 10 Velocity streamlines in the cavity, for σ=0.5, Re=40 and λ=4 
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Fig. 3.2.12  λ=4, Re=40, σ=0.5.                            Fig. 3.2.13  λ=4, Re=65, σ=0.5. 

 
 

Fig. 3.2.14  λ=4, Re=100, σ=0.5.                            Fig. 3.2.15 λ=4, Re=200, σ=0.5. 

 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 11 Velocity streamlines in the cavity, for σ=0.5, Re=65 and λ=4 
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Fig. 3.2.12  λ=4, Re=40, σ=0.5.                            Fig. 3.2.13  λ=4, Re=65, σ=0.5. 

 
 

Fig. 3.2.14  λ=4, Re=100, σ=0.5.                            Fig. 3.2.15 λ=4, Re=200, σ=0.5. 

 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 12 Velocity streamlines in the cavity, for σ=0.5, Re=100 and 

λ=4 
 
 

 
25 

 

 
Fig. 3.2.12  λ=4, Re=40, σ=0.5.                            Fig. 3.2.13  λ=4, Re=65, σ=0.5. 

 
 

Fig. 3.2.14  λ=4, Re=100, σ=0.5.                            Fig. 3.2.15 λ=4, Re=200, σ=0.5. 

 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 13 Velocity streamlines in the cavity, for σ=0.5, Re=200 and 
λ=4 

 
 
In fact, the figures show that two vortexes are formed in the 

edges of the cavity, where wide stagnation regions are 
presented as well. The vortex on the lefthand side of the 
cavity is, for both the considered values of λ, larger than the 
righthand side one: in fact, since the direction of speed is 
positive, there is less fluid flow in this region than the right 
one. 

We can also observe that for increasing values of the 
parameter λ, a formation of several vortices for low Re 
occurs, and the vortex pair will rotate in the same direction, 
both in clockwise direction. 
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Re<1000 e σ=2  non si ha la formazione del secondo vortice, per questo a titolo esemplificativo 

è stato scelto il valore di 1000 per il parametro.     

Quindi	possiamo	affermare	dall’analisi	delle	simulazioni	condotte	che	all’aumentare	di	Re	e	σ,	

mantenendo	λ=1.5,		l’effetto	ottenuto	è	quello	di	uno	spostamento	in	alto	a	destra	del	vortice	e	

la formazione di vortici secondari sulla parete di fondo della cavità. Perciò maggiore è la 

profondità della cavità e più piccolo potrà essere Re perché si formino vortici secondari; in Fig. 

3.2.4 possiamo vedere come  per σ=4.5 si formino addirittura tre vortici per Re=1000, mentre 

la formazione del secondo vortice si ha per numero di Reynolds molto piccoli (Fig.3.2.5). 

 

Fig.3.2.5 Streamline Plot, Velocity field, Re=1,	σ=4.5 

Per	valori	bassi	di	σ	 ,	 fino	a	1.5,	non	si	ha	 la	 formazione	di vortici secondari neanche fino a 

Re=3000; possiamo affermare quindi che nelle cause che portano alla formazione di più vortici 

nella cavità, sempre mantenendo il parametro λ	 costante,	 sia	 più	 incidente	 l’aumento	 di	 σ	

piuttosto che Re. 

 

 

 

 

 

Fig. 14 Velocity streamlines in the cavity, for σ=4.5, Re=1 and λ=1.5 
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For λ = 4, for increasing values of Re, as shown in Figs. 9-
13, the two vortexes on the edges of the cavity are enlarged 
towards the central region and then come into contact. For 
Re=100, they melt into a lonely vortex  

Finally, the vortex formations for a tall cavity (σ=4.5) is 
shown in Fig. 14 for Re=1. 

 

V. CONCLUSION 
In the present paper, a numerical investigation of the 

Couette flow in a channel having variable cross section is 
presented. The governing equations, i.e. the local mass and 
momentum balance equations, are written in a dimensionless 
form. The governing dimensionless parameters are the 
geometrical parameters characterizing the cavity, together 
with the Rewnolds number.  Reference is made to stady 
laminar flow, and the governing equations are solved by 
employing the software package Comsol Multiphysics, based 
on a Galerkin finite element analysis. Features of the obtained 
vortexes are widely discussed. 

This analysis provides a preliminary analysis. Further 
investigations will be performed, especially with reference to 
tall cavities and to the exact position of the vortex  center, as a 
function of al the considered parameters.  
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