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Solution of Radiation and Scattering
Electromagnetic Problems in Cartesian,
Spherical and Cylindrical Coordinates by
Green's Function Method
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Abstract—The method of Green’s functions for layered magneto-
dielectric structures with arbitrary extraneous electric and magnetic
currents is described. Application peculiarities of the method for
Cartesian, cylindrical and spherical coordinate system are under
consideration. The equivalent circuit approach is applied for layered
structures description. Transmitting matrices are used for wave
propagation modelling in each layer and through boundaries between
layers. It is shown that the boundary transmitting matrix for flat and
spherical structures is equal to the unit matrix. Different kinds of
loads are used for region boundaries modelling. Suggested method
with transmitting matrices allows one to develop universal algorithms
with common modules for wave propagation, antennas radiation and
scattering problems associated with flat, cylindrical and spherical
structures of any number of layers, arbitrary permittivity and
permeability. As an example, the problem of minimizing the
reflection from a perfectly conducting surface with a two-layer cover
using the Green’s functions method is considered.

Keywords—Green’s function, radiation, scattering, layered

structures, reflection, electromagnetic waves.

I. INTRODUCTION

COMPUTER simulation software such as the Ansys HFSS,
FEKO, CST Microwave Studio is widely used in
microwaves and radio engineering electromagnetic design.
Modern computers can carry out complicated electrodynamic
radiation, propagation and scattering problems [1]-[4].
Algorithms of modern software used for electromagnetic
modeling are based on splitting the analyzed objects into
elementary elements and applying numerical methods such as
the finite element method and finite difference method.
However, use of the numerical algorithms embedded in most
software products leads to significant processing time and
resource costs. Calculations are greatly complicated in the
presence of layered media with different electro-physical
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parameters. As an example of such kind of problems the
Luneburg lens radiation calculation and the synthesis of non-
reflecting coatings can be mentioned [5], [6].

Application of algorithms based on analytical approaches
allows one to speed up electromagnetic calculations
essentially. This is particularly true if optimization procedure
of geometrical and electrical properties of microwave devices
and electro-physical properties of applied materials is used.
The limitation of the analytical methods is the requirement of
consistency of analyzed objects shape with coordinate systems.
In spite of this fact the mentioned approach may be
successfully used for a lot of radiation, excitation, propagation
and scattering problems solving as the first step before
electromagnetic simulation. For example, it is fruitful for
nonreflecting covers design and optimization. Before
optimizing the complex shape cover, the flat structure can be
optimized. The advantage of analytical methods is the
understanding of the observed physical processes.

In this paper, we consider the application of the Green's
function method for solving electromagnetic excitation,
diffraction and radiation problems. Our way of solution allows
us to solve electromagnetic problems in different coordinate
systems using the same approach and similar algorithms. To
describe the observed processes, the same models are used in
electromagnetic modeling. The proposed approach allows one
to create fast algorithms for electrodynamic problems solving
in particular with areas containing layered magneto-dielectrics.
The equivalent electrical circuit approach is applied for
layered structure modelling. Transmitting matrixes are used for
wave propagation through layers and boundaries between
layers’ calculation. Different kinds of loads are used for region
boundaries modelling. Green’s functions for Cartesian,
cylindrical, and spherical regions are shown and compared.
Suggested method allows one to produce universal algorithms
with common modules for electromagnetic wave propagation,
antennas radiation and scattering problems associated with
flat, cylindrical and spherical structures of any number of
layers with arbitrary permittivity and permeability. Materials
with negative refraction index (metamaterials) may be
considered as well.
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Il. GREEN’S FUNCTIONS FOR CARTESIAN, CYLINDRICAL AND
SPHERICAL LAYERED STRUCTURES

Almost all radiation and scattering problems can be solved
using elementary radiation sources, such as an electric dipole,
a magnetic dipole, and a Huygens element [3]. The latter is a
combination of electric and magnetic dipoles. Thus, only two
types of extraneous sources can be considered as an exciter of
electromagnetic fields. Radiated and scattered electromagnetic
fields from any antenna or irradiated object can be obtained by
integrating electric and magnetic currents distributed on the
antenna or object surface.

An electromagnetic field in any point of view defined by
vector r generated by extraneous electric J(r") and/or

magnetic M(r") source current density located in the point of

the source region V' defined by vector r’ is calculated as
follows

E(M = [[TuEraeTuenme) o, O
J

H(D) = [[Far. /I Tu M) [av . ()
]

where Tyq(r,r'), Too(r,r'), Tp(r,r’), Ty(r,r) are the
electric, magnetic and “transfer” Green’s function, respectively
[7]. Taking into account the vector nature of the
electromagnetic field each tensor in (1), (2) is a matrix of the
3rd order. The type of the functions significantly depends on
the used coordinate system. The most applicable are Cartesian,
cylindrical and spherical coordinate systems. The solution will
be much easier if the boundaries between layers are
perpendicular to only one of the coordinates (Fig.1). For the
Cartesian system all axes are equal, but as such we use the axis
z . For cylindrical and spherical regions, the boundaries are
perpendicular to the radial coordinate. The environment
remains homogeneous along the other two coordinates. The
Fourier type decomposition is used for these cross sections.

el
X

Fig. 1 The layered structure in Cartesian, cylindrical and spherical
coordinate systems

The part of the Green's function which describes the
inhomogeneous medium along the chosen coordinate axis is
denoted as characteristic part. The characteristic part is found
from the differential equation solution taking into account the
boundary conditions. The problem is simplified by using the
representation of electromagnetic field as the combination of
electric and magnetic waves. In this case, two modal
transmission lines describe an inhomogeneous medium (Fig.2).
Electric and magnetic spectral field components are equated to
the modal voltages and currents in the equivalent E- and H-
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lines [7]. This is a consequence of the fact that the Maxwell
equations in the decomposition of E and H waves become
similar to the telegrapher's equations with currents and
voltages in the long line model.

At the stage of the formulas derivation, various boundary
conditions are taken into account. There are several types of
region boundaries as follows: unlimited space, a perfect or real
conductors placed in sections t=1; and t=1y, as well as a
magneto-dielectric medium for t=0 in cylindrical and
spherical coordinate system, if there is no conductive boundary
in the direction of decreasing the t coordinate. The
generalized coordinate t corresponds to the coordinate z, p

or r in Cartesian, cylindrical, and spherical coordinate system,
respectively.
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Fig. 2. The layered structure and the equivalent circuit model with
magnetic (upper) and electric (lower) lines

Layer [C; ] and boundary [T; ] transfer matrices are used to
calculate modal voltages and currents in the presence of

extraneous sources (Fig.3).
.’l T ! C. !
[ 3] ii
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Fig.3The layer and boundary transfer matrices for the layered
structure mode

Boundary conditions at the ends of the interval are modeled
by terminal loads. The directional resistance Z; and

conductivity Y1 as well as resistance Z and conductivity

VT are used as inner and outer terminal loads, respectively.
The expressions for terminal loads are shown in Table I and
Table II. It should be noted that the value of the wave
resistances Z; and admittances Y; as well as propagation
constants y; in equivalent E- and H-lines depend on the radial

coordinate in the cylindrical and spherical coordinate systems
and remain constant in the Cartesian coordinate system
(Table I11).



INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

TABLE I. THE EXPRESSIONS FOR OUTER TERMINAL LOADS
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TABLE II. THE EXPRESSIONS FOR INNERTERMINAL LOADS

Region boundary Outer Terminal Loads ZT, VT

Region boundary Inner Terminal Loads ZT , Y;

Free space in

Cartesian system Yy =Y,

Zi =2,

=Y KNH cotyy 1y
N+1

YN+1:\] N+1 é Tl

7+ H Y
Zy = jZy M anyyqdy g,
N+1

Yna =K N+1 é Tl

Free space around

. 2 )
the cylinder Yo=Y, kP M Yyu =ykE—h?
YN+ H (YN+1PN)
- k2pn HZ (vyapn) /
Zi=ijz —obN —m ATNAPN/ Yrar =
N ° YN+ Hr(nZ)(YNApN) "

Inner surface of a
PEC cylinder with ey BN L2
a layer YI\T = JYO - I(OpN

N+1

Cim (YN+1PN IYN+1pN+1)
Som (YN+1PN 1YN+le+1)

Sim (YN+1PN :YN+1PN+1)
0PN
TN+ Com (YN+1PN:YN+1PN+1)

PN PN+1

Inner surface of an

impedance K 26 (1-))
cylmder N = FoPn o 2
/oopo .
=k —(1+
0PN 20( J)
Free space in
spherical system iv, h" (ko)
=] * W@ (kory )
@
Zi-jz e (ko)

’ h? (ko)

In the Table | and Table Il the index N is the number of the
last layer, H®, H@" 3 3/, h@ n®@ j and j! are
cylindrical and spherical Hankel and Bessel functions and its
derivative, respectively. The functions C,,, S, Sim+ Com >
Sno
spherical functions of the 1-st and 2-nd kind, respectively [8].
The plus sign indicates that we determine the input resistance

or admittance in the equivalent circuit to the right of the
boundary. The minus sign shows that we define these values to

the left of the boundary. The value Z, =Y,"* =120m Ohm.

sy, C, and c; are the combination of the cylindrical and

no
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The continuity condition of the tangential electric and
magnetic field components at the boundaries between layers is

applied. At any boundary the transfer matrix [I'y]is

calculated.
It should be noted that for covered perfectly conductive

cylinder the expressions for the inner loads Y,” and Z; from
the Table 11 of the equivalent circuit are converted to the form

3 i 8’ B f
Y, = - Yo 2kgpicoty,Ap, Z; = jZ, yl kepstany;Ap,
1 1
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if pp—py=A4Ap, Ap<<p,, where p, is the outer radius of
the perfectly conductive cylinder, Ap is the layer thickness.

They are the same as for a flat perfectly conductive screen
with a slab in Cartesian system.

TABLE IlI. EQUIVALENT LINE PARAMETERS IN DIFFERENT COORDINATE
SYSTEMS
Coordinate Equivalent line Characteristic of the i-th Layer
system Parameter Expression
Wave admittance of A
E-line Y =You/El /1
; Wave impedance of T
Cartesian Hfine p Z, =2, /e,
Propagation constant i =k
Wii_ve admittance of Y-y, kgei'p y? _(Ejz
- 1 1
E-line yi2 o
Lo Wave impedance of Kup |, (mY
Cylindrical | |} 1ine Z,=Zy25%, lvi —| —
Yi P
2
. m
Propagation constant | . =, [y? _(EJ Yi= /kiz —h?
Wave admittance of '
E-line Yi=Yo kOSi/xi
Wave impedance of _ ,
Spherical | H-line Zi=Zokani/
2
Propagation constant A= ki2 - [m(erl)]
r

In the Table Il index m is the integer constant from
Helmholtz equation of axial components of the electric and
magnetic fields in the cylindrical coordinates and of radial
components in the spherical coordinates system. In the i-th
layer the wave number is k;, the permittivity is & and the
magnetic permeability is p;, respectively.

Wave propagation in each layer is described with 8-port
network and the transmitting matrix [C;]. As there is no
energy exchange between electric and magnetic waves in the
homogeneous medium inside every layer equivalent E and H-
lines are unconnected. So, transmitting matrixes become

simplified
_[[Ce] 9]
e o)

where [0] is a null matrix of order 2. Two ports network with

the transfer matrix | Cic | is associated with the equivalent

electric line and another two ports network with the transfer
matrix | Gy, | is associated with the equivalent magnetic line.
Unlike the flat and spherical structures, the boundary
conditions at the layers’ boundaries in the cylindrical structure
cause energy exchange between E and H waves that occurs as
in coupling lines. Taking into account the coupling of E and
H-lines the 4-port boundary network with transmitting matrix

[I;] of order 4 is added for the cylindrical structures.
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1 00 0
0 10 -N
[Fi]= NO1 0
I
0 00 1

mh( 1 1
where N, =— ——, .:,/k?—h2 .
1 k L J YI 1

22
o \Vi  Yin
As there is no energy exchange at boundaries in flat and
spherical structures, the matrix [I;] is a unit matrix.

Thus, the expressions for Green's functions are as follows.
For Cartesian coordinates

Ly zx,y,2) =
= jouo [ ] F{9(z:2'), f(:2)|G, (x y:x',y")dzdn,
where for unlimited space along x and y coordinates

G (% ¥ X, y')= 4—1ne*i‘:(xfx') g M-y,

©)

In (3) characteristic functions g(z;z") and f(z;z") are the

solution the differential equations with proper boundary
conditions as follows

2 '
Lzz’z)ﬂ(zf(z,z’):—é(z—z’),
dz
2 ’
Lzz'z)ﬂ(zg(z,z’):—éi(z—z').
dz
If the boundary is the perfect conductor, we have at this
d , !
section f(z,z'):%:o.

For the cylindrical coordinate system Green’s functions are
define as follows

Ti(p.0.2;0",¢',2) =

== 5 [ F{gn(pip), fn(pip)} G (M 7', 2")dh,

27'5 m=—00 —n
where

G (m.h,¢,z;¢,7') = %G—Jm(q»—w') o z?)

The characteristic functions g, (p;p) and f, (p;p) are the
solution the differential equations

li(pwj+[kz —h? —:—:J On (Pip") ==3(P=p'),

pdp dp

1d dfm(p;p')J [2 2 mZJ

——lp——— |+ K =N —— [ (pip')=—-0(p—p).

T |t i) =-5(o-9)
If the spherical structures are under consideration the

Green’s functions are defined as

T (6,9,1;0',¢',r)=

o] n

Sjopg Y, > F{aa(rir), £, (rir)IGy (m,n,6,¢;6",¢"),
n=0m=-n

where
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Gy (m.n.6,¢;6',¢") = i@{&’“ (cos0)e” )™, B (cos0)e ™ }.

The spherical harmonics are calculated using the associated

Legendre polynomials P." (cos®) .

The characteristic functions are the solution of the
inhomogeneous equations

2 v

TG kg, (rry =51
2 )

afr) fc;gr ) k2E (1) = —5(r—1).

Thus Green’s functions for three main coordinate systems
such as Cartesian, cylindrical and spherical are given. A wide
class of electromagnetic excitation, radiation, and diffraction
problems can be solved using the appropriate distribution of
extraneous currents. The using of analytical approaches allows
one significantly speed up the calculation in electromagnetics.

I1l. WAVE REFLECTION ANALYSIS AS A RADIATION PROBLEM
SOLVING

We applied the Green’s function method for spherical and
cylindrical Luneburg lens investigation [9]. It was successfully
used for spherical and geodesic antenna radomes analysis [10].
Application of Green’s functions for diffraction problems
solving is described in this part.

The synthesis of surfaces with the required reflecting
properties is an actual problem of electrodynamics. Of
particular interest are the problems of non-reflecting and
selectively reflecting covers synthesis [11], [12]. Layered
structures are widely used for non-reflecting coating design.

The flat multilayered structure under consideration is shown
in Fig.4. Thickness, dielectric permittivity and the magnetic
permeability as conductivity of any layer have arbitrary value.
We use the parallel and perpendicular electrical field
components relative to the incidence plane. The reflected
waves generated by a layered structure are calculated as
radiation of the equivalent electric and magnetic surface
currents located at the illuminated side of the covered
conducting screen. Equivalent electric and magnetic surface
currents for the incident wave are specified as

J=nxH, M=Exn , 4)
where H and E are magnetic and electric incident wave
components at the illuminated surface, respectively, n is a
normal to this surface.

Fig. 4. An incident wave with perpendicular and parallel electrical
field vector near the multilayered structure
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We define equivalent surface current density for the incident
angle 0 with respect to the surface normal as following. For the
parallel polarization equivalent surface currents are specified
as

M, =—E, cosfe Joxsind
Jy =EyY, e—jkoxsine ,
for the perpendicular polarization we have
My _ EO e—jkoxsine
J, = EyY, cospe Joxsin®
where E; is an amplitude of the incident wave, ko is the free-
space wave number, Y, :(1207r)71 Ohm? is the free-space

wave admittance.

After substituting (4) into (2) the total electrical field
components are represented at the illuminated surface at the
plane z = z; by rather simple expressions

Et — EQ 2Y0 e—jkoXSine (5)
X Y], +Y*1,
E; — _EO 2kY_O Cof_e e*jkoXSin 0 ) (6)
2y +24

The input directional admittances and impedances of the
equivalent circuit are shown in the Table | and Table II. The
reference plane is located at z = z, . There are several layers to

the right from the reference plane so input directional
admittance and impedance to the right from the reference
plane are calculated by recurrent formulas
A Yictgyidi + jY;i
- | s !
Y; ctgvid; + jY;
_ 7, ctgyid; + jZ,
Zi_l:Zi 1 gyl 1 J.al .
Z; ctgvy;d; + jZ;
If there is a free space at z > z; and no reflecting waves, the
incident wave components are defined as
E)i(nc _ EO Cosee—jkoxsinG'
E;nc =-E, e—jkoxsine,

(8)

Subtracting (8) from (9) and (10) we evaluate reflection
coefficients by the following two formulas

R — YO /Cose _Yali e*jkoXSine (9)
VoY
R — ZO Cose_ ZJT e*jkoXSine ) (10)

y 27 +7;

The terminal conductivity and impedance at the screen
plane z=z, are defined as Yy =Yoy—io/Yoky and
Zne = Zo+ikg/oZ, for real conductors, where o is metal
conductivity. For the perfect conductor Yyg ——joo and
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The proposed approach is not limited by the number of
layers under consideration. The electrodynamic properties of
&, Wi, o; of each layer material are arbitrary. Magnetic

losses may be taken into account as well. The approach
remains correct for materials with negative refractive index.
For example, consider a two-layer structure. The task is to
minimize the reflection coefficient at a frequency of 10 GHz.

In [13] the absorber based on carbon nanofibers (CNF 3
wt%) was analyzed. It was noted that the considered cover of
6.5 mm thickness does not allow one to obtain the reflection of
less than minus 6 dB. However, if we place a magneto-
dielectric layer on the top of this slab the reflection coefficient
is significantly reduced. We have optimized the two-layer
structure. We have shown that it is possible to obtain a
reflection coefficient of less than minus 35 dB for large range
of incident angles with the same thickness of the composite
cover limited by 6.5 mm (Fig.5).

0 e
5 /’
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);,f”'
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-20 = /
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Reflection, dB

-50

0 10 20 30 40 50 60 70 80 90
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Fig. 5. Reflection of the incident wave with perpendicular and
parallel polarization from the two-layer structure with PEC backing
(e1=1.7 —j2.0, £2=13.1 — j6.5, u1=1.5 — j2.0, u2=1.0 — j0.0):
di=3 mm, d2=3.5 mm (dash line), d1=3.5 mm, d2=3.0 mm (solid line),
d1=4.0 mm, d2=2.5 mm (dash-dot line). Parallel polarization is
marked in red, perpendicular polarization is marked in blue.

The frequency properties of the two-layer absorbing coating
with a magneto-dielectric slab for different angles of wave
incidence are illustrated in Fig.6. It is noted that the reflection
of less than minus 20 dB is observed from 5.5 GHz. Parallel
polarization is marked in red, perpendicular polarization is
marked in blue. For the normal angle of wave incidence, the
graphs of the reflection coefficients coincide (is marked in
black).

We showed the solution of a simple problem with simple
formulas. Usually derivation of expressions for calculations is
rather complicated. This hard work is more than compensated
by fast calculations using compact formulas.
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Reflection, dB

2 4 6 8 10 12 14 16 18 20
Frec, GHz

Fig. 6. Reflection coefficient from the two-layer composite with
PEC backing (e1=1.7 — j2.0, £2=13.1 — j6.5, p1=1.5 — j2.0,
p2=1.0 —j0.0, d1=3 mm, d2=3.5 mm: 0=0° (black line), 6=20° (solid
line), 6=40° (dash line). Parallel polarization is marked in red,
perpendicular polarization is marked in blue.
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