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Abstract—This study investigates the repairable single server discussed aboutV/X /M /1 queue with multiple working
queue with working vacations and system disasters. The server yacation and he obtained the probability distribution for
allows to take a working vacation if there is no any customers in system size and some of the performance measures for

the system. There is a possibility of breakdowns happening in a th - t ideri that th is in it
system. When the system occurs server breakdowns, the server € queueing system considering tha e server Is In Its

goes to the failure state and all customers in the queue are flushed €quilibrium state. Arivudainambi et al. [2] have derived
away. The repairing process starts immediately, when the server stationary result for a single server retrial queue introducing
comes to the failure state. The explicit expression for system the concept of single working vacation. Thé/G/1 queue
size probabilities of the queueing system is derived in terms of \yiih \yorking vacations has been analyzed by Aissani et al.
the modified Bessel function of first kind using the probability . . - I AR
generating function method, Laplace transform and continued [1] to derive the expressions for !O'nt prOba_b_'l_'ty distribution
fractions. Additionally, the mean and variance for number of Of the server state and system size probabilities of the queue
jobs in the system at timet are derived as the performance when the server is in steady-state by using the Laplace and z-
measures. transforms. Recently, Vijaya Laxmi and Rajesh [23] analyzed

Index Terms—M/M/1 queue, system break-downs, working gingle sever queue with customer impatience and variant
vacations, transient solution . . . . .. .

working vacation policy. They obtained the explicit expression

for system size probabilities and some performance measures
at steady state.

Applications of queueing model with vacations exist
in various fields such as network service, web service,Gelenbe [9] introduced the notion of catastrophes and it
file transfer service and mail service. Working vacation isas been gaining significant scholarly attention during the
one type of the vacation policies and Servi and Finn [1%st few decades since their applications are widely used in
introduced this concept generalizing the classical singservice systems, computer systems, manufacturing systems
server vacation model. They derived the explicit expressioand. Catastrophes occur at random time when server is to
for the mean, variance of the number of customers in tltemplete the servicing for all the customers at that time or
gueue. In working vacation duration, the server serves ttie server inactivates until a new arrival. This situation can be
customers with a lower rate than the normal service ramonsidered as negative customer arrival in queueing system
This may be a reason to reduce the leaving of customensd they have a property to remove all the customers or some
from the system during the vacation period. Wu and Takagf them in the queueing system. It may be possible to happen
[25] have derived the expressions for the number of jobs @ither from another service station or from outside the system.
the queue and the response time for an arbitrary custordemail server with an infected virus can be considered as
extending theM/M/1/WV model to newM/G/1/WV an example for a queueing system with catastrophes. Since
model. A GI/M/1 queue with multiple working vacationsthis email transmit the virus during its transferring to the
was analyzed by Baba [3] to obtain the steady state resoiher processors, disasters may occur to clear the operation
for the system size in the queue both at arrival and arbitran§ all emails stored in the system. Krishna Kumar and
epochs. Banik et al. [5] discussed the finite buffer singl&rivudainambi [14] analyzed the transient solution for an
serverGI/M/1 queue with multiple working vacations andM /M /1 queue with catastrophes. Chao [6] has extended the
they presented the distribution for number of customerssearch which has been done by Di Crescenzo et al. [7] for
in the system at pre-arrival and arbitrary epoch. Do [8he M /M /1 queue with catastrophes to a network of queues.
obtained time independent expression for the reftiglM//1 An M/M/R/N queueing system with balking, reneging and
gueue with working vacations. Yang et al. [26] applied thserver break-downs was analyzed by Wang and Chang [24].
matrix-analytic method to derive the steady-state probabilities
and some system characteristics of fhepolicy M/M/1/K Queueing system with repairable servers often arise in the
gueueing system with working vacation. Baba [4] hafeld of computer and communication switching systems and

I. INTRODUCTION
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web servicing systems where the processors have to harttile model for a repairable single server queue with working
failing and repairing of them [16]. Therefore, the studyingacations and system disasters in transient state. The results
of queues subjected to catastrophes and breakdowns afthe explicit expressions for the time dependent system size
repairable servers has got more attention of the researcherspfaobabilities are derived in section Ill. Section IV presents the
M /M /1 queue which ha$V servers with server breakdowngime dependent expected values. Conclusions of this work is

and repairs has been analyzed by Neuts and Lucantdiscussed under section V.

[17]. A single server priority queue with server failures and

gueue flushing has been discussed by Towsley and Tripathi
[22]. The transient solution for an//M /1 queue subjected

to catastrophes with server failure and non-zero repairable
time has been derived by Krishna Kumar and Pavavi [15].

Il. MODEL DESCRIPTION

Giorno et al. [10] has obtained jump diffusion approximation A Single server queueing model with system failure and
for a double ended queue with catastrophes and repaWQ.rk'ng vacations is considered. The assumptions of the
Kalidass and et al. [13] derived the transient solution of ayStém are build up as follows:

N-policy single server queueing system with catastrophes)y arrivals are allowed to join the system according to

and repairable server. A single server queueing system with
balking, catastrophes, server failures and repairs was analyzed
by Tarabia [21] extending the model of Krishna Kumar and 5
Pavai [15] with balking feature and he has obtained transient
and steady state probabilities with the use of probability
generating function technique and a direct approach.

Yechiali [27] has obtained the time independent g
probabilities of the system size of the queue with system
break downs and customer impatience. Expanding this
model, Sudesh [20] derived the transient solutions for the
probabilities of number of customers in the system with the
use of generating function methods and continued fractions 4
Considering anM /M /1 queue with working vacation and
multiple types of server breakdowns, the distribution for
number of jobs in the system was derived by Jain and Jaing
[12]. An M/M/1 queueing system with second optional
service and unreliable server has been extensively researched.
Using the matrix geometric technique, Jain and Chauhan

a Poisson process with rate and service takes place
according to an exponential distribution with rate

) The server takes a working vacation when there are no

customers in the system. Working vacation policy has an
exponential distribution with meai/~ and the server
serves the customers with service ratg< u) during

the working vacation.

) The system faces server breakdowns at a Poisson rate

7. It means that life time of the system is exponentially
distributed with meanl /5. When it suffers a server
breakdown, all customers in the queue are flushed away
and the server goes to the failure state.

) The repairing process is started immediately, when serv-

er comes to the failure state and the repair time has an
exponential distribution with meab/v.

Itis assumed that inter-arrival times, service times, repair
times and vacation times are mutually independent and
the service discipline is First-In, First-Out (FIFO).

[11] have analyzed a single server queue with unreliableLet {X(¢),t > 0} denotes the total number of customers
server and second optional service. Dealing with a feedbabkthe system at time and let.J(¢) represents the state of the
retrial M/G/1 queue with multiple working vacations andsystem at time, which is defined as follows:

vacation interruption, Rajadurai et al. [18] has obtained the
time independent probabilities for the system size and some
performance measures.

In existing literature, analyzing a repairable single server/ (1)

queue with working vacations and system disasters in
transient state is less researched. Therefore, in this research,
the transient solutions of ain//M/1 queue with working
vacations and system disasters are obtained using Laplace

0, if the server being in failure state

at timet
B 1, if the server being in functional state
- at timet
2, if the server being in working vacation
at timet

transform, probability generating function technique and Then{J(t), X(¢),¢ > 0} is a two-dimensional continuous
continued fractions. As the performance measures, méRe Markov process on the state spate= {(j,n);j =
and variance of the system size are explicitly expressédl;2;n = 0,1,2,..}. Let P;,(t) be the time dependent
The findings of this study is applicable in manufacturingrobabilities for the system to be in the stafewith »
systems, computer communication systems, network systefH§tomers at time. Let

and inventory systems etc. Therefore, the results of this

research may help people who use queueing theory to deqb()n(t) -
P ) =

This paper has organized as follows. Section Il includesf2.n(t) =

with congestion problems in the systems.
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Then, the set of forward Kolmogorov differential differencéntegrating factorexp {[A(1 — 2) + (1 — z71) +n] t}, we

equations governing the process is given by will have
Pyo(t)=—(A+v)Poolt +nz Prn(t) + Pan(t) (1) Pz )= / (ZPOW )
’ 11—z -1 —u
BN 2 8)— (4 ) P 2 1 @ xe DOl g,
Pl =—(A+p+n)Pri(t) + pPia(t) + vPoa(t) +7/ <Z P2.,m(u)zm>
+7P2(1) @) h .
’ z t—u
Pl (=P 1 () = O\ i+ 1) Pon() + 5Py (1) e Pl gy
+v Py () + vPon(t);n > 2 (4) —H/ Py A(l—2z)4p(1— 1)+’7](t*“)du 8)
leyo(t):_APQ_’O(t) + ,LLUPQJ(t) + ,LLPl_’l(t) + VPQ_’()(t) (5)
leyn(t):)\sz_l(t) — A+ Lo+ 1+ 7)Pon(t) It is well known that ifoe = 24/Ap and 8 = \/g then
+,UUP2,n+1(t)§ n>1 (6)

exp [()\z + g) t} = i (B2)" I, (at)

n=—oo

Initially, it is assumed that there are no customers in the . B _ . _
queueing system and the server being in the working vacatio¥herel,, (-) is the modified Bessel function of the first kind.
state, i.e.,P0(0) = 0 and P2,0(0) = 1 and P;,,(0) = 0 for Substituting this equation to the equation (8), we have

n>1landj=0,1,2 ;[ oo
t):y/ (Z pl_’m(u)zm> e~ Atptn)(t—u)
0 m=1

IIl. TRANSIENT PROBABILITIES

oo

In this section, the transient solution of the above described x Z (82)" In (a(t — u)) du
model is derived by employing generating functions, Laplace n=-o0
transform and continued fractions. Time dependent analysis is oy K Py ()2 | e~ Obtn(t=0)
used to understand the behavior of a queueing system, when 0 — 2,m

the parameters are perturbed.

X Z (B2)" I, (a(t — u)) du

A. Evaluation of Py ,,(t) n=—oco
t
Define the generating function as follows, fat < 1 —M/ Py (u)e” AHrtmt—u)
P(z,0)=Y_ Pia(t)2", X Z (B2)" I, (a(t — w)) du 9)
n=1 n=-—o0o
with initial condition P(z,0) = 0. Comparing the coefficients of” in the Equation (9) for

Multiplying the Equations (3) and (4) by appropriate powers = 1,2,3, .... leads to
of z and summing oven > 1, we can obtain

DS B (02" Pua(t / ZP‘”” B I (ot =)

AJrqun)(t ) du

+7/ ZPM 8" L (alt — )

D) 12+t = =) 0] Pl
¢ 0o [ xe~ A+H+n)(t ”)du
+ Py, (t)z" + Py, (t)2" ¢ N
2 PO £ Pl [ PLaws L (alt - w)
- - 0
— Py 1 (t) (1) o~ OFutn)(t—u) g, (10)

Since the Equation (7) is a first-order partial differential Using the fact that/_,,(-) = I,(-) and comparing the
equation forP(z,t), after solving the Equation (7) using thecoefficients ofz~™ in the Equation (9) yields
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t o Substituting the above equation to the Equation (13) and
OZV/ Z Po,m,(w)B" ™" Iy, (et — ) after some mathematical calculations, we are able to derive
m=1
— ) (=) gy, Poo(s)=A(s) [1 - 152,0(3)] (14)
S
—|—7/ Z Py (w) BT Ly, (et — ) where
(e} k
n k n

>\+ + )(t u) - _ _

X e \ATHAT du Als) G+Atv) Z( 1) <S+V>

t
—p / Py (u)B" I, (aft — ) e~ A=) gy (11)
0 We will have the following equation after taking inversion

of the above equation,
Subtractmg the Equation (10) from the Equation (11) for

n=1,2,3,.., we have Poo(t)=A(t) = [1 — P2o(t)]
where
P n / Z PO m ﬁn m [ n—m ( (t — U)) —()\-H/)t Z k k-l—l —ut%
— )] e AT E—u) g,
n+m (t ))] d Then
+'Y/ Z P2 m ﬁ [ (Oé(t — u)) Pojn(s):A(S) |:§ — p2,o(s):| (ﬁ)n

—intm ( (t - u))] uﬂﬁn)(tiu)d“ (12)
After taking inverse Laplace transform transform of the

It is clear thatP; ,(t) are expressed in terms @, (t) above equation, we have

and P, (t) and they are given by the Equations (15) and (19) \n _ — ()t tnt
respectively. Pon(t)=A"A(t) x (1 — Pap(t)) xe O (15)
B. Evaluation of P, ,,(t) where “*” denotes the convolution. The terms 8, (¢) and

Py, (t) are expressed in terms @k ((¢) which is given by
the Equation (21).

C. Evaluation of P» ,,(t)

Laplace transform can be used to derive the following
equation by the Equation (6),
Substituting the initial value and after some algebra, we . . .
have 5P n(8) = Pon(0)=APs n—1(5) — (A + po + 1+ 7) P2, (5)

) n +va2,n 1(s)
PO,n(S)_<ﬁ> 0,0(5) ’

P;..(s) represents Laplace transform Bf, (). Taking the
Laplace transform of the Equation (2), we can obtain

5Py (5) = Pon(s)=—(A+ 1) Py () + APy 1 (s)

Applying the initial condition to the above equation and
We can obtain the following equation after taking thefter some algebra, we have
Laplace transform of the Equation (1) and applying the initial

condition APQ"”(S) = A
Pon-1(s) (s + X+ +n+7) — uvﬁ%;s)
s+ A+ )P (P n(8) + Pon ) 13 , _
( bols)=n Z ! 20(3) (13) Iterating the above equation, we have
Pon(s) A
Clearly fort > 0, Pon_1(5) (s+A+pu+n+7)— Ao
(S+>‘+HU+7]+’Y)7W%W
S Pont)+ > Pia(t)+ Y Pan(t)=1 It can be rewritten as follows
Py,(s) A (16)
The above equation can be expressed as follows after taking 1527,1,1(5) C(sHF A+ ) — B(s)
Laplace transform and some algebra where
- > > A:uv
(Punts) + Pan(s)) =1 — oo Pon P(s)= 5 (17)
; Z (S+A+ﬂv+n+’y)_(S+)\+‘uv+ﬂn+,¥)7 vvvvvv
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Inversion of the Equation (21) yields,
Clearly ®(s) satisfies the quadric equation

®%(s) — (s+A+pw+n+7)®(s) + Ay, = 0. This Pao(t)=(1+ pPr1 (1)) * Gi(t) * B(?)
equation has two roots- V2 MMy gy POV D / Gis1(u (21)
Here, sincel—YL 2w VP22_4’\“” < 1, it is the real root of®(s).
WhereP = s+ A+ py + 1+ 7. where
o] 2 j—1 y tj,

Substituting ®(s) to the Equation (17) and after some B(t):Z (5) (/\/‘v)j G — 1)

algebra, we will have J=0
SR L (00) = Ly (B1)] o1t
PZ’H(S)_<W> P0(s) (18)  and

whered = 2y | Gn()=3_(=1)"v" [A()] " * [B(s))™

Taking the Laplace transform of the above equation, we can oyurd

obtain
9\ "1 It is clear thatP, o(t) is expressed in terms d? 1 (¢) and
P27n(t)_<§> A" [In—1(0t) — In1(01)] Py 1(t) is expressed by the Equation (24). Where **” denotes
the convolution, while %n” represents the-fold convolution.
Xei(AJr’u”JrnJr’Y)t * PQ_O(t) (19)
' E. Evaluation of P ;(t)

It is clear thatP, ,(t) are expressed in terms d¥ o(t) thastuIbStEtl;tm%n(_:) lv\;[g égi Egtjaai\rt:on (12) and using the fact

which is given by the Equation (21). Where “*” denotes the
convolution. t .

Py [ Pon(@8' " [Los (alt — w)

D. Evaluation of P» (t) 0

We have the following equation after taking the Laplace - m+1( (t —u))]

transform of the Equation (5) / Z Pon(W)B [In1 (a(t — u))

SPQyO(S) - PQyO(O):—APQ_’O(S) + ,LLUP271(S)

+,MP1,1(S) + VP0,0(S)

e~ Atptn)(t—u) .,

—m+1< (t—u))] ~ O () gy, (22)

Applying the initial condition and substituting the Equation Using the following Bessel identity

(18) for n = 1, we can derive Lo 1 (a(t — ) — Iy (alt — u)):ZmIm (ot —uw))

Pro(e)=Y (2 e
2,0 =
= (s+ N (P+ VPR 92) The Equation (22) can be rewritten as follows,
X 1—|—;LP11 —|—I/P070(S) I ot —u
And again, substituting the Equation (14) to the above e (>\+u+n)(t ) du
equation, we have _
~ ~ Gi+1(8) (t - u)
Pro(s)=(1+ nPra(s)) Gils)B(s) - Z252 (20)
s Xe—(M—u-Hz)(t “) du
where
Z (2Ap)” Taking the Laplace transform of the above equation and
=0 (s+A) A (P +VP? - ) after some algebra, we have
1-m m
and N Pras QVZPOm ﬁm+1 (Pl— Pf—a2>
Gu(s)=)_(=1)"v" [A(s)]" [B(s)]" A ﬁl m m
n=0 +2v Z Py () g (P1 P2 — a2>
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where P, = A+ + 1.

where ** denotes convolution while #, “*m’ and
“* (r —m)’, represent-fold convolution,m-fold convolution

Again, substituting the Equation (15) to above equation, vead ‘(r — m)’ convolution respectively.

can obtain

Pl,l(s):

Finally, we can derive the following expression fé’{yl(t)

All the time-dependent probabilities are explicitly derived in
terms of modified Bessel function of the first kind by making
use of Laplace transform, probability generating function
techniques and continued fractions.

substituting the Equation (20) to the above equation and doing

some mathematical calculations,

x4 D w1 [Gi(s)]" [B(s)]

1

x> (=" (m> (K (s)" [A(s)H(sﬂTM]szs)

(=)

where
0 A m ﬂlfm
H(s)=2
(s) umz::l <s+/\+V) ot
X (Pl — P12 — 042>
and

0 2\ ﬂl m
91 Y ()

X <P1 — P12 — a2>

Inversion of the Equation (23) provides the following
sults

Pl"l(t)_{/o A(u) x H(u)du + [K(t) — A(t) « H(t)]

* {Gi(t) « B(t) — /0 t Gi+1(u)du] }

{iu B S o)
|

m=0
X [K ()]« [A(1) * H(t)]*“‘"“} (24)
where
e m—1
H(t):umgz:l )\mﬁlfmef()&”)th * [Im—1(at)
—Ipy1(at)] e~ (A tptn)t
and
[e’e] 2 m—1
K(t)=y Z <§ A B L, ()
m=1
— I i1(01)] e~ Atpotnty)t

s [Im—1(at) — Iy (at)] e~ Otudnlt

ISSN: 1998-0140

IV. TIME DEPENDENT MEAN AND VARIANCE

In this section, time dependent expected value and variance
of the system size distribution are derived.

A. Mean

Let X (¢) denotes the number of jobs in the system at time
t. The average number of jobs in the system at tinsegiven

by

m(t) = Zn Pon(t) + Prn(t) + Pan(t))
n=1
m(0) =Y n(Pon(0)+ Prn(0) + Paolt) =0

m' (1) = 30 (Fou(t)+ PLu(t) + Pou(t))

By the Equations (2), (3), (4) and (6) and after some algebra,
we have the following equation

m (t)=\—1n [Z n (P (t) + Pg,n(t))]
—H Z Prn(t) = o Z Py (t)
n=1 n=1

By using the initial conditionm(0) = 0 and integrating it
by ¢, the solution of the above equation can be obtained as
follows;

re-

)\t—nz [/ Pi(u du—f—/tPg,n(u)du]
_u;l/o Py (u)du
1o ijj /0 Py () (25)

where P, ,,(t) and P, ,,(t) are given by the Equations (12)
and (19) respectively.

B. Variance

Let X (¢) denotes the number of jobs in the system at time
t. The variance for number of jobs in the system at titvie
given by

Var(X (£)=B(X2()) - [E(X (1),
Var(X (£)=k(t) — [m(t))* (26)

87
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where
k(t) = B(X?(t) = i n? (Pon(t) + Pa(t) + Pon(t))
Also, -
k(0) = i n? (Py.n(0) + Py n(0) + P2 (0)) =0
and -

K 0= n% (Pyn(t) + Ppu(t) + Pyu(0))

n=1

where Py ,,(t), Py, (t) andm(t) are given by the Equations
(12), (19) and (25) respectively.

V. CONCLUSIONS

A repairable single server queue with working vacations
and system disasters is considered in transient regime and
the explicit expression for system size probabilities of the
gueueing system are derived in terms of the modified Bessel
function of first kind. Probability generating function method,
Laplace transform and continued fractions are used to derive
the transient solution. Additionally, the mean and variance for
number of jobs in the system at timeare derived as the
performance measures.

By Equations (2), (3), (4) and (6) and after some algebra,

we have the following equation

k(=2 m(t) + X —1n i 02 [Py n(t) + Pan(t)]
n=1
—2u Z NPy () — 24 Z nPy p(t)
+p Z Pl.,n(t) + Ho Z P2-,n(t)
n=1 n=1

By using the initial conditionk(0) = 0 and integrating it
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k(t)z?)\/ m(u)du + At
0
oo t t
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